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Abstract: Within the numerical experiment framework, the holographic processing of  noise 
emission from a moving underwater sound source in the intense internal waves presence, 
which cause horizontal refraction of  sound field waves, is considered. The interference of  
the undisturbed and disturbed fields forms a moiré interference pattern (interferogram) that 
masks the noise source interferogram. Registration of  a moiré interferogram using a two-
dimensional Fourier transform makes it possible to separate the spectral densities of  the 
unperturbed and perturbed fields. This makes it possible to reconstruct the interferogram 
of  the unperturbed field in the intense internal waves presence. The relative error of  its 
reconstruction is estimated. The errors in reconstructing the range and source radial 
velocity due to horizontal refraction are analyzed.
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1. INTRODUCTION
Recently, of  increasing interest in ocean 
acoustics are works on holographic 
interferometry using the two-dimensional 
Fourier transform (2D-FT) of  the 
interferogram, which makes it possible to 
solve a wide range of  new problems in the 
hydroacoustic information processing field 
[1-3]. An interferogram is understood as 
the modulus square of  the received signal in 
frequency-time variables. The interferogram 
is characterized by a waveguide invariant [4], 
which determines the interference fringes 
slope. The slope establishes a relationship 
between the frequency shift of  the interference 
maxima of  the sound field and time (distance) 
while maintaining the phase difference 
between the interfering modes. The location 
geometry of  the localized bands is determined 
by the waveguide parameters, the speed and 
trajectory of  the sound source. At the output 
of  the integral transformation (hologram), the 
spectral density is localized in a narrow band 
in the form of  focal spots corresponding to 
the interference of  different numbers modes. 
The hologram records the amplitudes of  the 
interfering modes and the phase difference 
between them in all intermediate states that 
the source successively passes during the 
observation time.

In [1-3], it was assumed that the oceanic 
environment is homogeneous, i.e. its 
characteristics in the space-time domain 
are unchanged. In the hydrodynamic 
perturbations presence, the interferogram can 
be represented as the sum of  the unperturbed 
and perturbed waveguide interferograms. The 
2D-FT transformation is a linear process, 
which allows the hologram to be considered 
as a linear superposition of  the unperturbed 
and perturbed waveguide holograms. If  the 
spectral densities of  the unperturbed and 
perturbed holograms are separated, then 
the inverse 2D-FT transformation to the 

selected spectral densities makes it possible to 
observe the unperturbed and perturbed fields 
interferograms.

For the first time, successful separation 
of  the unperturbed and perturbed holograms 
was demonstrated by processing the data 
of  the SWARM-95 full-scale experiment on 
stationary paths [5,6], when intense internal 
waves (IIWs) caused horizontal refraction and 
interaction of  source acoustic field modes [7]. 
In [8,9], this effect was theoretically described 
and confirmed by the numerical simulation 
results, and the errors in reconstructing 
the unperturbed fields interferograms were 
estimated.

In this paper, generalizing the results 
of  [8], within the numerical simulation 
framework, we consider the holographic 
processing of  a moving source in the IIWs 
field, which determine the horizontal mode 
refraction. The IIWs effect on the error in 
reconstructing the distance, the radial velocity 
(velocity projection towards the receiver) of  
the source, and the interferogram of  the 
undisturbed field is estimated.

2. EXPERIMENTAL 
CHARACTERISTICS OF INTENSE 
INTERNAL WAVES IN SHALLOW 
WATERS
Intense internal waves are a hydrodynamic 
phenomenon that is widespread in the oceanic 
environment. In shallow water areas, they are 
trains of  intense short-period fluctuations 
of  the constant density water surface, 
interpreted as solitons trains that propagate 
in the coastline direction. The reason for 
their occurrence is due to internal tides [10]. 
According to experimental data, soliton trains 
are characterized by the following parameters: 
velocity u ~ 0.5-1 m/s, periods of  calm δL 
~ 5-10 km, length L ~ 2-4 km, period D 
~ 200-400 m (distance between crests of  
adjacent solitons), half-width η ~ 50-150 
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m, amplitude B ~ 10-30 m [11-13]. Soliton 
trains are characterized by: a) anisotropy 
in the horizontal plane, radius of  front 
curvature r = 15-25 km; b) quasi-sinusoidality 
in the propagation direction, i.e. spatial 
narrow spectrum; c) synchronism of  vertical 
displacements in depth, which indicates the 
dominance of  the first gravity mode. These 
properties determine the horizontal refraction 
of  source sound waves if  the acoustic path is 
located at a small angle to the wave front of  
the soliton train [14,15].

