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1. INTRODUCTION
The basic concept in the field of  information 
technology in the transmission, reception and 

processing of  information is the concept of  
"information coding", usually interpreted as a 
synonym for the concept of  "representation 
of  information on a specific medium". 
Such information carriers can be: graphics 
(drawings), texts, numbers, musical notations, 
sequences of  electromagnetic, optical, acoustic 
or other signals.

The word "code" in the most general 
sense refers to a specific way of  presenting 
information. Often, the word "coding" is also 
understood not only as a way of  presenting 
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information, but also as the process of  
converting from one representation of  
information to another. The process of  inverse 
transformation in such a case is usually called 
decoding.

The applied application of  information 
technologies involves the physical 
implementation of  a specific coding process 
in the transmission, processing and storage 
of  information in telecommunication systems 
and computer networks. Progress in this area 
is associated with an increase in speed and an 
increase in the noise immunity of  information 
channels. This is primarily dictated by the need 
to develop effective channels for information 
exchange and control of  distributed networks 
and automatic systems with remote control, 
where the cost of  an error or partial loss 
of  information can have catastrophic 
consequences, up to the loss of  the entire 
system.

The trend observed in recent years 
of  the global spread of  various open 
telecommunication systems and a sharp 
increase in the number of  subscribers lead to 
the need to protect information not only at the 
level of  government agencies, special services 
or business circles, but also at the level of  
almost every individual user. In information 
networks, this problem is associated not so 
much with the confidentiality of  information 
as with the loss of  information due to the low 
noise immunity of  various communication 
channels.

At present, the problem of  increasing 
the noise immunity of  communication 
channels is especially acute in radio relay 
lines. The saturation of  the frequency range 
with traditional means of  communication 
based on the principle of  frequency division 
of  channels has led to the development 
of  communication means operating in a 
common frequency band and using coding 

methods for the so-called code division 
of  channels, in which streams of  random 
(pseudo-random) numbers used as codes. 
When transmitting information, streaming 
coding provides the greatest noise immunity 
(and hence cryptographic strength) when 
using continuous random key streams with 
a uniform distribution function.

It should be specially noted that one 
of  the main problems in the generation 
of  pseudorandom sequences (PRS) is the 
need to form long implementations when 
using a short master key that determines 
the initial conditions. The development of  
new generating algorithms for generating 
pseudo-random sequences is an important 
modern task and requires an understanding 
of  the patterns of  formation of  the PRS 
of  numbers with certain specified statistical 
properties.

In the software implementation of  
algorithms for generating pseudorandom 
processes, the computer operates with discrete 
numbers in binary representation with a finite 
number of  bits. Given this limitation on the 
finite bitness of  numbers in a computer, the 
total volume of  the phase space (PS), any point 
of  which corresponds to an unambiguous 
state of  the system, is limited. Accordingly, 
any algorithmic method of  formation should 
sooner or later enter the periodic repetition 
of  the same segments of  the sequence being 
formed, that is, enter a cycle, although its 
period may be very large and even infinite from 
the point of  view of  a number of  practical 
applications.

The requirements for the properties 
of  sequences of  pseudo-random numbers 
depend on specific applications and, as a rule, 
one algorithm is not able to satisfy all these 
requirements. In the general case, it is possible 
to formulate the main requirements for PRS 
[1]:
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• high quality: according to statistical criteria, 
PRS should be close to a random process 
and have the longest possible period;

• efficiency: the algorithm should be fast and 
occupy as little memory as possible;

• reproducibility: with exact reproduction of  
the algorithm initial conditions, the same 
PRS should be formed on implementations 
of  any duration, and minor changes 
in the initial procedure should lead to 
the generation of  qualitatively different 
sequences;

• simplicity: the generator algorithm formula 
should be easy to implement and use.
In the available literature, there is practically 

no information about the methods for 
developing algorithms for generating pseudo-
random numbers [2]. From the point of  view 
of  practical application in digital information 
technologies, algorithms defined on a closed 
interval of  integers are of  interest. Their 
advantage is related to the absence of  the need 
to use any rounding in the process of  calculating 
the terms of  the sequence. Accordingly, the 
calculation results in this case will not depend 
on the data bus bitness in a particular computer 
and the number of  significant digits in the 
representation of  fixed-point numbers.

