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1. INTRODUCTION
The problems of  monitoring and safety 
during railway transportation have significant 
importance for the development of  heavy-weight 

and high-speed movement of  rolling stock in 
various operating conditions. Much attention is 
paid to the problems of  force modeling in the 
"wheel-rail" system, the analysis of  contact spots 
and wear models of  wheel sets and rails [1-5], 
the design features of  the track [6-7], movement 
on ballast and with riding on slabs of  the railway 
track [8-10].

For numerical modeling of  this class of  
problems finite element approaches, Galerkin 
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methods [11-15] are often used, including 
commercial software ANSYS, ABAQUS, etc.

In this paper, we propose the application of  
the grid-characteristic method that allows us to 
consider the problems of  rolling stock movement 
in a dynamic formulation and to investigate the 
influence of  wave processes during rolling stock 
movement using finite-difference schemes of  
high order accuracy in time and space [16-18].

2. MODELS AND METHODS
For numerical simulation of  the problem of  
train movement, the railway track is represented 
as a set of  layers of  an isotropic linear elastic 
medium described in the two-dimensional case 
by a system of  equations:
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where in (2) q – the vector of  the initial 
functions, which include the components of  
the perturbation propagation velocity v and the 
components of  the symmetric Cauchy stress 
tensor σ, in (3) λ, μ – the Lame parameters that 
determine the elastic properties of  the material. 
Matrices A1, A2 have a set of  eigenvalues {cP, –cP, 
cS, –cS, 0}, where ( 2 ) /Pc λ µ ρ= +  – velocity of  
propagation of  longitudinal waves, /Sc µ ρ=  

– velocity of  propagation of  transverse waves. 
Thus, initial system (1) is hyperbolic, which means 
that the matrices A1, A2 can be represented as

1,−=A ΩΛΩ

where the matrix Ω consists of  columns that 
are the right eigenvectors of  the original matrix, 
which, in turn, correspond to the eigenvalues, 
which are elements of  the diagonal matrix Λ . 
Splitting the system (1) in spatial directions and 
using the transition to Riemann invariants ω = 
Ω–1q, which are transferred according to the 
characteristics of  the hyperbolic system, we 
obtain the hyperbolic system from linear transfer 
equations with constant coefficients in Riemann 
invariants

0.
t x

∂ ∂
=

∂ ∂
ω ω
+ Λ  (4)

The system in Riemann invariants (4) on 
the upper layer in time can be numerically 
integrated using finite-difference schemes, for 
example, using the Rusanov scheme [19], used 
in calculations in this paper, of  the third order in 
time and space. To move to the components v and 
σ on the upper layer in time after calculating the 
Riemann invariants, the inverse transformation 
is used q = Ωω.

The basic model of  the construction of  a 
railway track laid on the earthen bed is shown in 
Fig. 1, and on the bridge structure in Fig. 2. The 
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Fig. 1. The railway track laid on the roadbed: 1 – rail, 
2 – dampers, 3 – sleepers, 4 – ballast, 5 – earthen bed.

Fig. 2. Railway track on the bridge: 1 – rail, 2 
– dampers, 3 – sleepers, 4 – ballast, 5 – supporting 

structure.
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elastic characteristics of  the media are given in 
Table 1. The total length of  the track section in 
both cases was 25 m. Free boundary conditions 
were set at the boundaries of  the media that 
were elements of  the corresponding model
σ∙n = 0,					         (5)
where n – normal to the corresponding boundary.

Between the contact media (medium 1 and 
medium 2), a condition of  complete adhesion is 
set at the contact boundary, which is described 
by the expressions
v1 = v2,
σ1∙n = σ2∙n,
here n – normal to the boundary of  the 
contacting medium 1.

Absorption conditions are used on the left 
and right boundaries of  the integration regions 
in Fig. 1 and Fig. 2. Similarly, this condition is 
used for the lower boundary of  the integration 
region in Fig. 1 for the sedimentary rock layer. In 
the case of  a bridge structure, a free boundary 
condition is set at the lower boundary of  the 
supporting structure (5). Between the rail and 
the sleeper, a damper is used in both settings for 
clarity, shown separately in Fig. 3.