3. DESCRIPTION OF INTENSE 
INTERNAL WAVES
Let us assume that the velocity of  the soliton 
train is directed along the normal to the path 
located along the horizontal axis X. The 
soliton wavefront is assumed to be flat. In the 
absence of  oceanic medium perturbation, the 
waveguide is considered to be horizontally 
homogeneous with depth H. Unperturbed 
values are denoted by an overline, and 
perturbed ones by a tilde. With the notation 
made, the refractive index square

( ) ( ) ( )2 2 2, , , , , , ,qn x y z t n z n x y z t= +   (1)

where zq is the receiver depth, t is time, and 
the y-axis is perpendicular to the x-axis (right-
handed Cartesian coordinate system). The 
refractive index is understood as the ratio of  
the sound speeds on the surface z = 0 to the 
value of  the sound speed at the depth under 
consideration. According to [16]

( ) ( )( )( )2 2, , , 2 , .q qn x y z t QN z z y t= −  (2)

Here Q ≈ 2.4 s2/m is a constant determined 
by the water physical properties; N(z) is the 
buoyancy frequency; Φ(z) is the eigenfunction 
of  the first gravity mode, normalized to the 
eigenvalue at the reception depth; ζ(y,t) is 
the deviation of  the surface from the depth, 
where Φ(z) = 1. Due to the chosen geometry 
of  the problem, the right side of  expression 

(2) does not depend on the x coordinate. We 
write the envelope of  the soliton train ζ(y,t) 
when crossing the path as a sequence of  N 
different solitons with amplitudes Bn shifted 
relative to each other by a period Dn and 
propagating with velocities un

( ) ( )2

1

, sech / , 
N

n n n n
n

y t B y D u tς η
=

= − − −  ∑  (3)

where ηn is the half-width of  the n-th soliton 
at a level of  0.42 from the maximum [10]. 
The minus sign means that the perturbation 
of  the refractive index is directed towards the 
bottom.

Taking into account the smallness 2n  with 
respect to 2n , 2 2 ,n n

  the real part of  the 
horizontal wave number hm(x,z,t) (propagation 
constant) of  the sound field of  mode number 
m can be represented as

( ) ( ), , , , ,m m mh y z t h h y z t= +   (4)

where the linear correction within the 
framework of  perturbation theory [14] is 
determined by the expression

( ) ( ) ( )
2 2 20

0

, , , , . 
2

H

mm
m

kh y z t z n y z t dz
h

Ψ= ∫

  (5)

Here, 22
0

2
0/k cω=  is the squared wavenumber 

at depth z = 0, ω = 2πf is the cyclic frequency; 
(z)mΨ  is the eigenfunction of  the mth mode. 

Substituting (2) into (5), we obtain

( ) ( ), , , ,m mh y z t q y tς= −  (6)

where form

( ) ( ) ( )
2 2 20

0

H

mm
m

Qkq z N z z dz
h

= ΦΨ∫  (7)

is the dependence of  the propagation constant 
linear correction on the mode number. 
The applicability limits of  the perturbation 
method are limited by the solitons amplitudes 
on the order of  several tens of  meters, which 
are typical for shallow water areas [14].
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4. HOLOGRAM FORMATION
The field of  a broadband source is understood 
as the sound pressure in frequency-
time variables. Let us write the radiation 
interferogram of  a moving source as a modes 
sum
( )

( ) ( ) ( ) ( )( )

( )