The successes achieved in recent years 
in understanding the mechanisms of  the 
emergence of  chaos in dynamic systems of  a 
wide class have made it possible to take a fresh 
look at the ways of  developing algorithms for 
the formation of  pseudo-random numerical 
sequences [3]. In particular, the role of  the 
mixing mechanism in ensuring stochastization 
has become clearer, which is especially 
important in the case of  using algorithms 
defined on a limited numerical interval. The 
most well-known of  the algorithms for 
forming the PRS described in the literature are 
the integer congruent algorithm proposed by 
the mathematician Lemaire [4] and the family 

of  algorithms of  the Fibonacci type [5]. The 
congruent algorithm looks like:

n n 1X (a X C) (modM),−= ⋅ + ⋅
where X0, a, C are given integers (in this case, 
X0, a, C < M, and some large integer is taken 
as M).

Fibonacci algorithms belong to the class of  
algorithms with delay. The generalized formula 
for their linear variant is:

Nz Nz

n i n i j n j
i 1 j 1

X a X A( b X )  ,− −
= =

 
=  

 
∑ ∑



where ai, bj are equal to 0 or 1, Nz is the delay 
parameter, A( )



 is some operator that takes 
into account the phase relations between the 
delay terms. The case A( )



 ≡ 1 corresponds to 
the generalized Fibonacci generator:

Nz

n n i n-i
i 1

X a   X .−
=

= ⋅∑
The delay parameter Nz determines the 

number of  given (or previously calculated) 
sequence members that must be stored in the 
memory of  the computing device in order to 
be able to calculate a new sequence member 
at each next step of  the algorithm, an-i are 
coefficients that are usually considered equal 
to 1 or 0. In some algorithms do not use 
sums, but the differences of  these elements 
or their products. The classical Fibonacci 
algorithm takes into account only two terms 
of  the series – the term calculated in the 
previous step (n – 1) of  calculations and in 
step (n – Nz).

The dimension of  the phase space (PS) of  
a dynamical system based on a computational 
algorithm is determined by the number of  
values that must be specified in order to 
uniquely determine its state and be able to 
determine the state of  the system at the next 
computational step. Obviously, the dimension 
of  the PS of  a dynamical system described by 
a delay algorithm is determined by the delay 
parameter Nz.
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Due to the PS limitation of  the algorithm 
specified on the interval of  integers, the set of  
which is significantly less than the entire set 
of  numbers on this interval, the results of  the 
calculation, sooner or later, must necessarily 
repeat the previously obtained values, that 
is, the system must go into a cycle. It can be 
expected that the magnitudes of  these cycles 
depend on the initial conditions.

Thus, the purpose of  the work was to 
identify, using the example of  the simplest 
algorithms, the formation patterns of  
cycles ("trajectories") of  the motion of  
the representing point of  the state of  the 
system in its phase space. We also studied the 
tendencies of  changing these trajectories when 
changing the interval of  numbers on which 
the algorithm is specified, and (or) changing 
the delay parameter, that is, the influence of  
changing the dimension of  the phase space. As 
such an algorithm for the study, the classical 
Fibonacci-type algorithm was used.

2. ALGORITHM FOR A PSEUDO-
RANDOM SEQUENCE GENERATING
To form a pseudo-random sequence, we used 
the classical Fibonacci-type algorithm based 
on integers {xn} on a given interval [1, M] with 
a delay parameter Nz:

1 ,n n n Nzx x x− −= +  (1)
which belongs to the class of  algorithms whose 
general form is indicated, for example, in [6].

