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Abstract: Designing engineering structures in the Arctic zone requires to consider the loads 
transmitted to the structure construction in connection with collisions with various ice formations: 
icebergs, ice ridges, stamukhs. The paper considers the use of  the grid-characteristic method for 
modeling the passage of  elastic waves in a cross-section of  the ice ridge together with its porosity 
in the consolidated layer and in the lower part of  the keel. We propose to use chimeric (overlapped) 
computational meshes for the describing curvilinear shape of  pores filled with air or water. As 
a result of  computer simulation, the direct problem of  ultrasound investigation of  the ice ridge 
has solved, velocity vector fields have obtained at various moments in time, including a system of  
reflections from pores.
Keywords: computer simulation, grid-characteristic method, ice ridges morphometry, ultrasound 
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1. INTRODUCTION
The safety of  the operation of  oil-producing 
facilities and shipping in the Arctic regions 
is affected by loads when interacting with 
hummocks. To obtain design estimates of  
ice loads on engineering structures, it is 
necessary to conduct a morphometric analysis 
of  the characteristics of  such ice formations. 
Ice ridges formed as a result of  compression 

of  the ice sheet are called a hummock, while 
the surface part of  the hummock is called a 
sail, and the underwater part is called a keel. 
For example, [1-2] provide information on 
the morphometry and internal structure of  
the hummock of  the first year of  formation 
using electrothermal drilling in the Barneo 
ice camp. At the same time, it is customary 
to use sonar approaches to study the lower 
part of  the hummocks [3]. A large set of  
statistical data on ice sediment and keel depth 
collected by upward-pointing sonars is given 
in [4] for five locations in the Barents Sea. 
Another morphometric analysis of  the keel 
of  hummocks of  the first year of  formation 
using sonar has performed in [5], where it 
has assumed that the best generalization of  
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the shape of  the ridges of  the first year is 
the trapezoidal shape of  the keel. In [6] the 
keels of  hummocks have been monitored 
using sonar located on the bridge in the 
Northumberland Strait. The shape of  the 
keels has been classified as one of  four 
shapes: triangular, trapezoidal, w-shaped 
and keels with multiple peaks. The observed 
distributions of  keel depth values have been 
compared with the calculated ones. In [7] the 
ice sheet and the ice ridge are modeled as 
thin elastic plates to consider the interaction 
of  waves with the round body trapped by a 
thin layer of  sea ice, an analytical analysis of  
the impact of  waves on a circular ice ridge 
embedded in the ice sheet is conducted. In 
[8-9] the probabilistic method based on the 
search for the relationship between the levels 
of  ice precipitation, the sediment of  the 
keel of  the hummock and the frequency of  
ridge formation is proposed to assess the 
loads transmitted to offshore structures. 
The analysis of  seasonal data obtained with 
the help of  sonar in the Beaufort Sea on the 
levels of  ice precipitation, the keel of  the 
ice ridge, the frequency of  ridge formation 
allowed us to obtain probabilistic analytical 
approaches for modeling the age of  the ridge, 
determining the formula for the growth of  the 
consolidated layer and studying its thickness. 
Based on a field experiment on strengthening 
the artificial ice ridge in [10] analytical and 
two-dimensional discrete numerical modeling 
approaches have been obtained to predict 
the thickness of  the consolidated layer in the 
probabilistic analysis of  the impact of  ice 
on structures that require information about 
meteorological conditions and general physical 
and mechanical properties of  ice as input data. 
At the same time, numerical modeling of  the 
ice level and ridge consolidation has been 
performed using the finite element method, 
and the position of  the ice-water boundary 
has been determined from the Stefan energy 
balance condition.

In [11] to study the structure of  ice ridges of  
various configurations, the grid-characteristic 
method is used on structured regular 
computational meshes and the comparative 
analysis of  the seismograms obtained using 
full-wave modeling is conducted. To solve the 
equations of  mathematical physics, chimeric 
or overlapping computational meshes have 
recently been used, which are previously 
used to solve hydrodynamic problems [12-
13]. The grid-characteristic method using 
chimeric meshes makes it possible to describe 
the boundaries of  a complex shape [14-
15], including contact [16] or non-aligned 
with coordinate axes [17-19]. In this paper 
to describe curved cavities filled with air or 
water, the grid-characteristic method is used 
with chimeric regular computational meshes.

2. MODELS AND METHODS
For numerical simulation of  the problem of  
wave signal propagation in the hummock systems 
of  equations for an isotropic linear elastic 
medium and for an acoustic medium are jointly 
considered, which in general can be reduced to 
the following system of  equations:

1 2 0,
t x y

∂ ∂ ∂
+ + =

∂ ∂ ∂
u u uA A  (1)

where in (1) u – vector of  the unknown functions.
In the case of  the linear elastic medium, 

the vector of  the unknown functions are 
considered ( , , , , ) ,T

x y xx yy xyv v σ σ σ=u  that 
is the components of  the perturbation 
propagation velocity v and the components 
of  the symmetric Cauchy stress tensor σ. 
Matrices A1, A2  have the set of  eigenvalues 
{ }, , , ,0 ,P P s sc c c c− −  where cp –  the velocity of  
propagation of  longitudinal waves, cs –  the 
velocity of  propagation of  transverse waves.

