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1. INTRODUCTION
Currently, one of  the topical areas of  
underwater research is the illumination of  
the underwater environment, which ensures 
the detection and localization (resolution, 
determination of  bearing, radial velocity, 
distance and depth) of  moving underwater 
low-noise sound sources using small-sized 
antennas. The solution to this problem based 
on holographic processing based on stable 
structural features of  the interference pattern 
(interferogram) formed by a noise source is 
considered in [1−3]. Interferogram refers 
to the energy characteristics of  the received 
vector-scalar field in frequency-time variables. 
Holographic processing implements quasi-
coherent accumulation of  the spectral density 
of  a noise source along localized interferogram 
fringes in frequency-time variables. During 
the observation time ∆t, in the band ∆f, J 
independent realizations are accumulated with 
duration t1 and with a time interval t2 between 
them

1 2

.  tJ
tt

∆
=

+
 (1)

Realizations are independent if  t2 > 
1⁄∆f. Noise accumulation is incoherent. 
An interferogram is formed in frequency-
time variables, to which a two-dimensional 
Fourier transform is applied. At the output 
of  the integral transformation (hologram), 
the spectral density is concentrated in a 
narrow band in the form of  focal spots 
caused by the interference of  modes of  
different numbers. The spectral density of  
interference is distributed over the entire 
region. Such processing has a high noise 
immunity. Based on the location of  the 
spectral densities of  holograms and some a 
priori data on the propagation channel, the 
problems of  detection, direction finding, 
determination of  the radial velocity, distance 
and resolution of  sources are solved.
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Holographic processing today is a very 
active field of  research, in which many 
interesting results of  theoretical and 
practical interest have been obtained. First, a 
method has been developed for restoring the 
interferogram of  an unperturbed field on a 
stationary path, when intense internal waves 
cause horizontal refraction and interaction 
of  acoustic field modes [4–7]. Secondly, a 
noise-resistant method for detecting and 
localizing moving low-noise sources, which 
is stable with respect to the hydrodynamic 
variability of  the oceanic environment, 
has been proposed [8]. Thirdly, adaptive 
algorithms for determining the source 
parameters have been created that do not 
require knowledge about the characteristics 
of  the propagation medium [9,10]. Further, 
fourthly, a method is implemented for 
resolving several sources of  different 
intensities under conditions when their 
interferograms overlap in frequency and 
time and are masked by interference 
[11]. Finally, fifthly, a method has been 
developed for selecting acoustic field modes 
and determining their parameters [12–14]. 
Works [15–18] have played a significant 
role in the progress in the development of  
holographic interferometry in shallow water 
areas.

The purpose of  this article is, firstly, to 
describe holographic processing using linear 
antennas and consider their characteristics 
that determine the effectiveness of  the work. 
Secondly, to reveal the reception conditions 
under which the interferogram of  the source 
is not distorted in the absence of  interference.

2. HOLOGRAPHIC PROCESSING 
USING LINEAR ANTENNAS
Let the number of  elements Qb of  the 
receiving antenna be equal to B, 1, ,b B=  
the interelement distance is d. The received 
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spectrum of  a noise source moving with a 
radial velocity w at a depth zs is concentrated 
in the frequency range f1 ≤ f  ≤ f2, where f1,2 
= f0 ± (∆f⁄2), ∆f and f0 are the bandwidth 
and the average frequency of  the spectrum. 
The fields from each antenna element are 
summed, and an interferogram is formed 
at the output, to which a two-dimensional 
Fourier transform is applied. We will 
consider the processing using the example 
of  the scalar component of  the field, i.e. 
sound pressure spectrum p(f,t).
2.1. HorIzontal lIne antenna

The layout of  the source S and the 
horizontal linear antenna is shown in Fig. 1. 
The antenna elements are at a depth zq. The 
reference element of  the antenna is the 
first element Q1. The aperture L = (B – 1)
d is much smaller than the distance to the 
source. In this case, rb = r1 – (b – 1)dsinθ, 
where θ is the angle complementary to the 
bearing.