2 *
0

, 

,  ,  exp

, ,    .

m n mn
m n

mn
m n

I t

S A t A t ih r wt

I t m n

ω

ω ω ω ω

ω

=

= + =  

= ≠

∑∑

∑∑
 (8)

where hmn(ω) = hm(ω) – hn(ω). Here S(ω) is 
the signal spectrum; Am(ω,t) is the amplitude 
of  the m-th mode; r0 is the initial distance at 
time t0 = 0, w is the source radial velocity. 
The superscript "*" denotes the complex 
conjugate value. Cylindrical divergence, 
modal attenuation, and source depths zs and 
receivers zq are taken into account in the mode 
amplitude. The modes number is M. The 
condition m ≠ n means that the mean value 
has been subtracted from the interferogram. 
If  this operation is not performed before 
applying the 2D-FT transformation, then an 
intense peak will appear on the hologram at 
the coordinates origin.

Let us apply to the interferogram (8) the 
2D-FT transformation

( ) ( ) ( )

( )

2

10

, , exp

, . 

t

mn
m n

mn
m n

F I t i t dtd

F

ω

ω

τ ν ω ν ωτ ω

τ ν

∆

=  −  = 

=

∑∑∫ ∫

∑∑

 



 (9)

Here τ and 2ν πν=  are the time and circular 
frequency of  the hologram; ω1,2 = ω0 ± ∆ω⁄2, 
∆ω is the band, ω0 is the spectrum average 
frequency; ∆t is the observation time. We 
restrict ourselves to the linear approximation 
of  the waveguide dispersion

( ) ( ) ( ) ( )0
0 0 .m

m m

dh
h h

d
ω

ω ω ω ω
ω

= + −  (10)

Assuming the amplitude spectrum of  
the signal |S| and the amplitude Am with 
frequency ω varying slowly compared to the 
rapidly oscillating factor exp[ihm(ω)(r0 + wt)], 

for the partial hologram ( , )mnF τ ν  (9) we 
obtain [2]

( )
( ) ( ) ( ) ( )
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0
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= ∆ ∆ ×  
   ∆  ∆ −   +        ×
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 (11)

where is the phase

( ) ( )0 0 0, .
2 2mn mn

t th w rντ ν τω ω∆ ∆   = − + +   
  

Φ




  (12)

In (11) the approximation 0 .r w t∆

Spectral density (9) is localized in two 
narrow regions in the form of  focal spots. They 
are located: in the first and third quadrants, 
if  the source approaches the receiver, w < 0; 
in the second and fourth quadrants, if  the 
source moves away from the receiver, w > 0. 
The localization region contains (M – 1) main 
maxima with coordinates ( ), ,µ µτ ν  located 
on a straight line .ν ετ=   Here, 1, 1Mµ = −  
is the focal spot number. At points with 
coordinates ( ), ,µ µτ ν  (M – μ) of  the main 
peaks are summarized. The slope coefficient 

2ε πε=  can also be represented in the form 
/ ,tε δω= − ∆  where δω is the frequency shift of  

the interferogram maximum over time δt. The 
linear dimensions of  focal spots ,  δτ δν  along 
the axes ,  τ ν  do not depend on their numbers 
and are equal: δτ = 4π⁄∆ω, 4 / tδν π= ∆  [2].

From the first focal spot closest to the 
origin, the radial velocity and initial distance 
are estimated as

1 1 0 1 1    ,,  w rw rκ ν κ τ= − =   (13)

where

( ) ( )

( ) ( )

1
1 1 0

1
1 1 0 .

1 , 

1 /

w M

r M

M h

M dh d

ω

ω ω

κ

κ

−

−

= −   

= −   
 (14)

The restored source parameters, in contrast 
to the true values, are indicated by a dot at the 
top.
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Holographic processing is implemented as 
follows. During the observation time ∆t in the 
emission band ∆ω, J independent realizations 
of  duration t1 with a time interval t2 between 
them are quasi-coherently accumulated along 
the interference fringes: J = ∆t/(t1 + t2). 
Realizations are independent if  t2 > 2π⁄∆ω. An 
interferogram I(ω,t) is formed and the 2D-FT 
transformation is applied to it.