For this class of  algorithms, numerical 
methods are used to analyze the influence of  
the main parameters of  a generating algorithm 
with a delay on the statistical, correlation, 
structural, and fractal characteristics of  non-
periodic pseudo-random integer and binary 
sequences generated by the algorithm. It is 
shown that non-periodic pseudo-random 
sequences (PRSs) generated by the algorithm 
with delay, for all values of  the main parameters, 
have good statistical, correlation, structural 

and fractal characteristics, close to random 
sequences of  independent trials [7].

Since, when performing algorithm 
calculation operations for individual pairs 
of  added sequence members, the sum goes 
beyond the upper limit of  the specified interval 
of  the algorithm definition area, this algorithm 
must be supplemented with a return operator 
to the specified interval. The value of  the sum 
xn may be less than or equal to 2M. The chosen 
return operator can in principle be different. 
Depending on this, different mixing modes 
are implemented, which leads, in particular, 
to different probability distributions for the 
sequence of  calculated terms. For the algorithm 
under consideration, two variants of  a simple 
operation of  returning to a given interval can 
be presented. One can conditionally be called 
the "reflection from the wall" operator. If  xn 
exceeds the value of  the upper limit of  the 
interval M, the newly calculated member is 
assigned the value xn = M – (xn – M), that is, the 
difference in the excess of  the newly obtained 
number is subtracted from the maximum value 
of  the interval M.

Another return option is "gluing" the ends 
of  the interval. In this case, the excess over the 
value of  M equal to the difference (xn – M) is 
added to the value of  the lower boundary of  
the interval, i.e. xn = xn – M. In this work, this 
last version of  the return operation was used, 
which provides the mixing mechanism.

To calculate the sequence generated by the 
algorithm under consideration, it is necessary 
to set the parameters M and Nz and the 
memory (delay) array X0(Nz) = (x1, x2, ... xNz), 
that is, a series of  initial values consisting of  
Nz integers from the interval [1, M].

The phase space (PS) of  such a system 
has the dimension MNz. It consists of  a set 
of  points with coordinates from the interval 
of  integers [1,M] that uniquely determine 
the state of  the system. Obviously, due to 
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the boundedness of  this interval [1,M] and, 
consequently, the finite number of  PS points 
in the process of  successive calculation steps, 
the system will sooner or later necessarily 
get to the PS point where it has already 
been. Further, the movement will continue 
along the previously passed states in the PS. 
This means that the system is on a periodic 
"trajectory" with a repetition period equal to 
the corresponding number of  counting steps 
(TM,Nz). In principle, it can be assumed, and the 
results of  calculations confirm this, that the 
dynamic system under study, depending on the 
values of  the parameters M, Nz and the initial 
conditions in the phase transition, can have 
many cycles of  different periods. The cycle 
with the largest period for the data M and Nz 
is called the maximum period cycle.

3. RESULTS OF CALCULATIONS AND 
REGULARITIES REVEALED
The study of  the periods of  sequences formed 
by algorithm (1) depending on the parameters 
M, Nz and initial values was carried out starting 
from small values of  the parameters, although 
it is obvious that these cases are not important 
for practical applications. Nevertheless, this 
analysis can help in revealing patterns of  
sequence formation at arbitrary values of  M 
and Nz.

Transitions from one state point to another 
will be depicted for the convenience of  
visualizing the sequence of  system motion in 
the form of  a phase trajectory (PT), although, 
strictly speaking, the system does not describe 
a trajectory in phase space, but jumps from 
one state to another. When the radius-vector 
Rn{xn-1, …, xn-Nz} of  the system state in the 
PS at the n-th step of  the algorithm hits the 
state point in which it was already at the (n–N)-
th step, i.e. Rn = Rn-N, then at further steps of  
the calculation, due to the determinism of  the 
algorithm, the vector will exactly repeat the 
previously passed movement. This means that 

the system in the PS entered a cycle with a 
period T = (N – 1) equal to the number of  state 
points on the cycle. This periodic movement 
of  the system in the PS will correspond to a 
periodic sequence of  numbers generated by 
the algorithm.