In the case of  the acoustic medium 
the unknown functions are ( , , ) ,T

x yv v p=u  
that is the components of  the perturbation 
propagation velocity v and pressure p. Matrices   
have the set of  eigenvalues { }, ,0 .P Pc c−
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Thus, the systems of  equations (1), describing 
a linearly elastic body and an acoustic medium 
are hyperbolic, which means that in both cases 
the matrices A1, A2 can be represented as
 A = ΩΛΩ-1,
where the matrix Ω consists of  columns that 
are the right eigenvectors of  the original matrix, 
which, in turn, correspond to the eigenvalues, 
which are elements of  the diagonal matrix Λ. 
Splitting the system (1) in spatial directions, we 
proceed to the Riemann invariants ωΩ-1u, which 
are transferred according to the characteristics of  
the hyperbolic system, we obtain the hyperbolic 
system from linear transfer equations with 
constant coefficients in Riemann invariants

0.
t x

∂ ∂
+ =

∂ ∂
ω ω

Λ  (2)

The system in Riemann invariants (2) on the 
upper layer in time can be numerically integrated 
using finite-difference schemes, for example, 
using the Rusanov scheme of  the third order in 
time and space [16], used in calculations in this 
paper. To move to the components v and σ or v 
and p respectively on the upper layer in time after 
calculating the Riemann invariants, the inverse 
transformation is used u = Ωω.

The basic model of  the ice ridge is shown in 
Fig. 1, where the red cross section schematically 
shows the calculated area when considering the 
lower part of  the keel of  the hummock. Fig. 2a 
and Fig. 2b show the calculated areas of  16 by 
16 meters, in which seismic responses from 
cavities and pores filled with air or water are 
studied for the case of  specifying the source in 
the consolidated layer of  the hummock and in 

the seawater, when considering the lower part of  
the keel, respectively. The characteristics of  the 
media are given in Table 1. It is worth noting 
that by changing the corresponding parameters 
of  the medium (velocity, density), ice formations 
with different salinity and temperature conditions 
can be considered.

At the boundaries of  the ice-air interface the 
conditions of  the free border were set
 σ·n = 0,
where n – normal to the corresponding boundary.

At the interface of  the ice-water media (1 
and 2 media respectively) the following contact 
condition was set:
 v1·n = v2·n,
 σ1·n + p·n = 0,
here n – normal to the boundary of  the 
contacting medium 1.

Non-reflecting boundary conditions are 
used at the boundaries of  the computational 
domain in Fig. 2. The Riker impulse with the 
frequency of  25 kHz was used as the initial 
perturbation, the source location is marked in 
Fig. 2 with a red cross.

In the calculation the integration areas in 
Fig. 2 were covered with background rectangular 
computational grids and curved chimeric meshes 
with the characteristic spatial step of  10-2 m, the 
integration step in time was 2.54·10-7 s. The Fig. 1. The basic model of  the ice ridge (hummock).

                 a                                         b
Fig. 2. The cross section of  the ice ridge with cavities filled with 
air (gray areas) or water (blue areas): a – in the consolidated 

layer, b – in the lower part of  the keel.
Table 1

Parameters of simulated media
medium Velocity P-wave, m/s Velocity S-wave, m/s Density, kg/m3

Ice 3940 2493 917

Water 1500 – 1000
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example of  the location of  the background and 
overlapped meshes for cavities filled with air 
and water is shown in Fig. 3. The nodes of  the 
background mesh contain information about 
the parameters of  the medium, so in Fig. 3a ice 
is highlighted in gray, water is highlighted in blue. 
At the same time, to describe the cavities in the 
boundary region, the calculation was performed 
using overlapped meshes according to Fig. 3b, 
which, considering the boundary conditions and 
the mutual interpolation algorithm [18], allows 
correctly calculate the wave signal propagation 
through water pores and does not consider the 
areas filled with air in the calculation.

3. RESULTS AND DISCUSSION
Fig. 4 and Fig. 5 show the results of  full-wave 
modeling of  the propagation of  perturbation 
and wave responses from the cavities under 

consideration at various points in time when 
considering the computational domain in the 
consolidated layer of  the hummock and the 
lower part of  its keel, respectively.

In Fig. 4a the first response is formed 
from a cavity filled with air, in Fig. 4b the 
initial impulse is reflected from the pore filled 
with water, while part of  the wavefront passes 
through the pore. Fig. 4c and Fig. 4d show 
the complex system of  reflections from all 
remaining pores and cavities.

In Fig. 5a the first reflections occur from 
the keel of  the hummock itself  and the first 
cavity in the future, new reflected signals from 
other cavities are formed, incoming from the 
ice surface of  the keel into the water in Fig. 
5b and Fig. 5c, and in Fig. 5d the original signal 
completely passes the thickness of  the keel.

4. CONCLUSION
Using the grid-characteristic method on 
structured rectangular and chimeric regular 
computational meshes, the direct problem 
of  the passage of  the ultrasonic signal along 

                 a                                         b
Fig. 3. The example of  the configuration of  computational 

meshes: a – background mesh, b – chimeric meshes.

                 a                                         b

                 c                                         d
Fig. 4. Propagation of  wave responses from the system of  
cavities in a slice located in the consolidated layer: a – 0.014 s, 

b – 0.021 s, c – 0.027 s, d – 0.034 s.

                 a                                         b

                 c                                         d
Fig. 5. Propagation of  wave responses from a system of  
cavities in the slice located in the lower part of  the keel: 

а – 0.030 s, b – 0.045 s, c – 0.060 s, d –0.075 s.
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the hummock is solved and the results of  
full-wave modeling of  the velocity vector 
at various points in time are obtained. The 
proposed approach allows consider the 
complex geometry and structure, porosity of  
the ice ridge. The obtained algorithms and 
models can be used to obtain and analyse 
synthetic seismograms, which can be used 
to determine a number of  morphometric 
parameters of  the hummock, when solving 
the inverse problem.
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