When summing the fields from the 
antenna elements, the difference in 
distances from the source to its various 
elements in the direction of  the angle θ is 
compensated. Therefore, the field Qb of  
the element is multiplied by the exponential 
factor exp[ih*(f0)(b – 1)dsinθ*]. Here h*(f0) is 
the distinguished real part of  the horizontal 

wavenumber (propagation constant) at the 
middle frequency f0 of  the source spectrum, 
θ* is the compensation angle. The field at 
the output Qb of  the antenna element can 
be represented as a sum of  modes [19]

( ) ( ) ( ){

( ) ( ) ( )( ) }
1

* 0 *

, , exp   

2 1 ,

b b m b m
m

m

p f r A f r i h f r

b h f h f

−= 

− − − 

∑
 (2)

where
η = dsinθ⁄2, η* = dsinθ*⁄2.        (3)
Here Am and hm are the amplitude and 
propagation constant of  the m-mode. 
Cylindrical field divergence, modal 
attenuation, source depths zs and antenna 
element depths zb are taken into account in 
the modal amplitude. At the antenna output, 
the field pan (f,r1), neglecting the dependence 
of  the amplitude on distance, Am(f,r1) ≈ 
Am(f,rb), we write as
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The antenna interferogram Pan(f,r1) = 
|pan(f,r1)|

2, according to (4), is equal to
( )

1 1( , ) ( , ),mn
an an

m n
P f r P f r=∑∑  (6)

( ) ( ) ( )
( ) ( )( )

1
*

1
(

1

1

) , , ( )

exp 1 ,

,mn
n

m

n m mn

n

a A f r A f r I f

ih f

P f r

r B η

×

 × − − 
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 (7)

where
Imn(f) = Im(f)In(f).        (8)
Here hmn(f) = hm(f) – hn(f). Let at the initial time 
t0 = 0 the distance r1 = r0. In interferogram 
(6), we pass from the distance variable r1 to 
the time variable t, r1 = r0 + wt, and apply the 
two-dimensional Fourier transform to it.

At the output of  the integral transformation 
(hologram), the spectral density is expressed 
through the interferogram as

Fig. 1. Geometry of  the problem (view in the horizontal 
plane): rb is the horizontal distance of  the element Qb to the 

source S, θ is the angle of  direction to the source.
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where ν and τ are the frequency and time of  
the hologram; ∆t is the observation time. Using 
the approach for calculating the hologram 
of  a single receiver [1], for partial antenna 
holograms, we obtain
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Here t* is the distinguished moment of  time 
on the observation interval ∆t, 0 < t* < ∆t. 
If  we set B = 1, then Imn(f0) = 1 and formula 
(10) becomes the corresponding formula 
for a single receiver [1]. The factor Imn(f0) (8) 
determines the distribution of  the spectral 
density of  the antenna hologram with 
respect to a single receiver. The dependences 
of  Imn(f0) on the angle θ at the compensation 
angle θ* = 0 are considered in [20].
2.2. VertICal lIne antenna

The field at the output of  the b-th element at a 
horizontal distance r from the noise source is 
written as a sum of  modes as [19]

( , , ) ( ) ( , ) exp[ ( ) ],b b m b m m
m

p f r z z A f r ih f rψ=∑  (11)
where ( )m zψ  – eigenfunction of  the mth mode. 
In (11), the slow change in the eigenfunction 
with frequency is neglected. At the output of  
the antenna, the source field takes the form

( , ) ( , ) ( , ) exp[ ( ) ],an b m m m
b m

p f r p f r E A f r ih f r= =∑ ∑  (12)
where

( ).m m b
m

E zψ=∑  (13)

The antenna interferogram, according to 
(12), is equal to

( , ) ( , ),an mn
m n

P f r P f r=∑∑  (14)

( , ) ( , ) ( , ) exp[ ( ) ].mn m n m n mnP f r E E A f r A f r ih f r∗ ∗=  (15)
Let the initial time t0 = 0 correspond to 

the distance r0. In the interferogram (14), we 
pass from the distance variable r to the time 
variable t and apply the two-dimensional 
Fourier transform (9) to it. As a result, for 
partial antenna holograms, we obtain
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If  we put B = 1, then relation (16) turns 
into an expression for a single receiver [1]. 
The spectral density of  the partial holograms 
of  the antenna ( )mn

anF  with respect to a single 
receiver differs by a weight factor .m nE E∗  For 
this reason, the regions of  localization of  
the spectral density for the antenna and a 
single receiver are similar in shape.