Among all possible cycles in the PS of  the 
system for given values of  the parameters M 
and Nz, we single out the cycle with the largest 
period and call it the cycle of  the maximum 
period TM,Nz,max. From the point of  view of  the 
formation of  the PRS of  the longest possible 
period, the configuration of  the corresponding 
PT in the PS should have signs of  a certain 
"chaotic" and not have spatial periodicity at the 
largest possible number of  algorithm steps.

Computational experiments performed 
for different values of  the parameters M, 
Nz and initial values have shown that the 
spatial configuration of  the PT depends in a 
complicated way on the specified parameters. 
However, there are some general patterns:
1. The PS of  the algorithm is a set of  cycles of  

different periods. Each point of  the system 
state belongs to only one cycle, which is 
a consequence of  the rigid determinism 
and uniqueness of  the algorithm. In other 
words, the cycles do not have common PS 
points.

2. For any M and Nz, one trajectory is singular 
and represents an isolated point, all of  
whose coordinates are equal to M, which 
follows from the formula of  algorithm (1) 
and the return operation.

3. As a rule, for given M and Nz, there are 
several different cycles of  the same period 
in the PS. They differ in the set of  PS 
points. The number of  cycles with the 
same period we denote by ν: T(ν)M,Nz. For 
example, T(2)8,2 = 6 means that when M = 
8, Nz = 2, there are 2 cycles in the PS with 
a period equal to 6.
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4. The point with coordinates (1, 1, …, 1) 
for any M and Nz always lies on the cycle 
with the maximum period. The points (1, 
1, …, 1) and (M, M, …, M) are singular 
throughout the PS.

5. The sum of  state points in the PS of  a 
dynamic system in all cycles is always equal 
to the total volume of  the PS – V = MNz.
PT with PS dimension > 3 can be 

studied only by their projections onto the 
corresponding planes, and the complexity of  
their spatial configuration can be judged from 
a simpler two-dimensional case for M = 8, 
shown in Fig. 1.

For the convenience of  visualization, 
the PS points depicting states sequentially 
passed by the system are connected by lines 
– "trajectories" of  the system's motion. The 
trajectories shown in the figure correspond to 
cycles with a period: T(4)8.2 = 12 (B), T(2)8.2 = 
6 (D), T(1)8.2 = 3 (F).

This Figure shows 4 out of  8 existing 
trajectories T(1)8,2 = 1, T(1)8,2 = 3, T(2)8,2 
= 6 and T(4)8,2 = 12. Required note that the 
volume of  the PS in this case is equal to 64 and 

Fig. 1. Image on the plane of  successive states traversed by 
a dynamical system in a 2-dimensional phase space for the 

algorithm parameters М = 8 and Nz = 2.

it coincides with the points sum over all PTs 
(1 + 3 + 2∙6 + 4∙12 = 64).  Fig.  2 shows the 
maximum length PT for M = 4 in 3D space, 
while there are 3 more PTs of  the same length 
in the PT, one PT having 7 points, and one PT 
consisting of  one point with coordinates (4, 4, 
4).

In all cases, when determining the period 
TM,Nz, the following procedure was performed: 
the generation of  sequence members 
continued until the vector of  initial conditions 
(IC) was repeated. The dependence on the IC 
was studied by sort through of  all possible IC 
vectors for given M and Nz. For clarity, the 
results of  such studies for the case Nz = 2 were 
presented in the form of  a matrix, the elements 
of  which are the periods of  the corresponding 
cycles. The numbers of  rows and columns of  
this matrix for each of  its elements determined 
the corresponding initial conditions. For the 
cases M = 5, Nz = 2 and M = 6, Nz = 2, these 
matrices have the form:

20 20 4 20 20
4 20 20 20 20
20 20 20 4 20
20 4 20 20 20
20 20 20 20 1

        