To simulate the movement of  rolling stock 
along the railway track from Fig. 1 and Fig. 2, 
the force boundary condition in the wheel-rail 
system from [16] is used with the modification 
that allows to consider several elements of  the 
rolling stock at once in Fig. 4. The geometric 
parameters of  the rolling stock element are 
HTRAIN = 7.7 m, LTRAIN = 1.85 m, mass 90 t. The 
pressure of  the wheel without defects on the rail 
in the "wheel-rail" system is equal 188 MPa.

In the calculation the integration areas 
in Fig. 1 and Fig. 2 were covered with 
rectangular calculation meshes with the 
constant step for the corresponding medium 
according to Table 2, the integration step in 
time was 10-7 s.

INFORMATION TECHNOLOGIES

Fig. 3. The position of  the damper (red) between the rail 
and the sleeper.

Table 1
Elastic parameters of media.

Medium Velocity 
P-waves, m/s

Velocity 
S-waves, m/s

Density, kg/m3

Rail 5740 3092 7800

Damper 700 120 1200

Sleeper 4200 2200 2500

Balast 500 300 1400

Earthen bed 2000 1000 2000

Supporting
structure

4200 2200 2500

Fig. 4. Rolling stock element.

Table 2
Meshes parameters.

Medium Step along OX, m Step along OY, m

Rail 0.01 0.005

Damper 0.01 0.001

Sleeper 0.01 0.005

Balast 0.01 0.005

Earthen bed 0.01 0.010

Supporting
structure

0.01 0.010

CALCULATION OF ROLLING STOCK MOVEMENT ALONG 
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3. RESULTS AND DISCUSSION
Fig. 5 and Fig. 6 show the results of  
calculations of  the dynamic load distribution 
of  the vertical component of  the Cauchy 
stress tensor at various points in time when 
the rolling stock consisting of  two elements 
is moving along the railway track laid on the 
earthen bed with the velocity of  120 km/h 
and on a bridge with the velocity of  72 km/h, 
respectively. To account for the slow increase 
in stresses due to the interaction of  the train 
and the rail from zero to a set value in the 
wheel-rail system 170000 iterations have 
performed. The total number of  iterations 
over time is 680000, i.e. the total movement 
time of  the rolling stock is 0.051 s.

The obtained results show the importance 
of  consideration in the mathematical model 
the number of  relevant standards of  railway 

track design, some of  which were not 
consider earlier in [16-18]: the presence of  
the damping layer between rails and sleepers, 
the use of  reinforced concrete sleepers, 
unlike wooden ones. Due to the modification 
of  the boundary condition used, it is possible 
to specify the rolling stock consisting of  a 
large number of  elements. When comparing 
the wave patterns in Fig. 4 and Fig. 5 it can 
be seen that when moving on the bridge, the 
more pronounced stress pattern is formed in 
the bridge structure in the area of  the rail-
damper-sleeper junction than when moving 
along the earthen bed. This is due to the 
fact that in the case of  movement along the 
earthen bed, the wave front propagate into the 
thickness of  sedimentary rocks, whereas on 
the lower surface of  the bridge, the incoming 
wave front is reflected back into the track 
structure.
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Рис. 5. The movement of  the rolling stock of  two 
elements on the earthen bed: a – the beginning of  
movement, b – 0.0255 s, c – 0.051 s, d – the enlarged 

picture on the left at 0.051 s.

Рис. 6. The movement of  the rolling stock of  two 
elements on the bridge: a – the beginning of  movement, 
b – 0.0255 s, c – 0.051 s, d – the enlarged picture on 

the left at 0.051 s.
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4. CONCLUSIONS
Using the grid-characteristic method on 
structured rectangular meshes in combination 
with the modification of  the boundary condition 
for the wheel-rail system, it is possible to obtain 
stress distributions during the movement of  
rolling stock consisting of  the large number 
of  elements along the railway track at various 
points in time. The proposed approach and 
mathematical models make it possible to 
consider the damping layer between rails and 
sleepers, change the parameters and type of  
construction using various types of  contact 
and boundary conditions, speed mode. The 
obtained algorithms and models can be used 
to analyze wave effects during the movement 
of  rolling stock and to formulate the problem 
of  the movement of  rolling stock in conditions 
of  transition from the railway track laid on an 
earthen bed to the track laid in conditions of  
the bridge structure, considering changes in the 
rigidity of  the sub-rail base.
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