3. ANTENNA PARAMETERS
3.1. amplIfICatIon faCtor and dIreCtIVIty 
CHaraCterIstIC

The effectiveness of  holographic processing 
using receiving antennas characterizes the 
amplification factor
χ = Gan⁄Gr        (17)
and directivity characteristic (horizontal 
antenna)
D = Gan⁄maxGan,       (18)
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where

, , ( , ) .an r an rG F d dτ ν τ ν= ∫∫  (19)

Index "r" refers to a single receiver. In the 
compensation angle direction, the  amplification 
factor of  horizontal antenna reaches its 
maximum value 2

max .Bχ ≅  The amplification 
factor χ of  the vertical antenna is χ ≈ B2. Thus, 
the amplification factors of  the horizontal 
and vertical antennas are comparable to each 
other. The results of  numerical simulation 
for considering the amplification factor and 
directivity characteristics of  linear antennas 
were discussed in [20, 21].
3.2. lImIt Input sIgnal-to-noIse ratIo

Holographic processing has certain limitations, 
which lie in the nature of  interference 
phenomena and the presence of  interference.
The restriction associated with interference 
can be conveniently characterized by the 
limiting (minimum) input signal-to-noise ratio 
(s/n) qlim, when stable detection and estimates 
of  bearing, radial velocity, distance, and depth 
are close to real for input s/n q0 > qlim. In the 
case of  isotropic interference and a single 
receiver for the scalar component of  the noise 
source field ( )

lim
rq  ≈ 1.5⁄J2 [2]. The estimate 

was established on the basis of  a number of  
physical considerations and verified on the 
results of  numerical and natural experiments. 
When using the combinational components of  
the vector-scalar field, the value ( )

lim
rq  decreases 

by 2-5 times [2,3]. Let us generalize the 
estimate of  the limiting input s/n ratio of  a 
single receiver to linear antennas.

Let us assume that the noise signal and 
interference are statistically unrelated random 
processes and the interference at the input of  
the antenna elements is not correlated. The 
second condition is satisfied if  d ≥ λ⁄2, where 
λ is the wavelength. Then the limit input s/n 
ratio on the antenna element is estimated as

( ) ( )
lim lim ,an rq qα=  (20

where α = B⁄χ. The value of  χ ≈ B2, so α ≈ 
1⁄B. The input s/n ratios on a single antenna 
element, when the estimates of  the source 
parameters are close to real values, are limited 
by the inequality ( )

0 lim .anq q>  If, first, holographic 
processing is performed on each b-th receiver 
and then the spectral densities of  the holograms 
are summed at the antenna output, then there 
will be no gain in the limiting s/n ratio with 
respect to a single receiver.
3.3. noIse ImmunIty

Let us consider how the s/n ratio at the antenna 
output is related ( ) .out

anq  to the s/n ratio at the 
input of  the antenna element q0. Their ratio, as 
is known, determines the noise immunity of  
processing

(out)

0

.an
an

q
q

ρ =  (21)

When solving this problem, we first analyze 
the question of  the relationship between the 
s/n ratios ( )out

rq at the output and input q0 of  a 
single receiver.

Let the pressure spectra of  the noise 
signal and interference, which we denote 
as s(t,f) and n(t,f), be concentrated in the 
band ∆f. Signal and noise are mutually 
independent Gaussian random stationary 
processes with zero mathematical 
expectations. We restrict ourselves to q0 
values satisfying the condition ( )

0 lim
rq q> . 

Let us assume that the band ∆f contains W 
localized bands of  width δf and the contrast 
of  the interferogram, i.e. the bands visibility 
is equal to one. Let us assume that the noise 
signal field accumulates coherently along 
the interference fringes, while interferences 
accumulates incoherently. Strictly speaking, 
this provision is not fulfilled, however, 
from the qualitative and quantitative side, as 
shown by the data of  computer simulation 
and field experiments [1−3,11], the results 
remain quite meaningful.
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The s/n ratio q0 at the input of  a single 
receiver at the initial time t = 0 is understood 
as the value

0
(0)(0) ,
(0)

s

n

Eq q
E

= =  (22)

where
2 2

0

(0) 2 (0, ) 2 (0, ) ,s sE s f df f s f
∞

′= = ∆∫  (23)

2 2

0

(0) 2 n(0, ) 2 n(0, ) ,n sE f df f f
∞

′= = ∆∫  (24)

− average signal energies and interference. Here 

sf ′ and 
nf ′  are the selected signal frequencies 

and noise in the band ∆f. The overline means 
averaging over the ensemble of  realizations. In 
accordance with (23), (24), the input ratio s/n 
(22) is equal to

2

0 2

s(0, )
.

n(0, )
s

s

f
q

f

′
=

′
 (25)

The average signal energies and noise at the 
output of  trajectory accumulation over time 
∆t can be written in the form of  summation 
of  energies over time intervals of  duration t1 
along the interference fringes