24 24 24 24 24 24
24 8 24 8 24 8
24 24 3 24 24 3

.
24 8 24 8 24 8
24 24 24 24 24 24
24 8 3 8 24 1

Naturally, when passing to Nz > 2, 
the corresponding matrix becomes 

Fig. 2. Representation in 3D-space of  the "trajectory" 
of  successive states of  the system for M = 4 and Nz = 3, 

corresponding to the cycle of  the maximum period.
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multidimensional and its analysis and 
representation is a difficult task. Note that 
for evens M, the period matrix is symmetric 
with respect to the main diagonal (except 
for the cases when odd factors are present 
in the decomposition of  M), and for any M, 
almost all periods lie on the main diagonal. 
In cases where M is not a prime number, but 
has factors, the period matrices (and hence 
the PT) "inherit" the features of  the matrices 
of  their factors, and the PT reproduce the 
PT factors on a larger scale and with the 
same period.

Similar calculations were performed up to 
the value of  the PS dimensions Nz = 6, and the 
conclusions drawn for the two-dimensional 
case regarding the periods of  the sequences 
formed by such algorithms turned out to be 
correct. The futility of  using even values of  
M from the point of  view of  achieving the 
cycles of  the largest period (this statement is 
the more rigid, the larger the dimension of  
the PS) is clearly demonstrated by the graph 
shown in Fig. 3, which shows the dependence 
of  the maximum period TM,Nz from M (where 
M varies from 50 to 97) with a PS dimension 
of  6.

Fig. 3. Dependence of  the maximum period TM,Nz on M for 
the sequence generated by the algorithm with the PS dimension 
Nz = 6 (where M varies from 50 to 80). The dotted curve 
corresponds to the power function M(Nz–1)+δ approximating the 
maximum values of  the periods, where in this case δ = 0.21.

The complex nature of  the dependence 
obtained indicates the nontriviality of  the 
regularities in the formation of  the PRS, 
despite the obvious simplicity of  the algorithm 
(1). On Fig. 3 also shows the approximation 
of  the maximum period value by the power 
function M(Nz-1)+δ (in this case, δ = 0.21, and for 
other parameters, as a rule, it is ≈0.1-0.25), i.e. 
the maximum period increases with increasing 
M, but not monotonically. The graph also 
shows that not all prime numbers provide 
the achievement of  the maximum period, 
therefore, this parameter is not a sufficient 
condition for this.

It should be noted that from the point 
of  view of  the formation of  sequences with 
a maximum period, the presence of  a large 
number of  cycles in the PS is extremely 
undesirable, since this reduces the proportion 
of  the volume of  the PS that can be 
occupied by cycles with the maximum period. 
Having written in general form the first few 
members of  the sequence of  numbers formed 
using algorithm (1), for the simplest case 
Nz = 2 with initial conditions (X1, X2), it is 
enough to simply make sure that at the n step 
of  forming the sequence we will have, taking 
into account the return rule

1 1 2  –  ,n n nX f X f X Mµ+= +  (2)
where fn and fn+1 are the well-known Fibonacci 
numbers, μ is an integer.

A similar procedure can be performed for 
Nz > 2, and for Xn we get an expression similar 
to (2)

1 1 2 1    –  ,n n n n NzX f X f X f X Mµ− += + + …+  (3)

only in this case fn are no longer classical 
Fibonacci numbers, as in the case of  Nz = 2, 
but generalized Fibonacci numbers. The firsts 
Nz of  such generalized Fibonacci numbers 
are simply 1. Then the recurrence relation 
by which subsequent Fibonacci numbers are 
calculated is as follows
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1 ,n n n Nzf f f− −= +  (4)
and, for example, with Nz = 4, the first 10 
generalized Fibonacci numbers are: 1, 1, 1, 1, 
2, 3, 4, 5, 7, 10.