In general, the transformation of  a 2D-
FT function is completely different from 
the function itself. However, a hologram 
is an unambiguous representation of  an 
interferogram. The inversion, performed by 
inverse application of  the 2D-FT transform, 
reconstructs the interferogram.

5. NUMERICAL SIMULATION
To be able to compare the holographic 
processing results for the cases of  a stationary 
and moving source in the IIWs field, which 
determine the sound waves horizontal 
refraction, the simulation data are the same 
as in [8].

The depth distribution of  the sound speed 
is shown in Fig. 1. Two frequency ranges were 

considered: f1 = 100-120 Hz and f2 = 300-
320 Hz. Parameters of  the liquid absorbing 
bottom: density ratio of  soil and water ρ = 
1.8; for the first frequency range, the complex 
refractive index is n = 0.84(1 + i0.03), for 
the second, n = 0.84(1 + i0.05). In the f1 
frequency range, the field was formed by four 
modes, and in the f2 frequency range, by ten 
modes. Mode propagation constants hm(ω0) 
and their frequency derivatives dhm(ω0)/dω at 
mid-range frequencies f0 = 110, 310 Hz are 
given in Tables 1, 2.

At the initial time t0 = 0, the distance 
between the source and a single receiver 
x0 = 10 km, the source approaches the receiver 
along the horizontal axis x. The source is 
located at a depth of  zs = 20 m, the receiver 
is at a depth of  zq = 45 m. The radial velocity 
of  the source is w = –1 m/s. A uniform 
spectrum was set. Pulses with duration t1 = 
4 s (frequency sampling step 0.25 Hz) of  
sound pressure were recorded at intervals 
t* = 5 s, (t* = t1 + t2). As a perturbation model 
(3), we chose a train consisting of  three 
identical solitons moving along the normal 
to the path. Soliton parameters: amplitude 
B = 20 m, width η = 200 m, velocity u = 0.7 
m/s, period D = 250 m. The width of  the 
perturbation front exceeds the path length. 
The observation time ∆t = 20 min, during 
which time the soliton train completely 
crossed the path. With the chosen spectrum 
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Fig. 1. Unperturbed sound velocity profile.

Table 1
Frequency f0 = 110 Hz

Mod numbers, m 1 2 3 4

hm, m-1 0.4635 0.4557 0.4450 0.4310

(dhm/dω)∙10–4, s/m 6.7624 6.8085 6.9014 7.0912

Table 2
Frequency f0 = 310 Hz

Mod numbers, m 1 2 3 4 5

hm, m-1 1.3123 1.3073 1.3006 1.2920 1.2826

(dhm/dω)∙10–4, s/m 6.7511 6.7619 6.7813 6.7973 6.8080

Mod numbers, m 6 7 8 9 10

hm, m-1 1.2730 1.2630 1.2525 1.2403 1.2258

(dhm/dω)∙10–4, s/m 6.8150 6.8312 6.8753 6.9703 7.0574
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model, the unperturbed field interferogram 
in the perturbation absence reproduces 
the transfer function of  the waveguide up 
to a constant factor. The sound field at the 
receiving point was calculated using the 
approach of  vertical modes and a parabolic 
equation in the horizontal plane [14].

The simulation results are shown in 
Fig. 2-5. The dotted line on the holograms 
shows the band in which the spectral density 
of  the received signal is concentrated. Linear 
band dimensions: δτ ≈ 0.15 s, δν ≈ 0.002 Hz, 
which agrees with the theoretical estimates of  
the sizes of  focal spots δτ = 0.1 s, δν = 0.0017 
Hz [2].

