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Abstract: The aim of  the work is to consider the problems of  numerical simulation of  seismic safety 
of  a console and a ten-storey building with a base in the form of  an elastic half-plane under non-
stationary wave influences. Modeling of  tasks of  the transition period is an actual fundamental 
and applied scientific task. Methodology. To solve a two-dimensional plane dynamic problem of  
elasticity theory with initial and boundary conditions, the finite element method in displacements 
is used. Based on the finite element method in displacements, an algorithm and a set of  programs 
have been developed for solving linear planar two-dimensional problems that allow solving problems 
with non-stationary wave effects on complex systems. The algorithmic language Fortran-90 was 
used in the development of  the software package. Результаты. Results. The problem of  the effect 
of  a plane longitudinal wave in an elastic half-plane in the form of  four trapezoids and in the form 
of  two half-periods of  a sinusoid is considered to assess the physical reliability and mathematical 
accuracy. A system of  equations consisting of  8016008 unknowns is solved. The problem of  the 
effect of  a plane longitudinal elastic wave in the form of  a Heaviside function on a console with 
a base (the ratio of  width to height is one to ten) is considered. A system of  equations consisting 
of  16016084 unknowns is solved. The problem of  the effect of  a plane longitudinal elastic wave in 
the form of  a Heaviside function on a ten-storey building with a base in the form of  a half-plane 
is considered. A system of  equations consisting of  16202276 unknowns is solved. Contour stresses 
and components of  the stress tensor are obtained in the characteristic areas of  the problem under 
study. Based on the conducted research, the following conclusions can be drawn. Elastic contour 
stress on the sides of  the console and a ten-story building are almost a mirror image of  each other, 
that is, antisymmetric. The console and supporting structures of  the building work like a beam 
during seismic action, that is, if  there are tensile stresses on one side, then compressive stresses on 
the other. Bending waves mainly prevail on the contours of  the console and supporting structures 
of  the building under seismic influence.
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1. INTRODUCTION
The aim of  the work is to consider the problems 
of  numerical modeling of  the seismic safety of  a 
cantilever and a ten-story building with a base in the 
form of  an elastic half-plane under non-stationary 
wave actions. Modeling the problems of  the transition 
period is an actual fundamental and applied scientific 
problem. In this work, to solve a two-dimensional 
plane dynamic problem of  elasticity theory with 
initial and boundary conditions, the finite element 
method in displacements is used.

The formulation of  some dynamic problems of  
the mechanics of  a deformable solid body is given 
in [1-15].

Unique objects are subject to seismic impacts [6-
7,12-15]. The safety of  unique objects from seismic 
impacts is an urgent fundamental and applied 
scientific problem [6-7,12-15].

However, the reliability of  stress waves in 
deformable bodies in published scientific papers is 
not presented enough for a correct assessment from 
the point of  view of  known knowledge about stress 
waves. On the other hand, due to scarce information 
about the seismic wave impact on the object under 
study, there may be different approaches and impact 
models [6-7,12-15].

In this paper, one of  the approaches to solving 
the problem in the field of  the wave theory of  
seismic safety is presented. Verification (physical 
reliability and mathematical accuracy) of  the 
developed technique, algorithm and software 
package is considered in solving the problem of  
the propagation of  plane longitudinal waves in the 

form of  four trapezoids and two half-periods of  a 
sinusoid in an elastic half-plane.

A numerical solution is given to the problem 
of  modeling non-stationary seismic waves in a 
cantilever (the ratio of  width to height is one to ten) 
and a ten-story building with a base in the form of  
a half-plane.

Transient processes are very important for 
assessing the safety of  complex technical systems. 
The main stress state is formed during a transient 
process, that is, a non-stationary wave process. 
Therefore, the development of  a methodology, 
algorithm and a set of  programs for solving the 
problem posed is an urgent scientific task [6-11,14].

The application of  the considered numerical 
method, algorithm and software package in solving 
non-stationary wave problems in deformable 
bodies is given in the following works [6-11,14]. 
Verification (assessment of  accuracy and reliability) 
of  the considered numerical method, algorithm and 
software package is given in the following works 
[6-11].