If  the period of  the generated sequence is 
equal to n, then starting from n + 1 steps, the 
IC will begin to repeat, which makes it possible 
to write down Nz equalities of  the form

1 1 2 2 1 1

2 1 1 2 3 2 2

1 1 2 1( ) ( )

   ,
   ,

...
     ,

n n n Nz

n n n Nz

n Nz n Nz n Nz Nz Nz Nz

f X f X f X M X
f X f X f X M X

f X f X f X M X

µ
µ

µ

+ +

+ + +

+ + − + +

+ + … + − =

+ + … + − =

+ + … + − =

 (5)

where fn are generalized Fibonacci numbers, 
the specific form of  which is determined by 
Nz and (4). By introducing the matrix FNz, 
whose elements are obvious, equations (5) can 
be written in the matrix form

–    ,Nz Nz Nz NzR F M Rµ =

where RNz is the initial state vector determined 
by the initial conditions, and μNz is a vector 
whose components are integers.

Let us rewrite (5) in the form

( ) ( )

1 1 2 2 1

2 1 1 2 3 2

1 1 2 1

–  1    ,
 –  1    ,

...
     

( )

.

( )

(

n n n Nz

n n n Nz

n Nz n Nz n Nz Nz Nz

f X f X f X M
f X f X f X M

f X f X f X M

µ
µ

µ

+ +

+ + +

+ + − + +

+ + … + =
+ + … + =

+ + … + − =

 (6)

Considering that all μn are integers, system 
(6) can be written as equations
( ) ( )

( ) ( )

( ) ( )

1 1 2 2

2 1 1 2 3

1 1 2 1( ) ( )

–  1          0,

 –  1        0,

...

     1     0.

n n n Nz

n n n Nz

n Nz n Nz n Nz Nz

f X f X f X mod M

f X f X f X mod M

f X f X f X mod M

+ +

+ + +

+ + − + +

  
  

 

+ + … + =

+ + … + =

+ + … + − =

 (7)

In these equations, all parameters are 
known (M, Nz, and IC are given) and, 
therefore, it remains only to find the step n, 
which ends the period of  the sequence, and 
from n + 1 steps, its repetition begins. Since 
we are interested in the maximum period, 
and it is achieved if  the entire set of  initial 
conditions is equal to 1, and then equations 
(7) are further simplified

( ) ( )
( ) ( )

( ) ( )

1 2

2 1 3

1( ) ( )1

–  1         0,

 –  1        0,

...

     1     0.

n n n

n n n

n Nz n Nz n Nz

f f f mod M

f f f mod M

f f f mod M

+ +

+ + +

+ + − + +

  
  

 

+ + … + =

+ + … + =

 + + … + − =

 (8)

Taking into account the recurrence relations 
(4), (8), we can write

( )( )( )

)

)

2(

(

1

( )( )

( )( )

–  1    0,

–  1   0,

...
 1  0.

n Nz

n Nz

n Nz Nz

f mod M

f modM

f modM

+ +

+ +

+ +

=

=

− =

 (9)

From (9) it follows that in order to find the 
period of  the formed sequence, it is necessary 
to determine Nz consecutive generalized 
Fibonacci numbers, which, after subtracting 
one from them, are divisible by M without 
a remainder. It should be noted that the 
conditions for entering the period are non 
trivial, which determines the rather complex 
dependence of  TM,Nz on M (see Fig. 3).

Conditions (9) can be reduced to one 
condition by addition the left and right parts, 
taking into account the recurrence relation (4):

( )( ) )1(3 –  0 .n Nzf Nz modM+ − =  (10)

Thus, to calculate the period of  the 
sequence, it is necessary to determine the 
number of  the generalized Fibonacci number, 
which, after subtracting Nz from it, is divisible 
by M without remainder.

The method for determining the period of  
sequences generated by the algorithm under 
consideration using conditions (9), gives some 
gain in computation time compared to the 
direct method of  direct sequence generation 
and tracking the beginning of  the repetition 
of  the IC. It is this technique that was used 
to study the dependence of  TM,Nz on the PS 
dimension Nz. The results obtained are shown 
in Fig. 4. The calculations were performed for 
M = 11, 15, 19, the parameter Nz varied from 
2 to 10, and IC was taken equal to 1. M was 
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deliberately chosen to be odd, and two of  them 
are prime numbers.