2

10

( ) 2 ( , ) ,
J

s J
j

E t Ws t f df
∞

=

∆ = ∑∫  (26)

2

1 0

( ) 2 ( ) .
J

n J
j

E t WJ n t f df
∞

=

∆ = ∑∫  (27)

Using the assumption of  stationarity of  
processes, expressions (26), (27) can be reduced 
to the form

22 2( ) 2 ( ) ,s sE t W J s f fδ′′∆ =  (28)

2( ) 2 ( ) ,n nE t WJ n f fδ′′∆ =  (29)

so that at the output of  the trajectory 
accumulation, the ratio s/n is equal to

2

2

( )( )( ) .
( ) ( )

ss
r

n n

s fE tq t WJ
E t n f

′′∆
∆ = =

∆ ′′
 (30)

Here sf ′′  and nf ′′  – selected signal frequencies 
and interference in the band δf.

Using the input ratio s/n (25), we represent 
expression (30) in the form

2 2

02 2

( ) ( )
( ) .

( ) ( )
s n

r

n s

s f n f
q t JW q

n f s f

′′ ′
∆ =

′′ ′
 (31)

At the initial moment of  time, the average 
energies of  the signal (23) and interference 
(24) can also be expressed as

22(0) 2 ( ) ,s sE W s f fδ′′=  (32)

2(0) 2 ( ) .n nE W n f fδ′′=  (33)
From a comparison of  expressions (23), 

(24) and (32), (33) we find
2 2

1 2s( ) s( ) ,s sf f W f f′ ′′∆ = ∆  (34)

2 2
1 2( ) ( ) .n nn f f W n f f′ ′′∆ = ∆  (35)

and then expression (32) takes the form
qr(∆t) = Jq0,       (36)
so that at the output of  trajectory accumulation, 
the s/n ratio does not depend on the number 
of  interference fringes W and their width δf, 
and is proportional to the input s/n ratio q0 up 
to a factor J.

Thus, the multiple coherent summation of  
the interference maxima of  the wave field of  
the noise source along the localized fringes 
increases the output s/n ratio qr(∆t) by a factor 
of  J with respect to the input value q0. Such an 
increase becomes clear if  we draw an analogy 
with the coherent spatial processing of  a 
multi-element antenna containing J receivers: 
with respect to a single receiver, the s/n ratio 
increases by a factor of  J.

Recording an interferogram onto a 
hologram and clearing the region of  spectral 
density localization from interference leads to 
an additional increase in the output s/n ratio 
compared to qr(∆t). The two-dimensional 
Fourier transform of  the interferogram 
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localizes the two-dimensional spectral density 
of  the noise signal within a narrow band of  the 
hologram, the area of  which can be estimated 
as

.sS
t

τ∗=
∆

 (37)

Here τ* is the position of  the main maximum 
of  the focal spot on the time axis due to 
interference between the extreme modes. The 
spectral noise density is distributed over the 
entire region of  the hologram, the area of  
which is equal to

,nS ν τ∗ ∗=  (38)
where ν* is the position of  the main maximum 
of  the focal spot on the frequency axis due 
to interference between the extreme modes. 
During the integral transformation, the energy 
does not change.

Assuming the interference power to be 
uniformly distributed in the hologram region, 
the s/n ratio at the output of  holographic 
processing can be represented as

( ) ( ),    / ,out
r r n sq q t S Sγ γ= ∆ =  (39)

where the concentration coefficient, according 
to (37), (38), γ = |ν*|∆t. In the case of  a 
stationary source, the quantity ν* is replaced 
by the spectral width ∆ν in the region of  the 
hologram. In accordance with (36), expression 
(39) takes the form

( )
0.out

rq J qγ=  (40)
Thus, the noise immunity of  holographic 

processing using a single receiver is estimated 
as

.r Jρ γ=  (41)
It is easy to see how the output s/n ratio at 

the output of  the antenna can be estimated. 
According to (10), (16), the value of  the 
concentration coefficient γ does not change. 
Taking into account that the noise signal and 
interference are accumulated coherently and 
incoherently, the s/n ratio at the antenna output, 
with respect to a single receiver, increases by 

1⁄α = χ⁄B ≈ B times. Therefore, the s/n ratio at 
the output of  the antenna will be

( )
0( / ) .out

anq J qγ α=  (42)

4. CRITERIA FOR FORMING A 
UNDISTORTED INTERFEROGRAM
The formation of  an interferogram, 
respectively, and a hologram, is affected by 
background interference, spatio-temporal 
inhomogeneities of  the propagation medium, 
and reception conditions. At present, the 
state of  the art on the influence of  distorting 
factors on the formation of  an interferogram 
is mainly concentrated on such aspects as 
interference [1-3] and intense internal waves 
[4-8].