2. PROBLEM STATEMENT
To solve the problem of  modeling elastic non-
stationary stress waves in deformable regions of  
complex shape, we consider a certain body in a 
rectangular Cartesian coordinate system XOY, which 
is subjected to a mechanical non-stationary impulse 
influence at the initial time t = 0 [1-4,6-7,14].

Let us assume that some body is made of  a 
homogeneous isotropic material obeying Hooke's 
elastic law at small elastic deformations [1-4,6-7,14]. 
The exact equations of  the two-dimensional (plane 
stress state) dynamic theory of  elasticity have the 
following form [1-4,6-7,14]:
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where: σx, σy and τxy are the components of  the elastic 
stress tensor; εx, εy and γxy are the components of  the 
elastic strain tensor; u and v are the components of  
the elastic displacement vector along the OX and OY 
axes, respectively; ρ is the density of  the material; 

2(1- )p
EC

ρ ν
=  is the velocity of  the longitudinal elastic 

wave; 
2 (1 )s

EC
ρ ν

=
+

 is the velocity of  the transverse 

elastic wave; v is Poisson's ratio; E is the modulus of  
elasticity; 1 2( )S S S  – the boundary contour of  the 
body G.

System (1) in the area occupied by the body Г 
should be integrated under initial and boundary 
conditions [1-4,6-7,14].

3. DEVELOPMENT OF THE METHOD 
AND ALGORITHM
To solve a two-dimensional plane dynamic problem 
of  elasticity theory with initial and boundary 
conditions (1), we use the finite element method in 
displacements [6-7,14].

Taking into account the definition of  the 
stiffness matrix, the vector of  inertia and the vector 
of  external forces for the body Г, we write down the 
approximate value of  the equation of  motion in the 
theory of  elasticity [6-7,14]:

0 0 0 0  ,t t= =+ = = =,  H K R,Φ Φ Φ Φ Φ Φ  (2)
where: H is the diagonal matrix of  inertia; K is the 
stiffness matrix; Φ is the vector of  nodal elastic 
displacements; 0 ,Φ  is the vector of  nodal elastic 
displacement velocities; Φ  is the nodal elastic 
accelerations vector; R is the vector of  external 
nodal elastic forces.

To integrate equation (2) with a finite element 
version of  the Galerkin method, we bring it to the 
following form [6-7,14]:

 d d
dt dt

+ = = . H K R,Φ Φ Φ Φ  (3)

Integrating relation (3) over the time coordinate 
using the finite element version of  the Galerkin 
method, we obtain an explicit two-layer scheme for 
internal and boundary nodal points [6-7,14]:
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The main relations of  the finite element 
method in displacements are obtained using the 

principle of  possible displacements and the finite 
element version of  the Galerkin method [6-
7,14]. The general theory of  numerical equations 
of  mathematical physics requires for this the 
imposition of  certain conditions on the ratio of  
steps along the time coordinate ∆t and along the 
spatial coordinates, namely [6-7,14]:

min ,  ( 1, 2,3,...),i

p

lt k i
C
∆

∆ = =  (5)

where ∆l is the length of  the side of  the finite 
element.

The results of  the numerical experiment showed 
that, at k = 0.5, the stability of  the explicit two-layer 
scheme is ensured for internal and boundary nodal 
points on quasi-regular grids [6–7, 14].

For the area under study, which consists of  
materials with different physical properties, the 
minimum step along the time coordinate (5) is 
selected.

Based on the finite element method in 
displacements, a technique has been developed, an 
algorithm has been developed, and a set of  programs 
has been compiled for solving two-dimensional 
wave problems of  the dynamic theory of  elasticity 
[6-7,14].

4. RESULTS
4.1. modelIng of ImPulse ProPagatIon In the 
form of four traPezoIds In an elastIC half-
Plane

The problem of  the impact of  a plane longitudinal 
wave in an elastic half-plane (Fig. 1) in the form of  
four trapezoids (Fig. 2) is considered to assess the 
physical reliability and mathematical accuracy [6-
7,14]. The problem under study was first solved by 

INFORMATION TECHNOLOGIES COMPUTER SIMULATION OF UNSTEADY ELASTIC STRESS 
WAVES IN A CONSOLE AND TEN-STOREY BUILDING UNDER...