Curves in Fig. 4 show an increase in the 
period with an increase in Nz, but this increase 
is far from monotonic, and at Nz = 5 a clear 
dip is revealed. It is clear that the choice of  
Nz should be approached rather carefully, 
remembering that the dependence of  the 
period on M is much more significant (see 
Fig. 3).

When forming the PRS, the question 
of  the uniformity of  the distribution of  its 
numbers over a given interval is far from 
the last one [1, M]. It should be noted that 
from this point of  view, algorithm (1) is not 
ideal. Nevertheless, it is possible to obtain a 
distribution of  generated numbers close to 
uniform on the interval [1, M]. Obviously, a 
necessary condition for this is

, ( ) 0.M NzT modM =  (11)

Such cases, in particular, are realized quite 
often, and if  the required duration of  the PRS 
is less than the corresponding period TM,Nz, 
then they can be used in practice. It is this case 
that is realized when generating a PRS with 
the number of  numbers 109 from the interval 
[1, M], where M = 257 for Nz = 16. The 
corresponding distribution of  the frequencies 
of  the generated numbers in the specified 

Fig. 4. Dependence of  the cycle of  the maximum period 
TM,Nz on the delay parameters Nz for M = 11, 15, 19.

sequence Xn normalized to the maximum 
value in this distribution (Xn,max) shown in 
Fig. 5. Here the maximum frequency Xn,max = 
3896697 corresponds to the value n = 49.

Pearson's χ2 test allows us to evaluate 
the statistical significance of  the differences 
between the two distributions. The χ2 criterion 
is the most commonly used criterion for testing 
the hypothesis that the observed sample belongs 
to some theoretical distribution law. Performed 
using the χ2 criterion, difference checking 
from the uniform distribution shown in Fig. 
5, for a sequence of  109 numbers obtained by 
generating according to algorithm (1) for the 
interval [1, 257] with Nz = 16, showed that for 
four degrees of  freedom (d = 4) the probability 
Pd ( 2 2

0χ χ≥ ) of  obtaining the value 2 2
0χ χ≥ , for 

calculated by distribution value 2
0 0.239,χ =  is 

~87%. This result indicates that the hypothesis 
of  a uniform distribution of  the sequence of  
numbers generated by the algorithm on the 
interval [1, 257] can be accepted with a high 
degree of  probability.

4. CONCLUSION
The paper studies the patterns of  formation 
of  pseudo-random sequences of  numbers by 
a Fibonacci-type delay algorithm defined on 
a limited interval of  integers of  the natural 
series, using an operation that provides chaotic 

Fig. 5. Probability distribution of  the frequency of  
occurrence of  integers from the interval [1,257] in a pseudo-
random sequence generated by the Fibonacci algorithm with 
a delay parameter Nz = 16. The frequencies of  occurrence 
of  numbers Xn are normalized to the maximum value in the 

distribution.
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mixing and returning to a given numerical 
interval.

The studies were carried out with a change 
in a wide range of  values of  the delay parameter 
Nz, which determines the dimension of  the 
phase space of  the algorithm, and the value of  
the numerical interval M of  the domain of  the 
algorithm.

For the delay parameter Nz = 2, period 
matrices of  sequences generated by the 
algorithm are determined for the entire set of  
initial conditions.

A number of  regularities are defined 
that characterize the sequences of  numbers 
generated by the Fibonacci-type algorithm for 
small values of  the delay parameter

Relationships are obtained that allow 
reducing the search time for the maximum 
period of  a pseudo-random sequence generated 
by the Fibonacci algorithm.

These patterns can be used in developing 
methods for studying algorithms of  this type 
at a large phase space dimension.
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