In this section, we consider the influence 
of  reception conditions – bandwidth and 
accumulation time – on the formation of  
an undistorted interferogram in a regular 
waveguide in the interference absence. Based 
on the fact that the interference pattern of  the 
sound source is characterized by frequency  

( )mn
fΛ and time ( )mn

tΛ  scales of  variability due to 
the interference of  the m-th and n-th modes 
[19]

( ) ( )

0 0

2 1,  ,
( ) / ( )

mn mn
f t

mn mnr dh f df wh f
π

Λ = Λ =  (43)

let us establish the following two criteria for 
the formation of  an undistorted interferogram. 
For any pair of  (m,n) modes:
I. The frequency range f1 ≤ f  ≤ f2 should not be 
less than the frequency period of  interferogram 
variability

( ) .mn
ff∆ ≥ Λ  (44)

II. The observation time ∆t should not be 
less than the time period of  interferogram 
variability

( ) .mn
tt∆ ≥ Λ  (45)

Conditions (44), (45) imply certain 
restrictions on the bandwidth and observation 
time depending on the distance, radial velocity, 
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and time-frequency scales of  the variability of  
the transfer function of  the medium during the 
formation of  an undistorted interferogram. 
Reducing the distance and increasing the 
average frequency of  the spectrum leads to the 
requirement to increase the bandwidth. The 
latter is due to the fact that, as the frequency 
increases, the group velocities of  the modes 
um(ω0) = dω⁄dhm(ω0) asymptotically tend to 
a value that does not depend on the mode 
number [19]. A decrease in the radial velocity 
and the average frequency of  the spectrum 
cause an increase in the observation time. The 
criteria are most critical with respect to the 
numbers of  neighboring modes.

Criterion I excludes the possibility of  the 
formation of  an interferogram due to the 
interference of  (m, n) modes with a uniform 
spectral density, i.e. in a band of  infinite width, 
when localized bands are not observable. It is 
useful to note that the violation of  condition 
(44) with respect to all pairs of  interfering 
modes leads to a spectral density in the 
hologram in the form of  a single focal spot 
at the origin. A different situation is observed 
when condition (45) is not met, when the 
observation time is not enough for the source 
to intersect the spatial scales of  the variability 
of  the interference pattern. In this case, the 
position of  the peak of  the focal spot formed 
by such interfering modes is shifted to the time 
axis of  the hologram, since the interferogram 
is formed with respect to them by a stationary 
source. The formulated conditions (44) and 
(45) make it possible to estimate the bandwidth 
and observation time to reduce the error in 
reconstructing the parameters of  a moving 
noise source.

5. CONCLUSION
Holographic processing of  hydroacoustic 
information has made it possible to change 
the solution of  the problem of  detection 

and localization of  moving low-noise 
underwater noise sources in the most 
significant way. It turned out to be possible 
to establish, in the most general case, simple 
and transparent relationships between the 
measured characteristics of  the spectral 
density of  a hologram and the parameters 
of  a low-noise underwater source. This 
gave the holographic processing a certain 
completeness and very tangible advantages 
compared to other types of  processing in 
solving specific problems of  monitoring 
the underwater situation with a small 
input noise signal against the background 
of  interference. As a result, a radical 
simplification of  the solution of  the problem 
of  detecting and localizing the source of  
underwater noise has been achieved, and, 
at the same time, a significant expansion of  
the range of  problems that can be solved 
in general. For example, with a small input 
s/n ratio against the background of  space-
time inhomogeneities and in the absence 
of  information about the hydroacoustic 
characteristics of  the propagation medium.

The paper presents the theory of  
holographic processing of  hydroacoustic 
information using linear horizontal and vertical 
antennas. The structure of  interferograms and 
holograms is considered. Expressions for the 
gain and directivity characteristics are given. 
The limiting input ratio s/n is estimated, 
above which the parameters of  the noise 
source of  the sound are adequately restored. A 
connection is established between the output 
and input s/n relations. The relations obtained 
allow us to consider a wide range of  problems 
of  monitoring the underwater situation using 
linear antennas. Restrictions on the bandwidth 
and observation time are formulated, which 
ensure the minimum error in the reconstructed 
parameters of  the noise source.
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