Fig. 1. Statement of  the problem of  the propagation of  plane 
longitudinal waves in the form of  four trapezoids in an elastic 

half-plane.
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Musayev V.K. using the developed methodology, 
algorithm and software package [6-7,14].

Calculations were carried out with the following 
units of  measurement: kilogram-force (kgf); 
centimeter (cm); second (s). For conversion to other 
units of  measurement, the following assumptions 
were made: 1 kgf/cm2 ≈ 0.1 MPa; 1 kgf·s2/cm4 ≈ 
109 kg/m3.

At the boundary of  the half-plane AB (Fig. 1), a 
normal stress σy is applied, which varies from 0 ≤ n 
≤ 121 (n = t/∆t) and the maximum value is P (P = 
σ0, σ0 = –1 MPa (–1 kgf/cm2)). Boundary conditions 
for the BCDA contour at t > 0 0.u v u v= = = =   
Reflected waves from the BCDA contour do not 
reach the studying points at 0 ≤ n ≤ 300.

The calculations were carried out with the 
following initial data: H = ∆x = ∆y; ∆t = 1.862·10-6 

s; E = 2.1·105 MPa (2.1·106 kgf/cm2); v = 0.3; ρ = 
0.8·104 kg/m3 (0.8·10-5 kgf·s2/cm4); Cp = 5371 m/s; 
Cs = 3177 m/s.

The computational domain under study has 
2004002 nodal points. The system of  equations is 
solved from 8016008 unknowns.

The calculation results were obtained at 
characteristic points B1 – B10 (Fig. 1).

As an example in Fig. 3 shows the change in the 
normal stress 0 ( / )y y yσ σ σ σ=  (Fig. 2) in time n 
at point B1 (1 – numerical solution; 2 – analytical 
solution).

In this case, we can use the conditions at the front 
of  a plane wave, which are described in [2]. For a 

plane stress state at the front of  a plane longitudinal 
wave, there are the following analytical dependences

0- .yσ σ=
Hence we see that the exact solution of  the 

problem corresponds to the influence σ0 (Fig. 2).
4.2. sImulatIon of Pulse ProPagatIon In the 
form of two half-CyCles of a sInusoId In an 
elastIC half-Plane

The problem of  modeling plane waves in an elastic 
half-plane (Fig. 1) in the form of  two half-periods of  
a sinusoid (Fig. 4) is considered.

INFORMATION TECHNOLOGIESVYACHESLAV K. MUSAYEV

Fig. 2. Impulse action in the form of  four trapezoids.  Fig. 3. Variation of  the elastic normal voltages yσ  (the 
problem of  the propagation of  plane longitudinal waves in 
the form of  four trapezoids in an elastic half-plane) in time 
t/∆t at point B1: 1 – numerical solution; 2 - analytical 

solution.

Fig. 4. Impact in the form of  two half-cycles of  a sinusoid.
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Calculations were carried out with the following 
units of  measurement: kilogram-force (kgf); 
centimeter (cm); second (s). For conversion to other 
units of  measurement, the following assumptions 
were made: 1 kgf/cm2 ≈ 0.1 MPa; 1 kgf·s2/cm4 ≈ 
109 kg/m3.

The problem is solved to assess the physical 
reliability and mathematical accuracy of  the 
considered numerical method [6-7,14]. The problem 
under study was first solved by Musaev V.K. using 
the developed methodology, algorithm and software 
package [6-7,14].

At the boundary of  the half-plane AB (Fig. 1), a 
normal stress σy is applied, which varies from 0 ≤ n 
≤ 61 (n = t/∆t) and the maximum value is P (P = σ0, 
σ0 = –0.1 MPa (–1 kgf/cm2)). Boundary conditions 
for the BCDA contour at t > 0. Reflected waves from 
the BCDA contour do not reach the points under 
study at 0 ≤ n ≤ 200.