On Fig. 2 shows interferograms and 
moduli of  unperturbed fields holograms in the 
absence of  a path crossing by a solitons train. 
As the frequency increases, the irregularity of  
the interference pattern, which consists of  
localized inclined fringes, and the number of  
focal spots in the hologram increase, which 
is explained by an increase in the number of  
modes. Angular coefficients of  interference 

fringes: δf/δt ≈ –0.015 s-2 (frequency range f1) 
and δf/δt ≈ –0.040 s-2 (frequency range f2).

Peak coordinates of  the first focal spot: 
τ1 = 1.30∙10–1 s, ν1 = 1.79∙10–3 Hz (∆f1); 
τ1 = 4.08∙10–2 s, ν1 = 1.54∙10–3 Hz (∆f2). 
According to (15) and the data of  Tables 1 
and 2, the restored source parameters are:

0 1

0 2

1.0 / ,  11.8  ( );
1.0 / ,  12.0  ( ).

w m s x km f
w m s x km f
= − =
= − =

 

 

Moiré interferograms and holograms 
modules when a solitons train crosses the 
path are shown in Fig. 3. Perturbation of  the 
aquatic environment causes a change in the 
refractive index. This leads to a  interference 
fringes transformation and a change in the 
configuration of  the holograms spectral 
densities Moiré interferograms (Fig. 3a,b) 
show horizontal fringes with a width of  
∆T1 ≈ 5.6 min (f1), ∆T2 ≈ 5.9 min (f2) with a 
quasi-periodic pattern of  focal spots. Linear 
focal spots sizes: δf1 ≈ 2.4 Hz, δt1 ≈ 1.1 min (f1) 
and δf2 ≈ 2.8 Hz, δt2 ≈ 1.1 min (f2). Periodicity 
scales for focal spot maxima: δΛ1 ≈ 5.6 Hz, 
δT1 ≈ 8.3 min (f1) and δΛ2 ≈ 6.8 Hz, δT2 ≈ 
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                     a                                        b

                     c                                        d
Fig. 2. Normalized interferograms (a, c) and holograms (b, 
d) in the absence of  perturbation: (a, b) – frequency range f1, 

(c, d) – frequency range f2.

                     a                                        b

                     c                                        d
Fig. 3. Normalized moiré interferograms (a, c) and holograms 
(b, d) in the presence of  a disturbance: (a, b) – frequency 

range f1, (c, d) – frequency range f2.
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8.1 min (f2). Although the values of  the 
focal spots parameters in the interferograms 
are approximately the same as in the case 
of  a stationary source, the interferograms 
noticeably differ in contrast and symmetry 
of  the horizontal interference fringes 
arrangement [8]. In the holograms (Fig. 3b,g), 
the spectral density in the form of  focal spots 
is concentrated mainly on the frequency axis, 
which gives an idea of  the refracted signal 
influence.

In contrast to moiré interferograms, the 
location configuration of  focal spots on 
holograms makes it possible to separately 
observe the spectral densities of  the 
unperturbed and perturbed fields. The 
undisturbed and disturbed fields in the IIWs 
presence are understood to mean the fields 
formed by direct and refracted signals. Under 
natural conditions, when the train consists 
of  solitons of  different shapes and different 
parameters, this will naturally lead to a 
decrease in the contrast of  the interference 
pattern and an expansion of  the region of  
location of  focal spots on the hologram.

The cleaning results the holograms 
spectral densities from the perturbed field in 
the frequency axis ν vicinity and their Fourier 
image are shown in Fig. 4. The shape of  
the spectral densities arrangement on the 
holograms of  the unperturbed waveguide 
(Fig. 2b,g) and reconstructed in the IIWs 
presence (Fig. 4b,g) are close to each other. 
The peak coordinates of  the first focal spot 
are estimated as follows: τ1 = 1.50∙10–1 
s, ν1 = 2.05∙10–3 Hz (f1); τ1 = 4.08∙10–2 s, 
ν1 = 1.54∙10–3 Hz (f2). According to (15) and 
the data of  Tables 1, 2, the restored source 
parameters

0 1

0 2

1.2 / ,  13.7  ( );
1.0 / ,  12.0  ( ).

w m s x km f
w m s x km f
= − =
= − =

 

 

For the frequency range f1, the 
perturbation leads to an increase in the 
error in restoring the source parameters; 

for the frequency range f2, the  perturbation 
presence does not affect the error in restoring 
the source parameters. This is explained by 
the increased influence of  waves horizontal 
refraction on the formation of  the source 
sound field with decreasing frequency 
[14]. The reconstructed interferograms of  
the unperturbed field in the presence of  
a train of  solitons are shown in Fig. 4b,d. 
The angular coefficients of  the interference 
fringes are estimated as δf/δt ≈ –0.017 s–2 
(∆f1) and δf/δt ≈ –0.042 s–2 (∆f2), which 
is close to their values in the absence of  
medium disturbance.

The closeness degree of  two-dimensional 
interferograms of  unperturbed fields in the 
IIWs absence and presence will be estimated 
from the proximity of  their one-dimensional 
interferograms, which are a horizontal section 
for a fixed time moment. With the chosen 
model of  a uniform signal spectrum, one-
dimensional interferograms, up to a constant 
factor, are equal to the transfer functions of  

INFORMATION TECHNOLOGIES HOLOGRAPHIC METHOD FOR LOCALIZATION OF A MOVING 
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                     a                                        b

                     c                                        d
Fig. 4. Normalized filtered modules of  holograms (a, c) of  
the unperturbed field and interferograms (b, d) reconstructed 
from them: (a, b) – frequency range ∆f1, (c, d) – frequency 

range ∆f2.
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the waveguide in the absence and presence 
of  a disturbance. On Fig. 5 shows the one-
dimensional normalized spectral densities of  
the unperturbed fields interferograms in the 
absence of  a disturbance (solid line) and those 
reconstructed in its presence (points) for the 
time instant t = 10 min. The normalized value 
is indicated at the top with the “lid” icon. The 
error in reconstructing the interferograms 
was estimated as

( )
( ) ( )

( )
1 21

11

, , 
,

, 

J
j jj

J
jj

I f t I f t
d t

I f t
=

=

−
=
∑

∑
 (15)

where the readings number is J = 80. Here 
I1,2 is the one-dimensional interferogram 
of  the unperturbed field for time t in the 
disturbance absence and reconstructed in 
its presence, respectively. For the frequency 
range f1, the error is d = 0.45; for the 
frequency range f2, d = 0.60. Compared to 
a stationary source [8], the error increased 
by a factor of  3.7 and 6.2 for the frequency 
ranges f1 and f2, respectively. The indicated 
difference in the error values is explained by 
the different medium variability character. 
With a stationary source, there is a temporal 
variability of  the medium, and with a moving 

source, there is a spatio-temporal variability. 
Note that the error (16) depends on the 
chosen moment of  time.

6. CONCLUSION
Within the numerical simulation framework, 
the holographic method stability of  
localization of  a moving broadband sound 
source in the IIWs presence, which determine 
the sound waves horizontal refraction, is 
demonstrated. The processing stability is 
based on the fact that the spectral densities of  
the unperturbed and perturbed fields do not 
overlap in the hologram, so that each of  them 
can be observed separately. The filtering of  
these regions makes it possible, with minimal 
distortion, to reconstruct the unperturbed 
field hologram of  a moving source in the IIWs 
presence in order to estimate its parameters. 
With an increase in the frequency range, 
the error in reconstructing the distance and 
the source radial velocity decreases. The 
inverse 2D-FT transformation application 
to the unperturbed hologram makes it 
possible to reconstruct the unperturbed 
field interferogram in the IIWs presence. 
The unperturbed field interferograms in 
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                                           a                                                                                 b

Fig. 5. Dependences of  normalized one-dimensional interferograms of  unperturbed fields Î  on frequency f  in the 
absence of  a disturbance (solid line) and reconstructed in its presence (points): (a) frequency range f1, (b) frequency 

range f2.
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the absence and presence of  IIWs differ 
in contrast, but their angular interference 
fringes coefficients are comparable in 
magnitude.
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