The calculations were carried out with the 
following initial data: H = ∆x = ∆y; ∆t = 1.862·10-6 

s; E = 2.1·105 MPa (2.1·106 kgf/cm2); v = 0.3; ρ = 
0.8 104 kg/m3 (0.8·10-5 kgf·s2/cm4); Cp = 5371 m/s; 
Cs = 3177 m/s.

The system of  equations is solved from 8016008 
unknowns.

The calculation results were obtained at 
characteristic points B1 – B10 (Fig. 1).

As an example in Fig. 5 shows the change in the 
normal stress 0 ( / )y y yσ σ σ σ=  (Fig. 4) in time n 
at point B1 (1 – numerical solution; 2 – analytical 
solution).

In this case, one can use the conditions at the 
front of  a plane wave, which are described in [2]. 
At the front of  a plane longitudinal wave, there are 
the following analytical dependences for a plane 
stress state 0- .yσ σ=  Hence, we see that the exact 
solution of  the problem corresponds to the action 
σ0 (Fig. 4).
4.3. seIsmIC stress waves In a Console wIth a base

The problem of  the impact of  a plane longitudinal 
non-stationary seismic wave on the cantilever (the 
ratio of  width to height is one to ten) in an elastic 
half-plane (Fig. 6) in the form of  a Heaviside 
function (Fig. 7) is considered.

INFORMATION TECHNOLOGIES COMPUTER SIMULATION OF UNSTEADY ELASTIC STRESS 
WAVES IN A CONSOLE AND TEN-STOREY BUILDING UNDER...

Fig. 5. Change of  elastic normal voltages yσ (problem of  
propagation of  plane longitudinal waves in the form of  two 
half-cycles of  a sinusoid in an elastic half-plane) in time t/∆t 
at point B1: 1 – numerical solution; 2 - analytical solution.

Fig. 6. Statement of  the problem for the console (the 
ratio of  width to height is one to ten) with an elastic base 

(half-plane).

Fig. 7. Impulse influence in the form of  a Heaviside 
function.
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The problem under study was first solved by 
Musayev V.K. using the developed methodology, 
algorithm and software package [6-7,14].

Calculations were carried out with the following 
units of  measurement: kilogram-force (kgf); centimeter 
(cm); second (s). For conversion to other units of  
measurement, the following assumptions were made: 
1 kgf/cm2 ≈ 0.1 MPa; 1 kgf·s2/cm4 ≈ 109 kg/m3.

The initial conditions are assumed to be zero. 
From point F parallel to the free surface ABEFG, 
a normal stress σx is applied, which at 0 ≤ n ≤ 11 (n 
= t/∆t) changes linearly from 0 to P, and at n ≥ 11 
it is equal to P (P = σ0, σ0 = 0.1 MPa (1 kgf/cm2)). 
The calculations were carried out with the following 
initial data: H = ∆x = ∆y; ∆t = 1.393·10-6 s; E = 3.15 
104 MPa (3.15·105 kgf/cm2); v = 0.2; ρ = 0.255·104 

kg/m3 (0.255·10-5 kgf·s2/cm4); Cp = 3587 m/s; Cs = 
2269 m/s.

Boundary conditions for the GHIA contour at 
t > 0, 0.u v u v= = = =   Reflected waves from the 
GHIA contour do not reach the points under study 
at 0 ≤ n ≤ 500. The ABCDEFG contour is free from 
loads, except for point F.

The system of  equations is solved from 16016084 
unknowns.

On Fig. 9-13 shows the change in the loop 
stresses in the console (Fig. 8) in time t/∆t.

INFORMATION TECHNOLOGIESVYACHESLAV K. MUSAYEV

Fig. 8. Points at which contour stresses were obtained in the 
console.

Fig. 9. Change in the elastic contour stresses kσ  at points 
A1 and A6 on the console contour in time t/∆t.

Fig. 10. Change in the elastic contour stresses kσ  at points 
A2 and A7 on the console contour in time t/∆t.

Fig. 11. Change in the elastic contour stresses kσ  at points 
A3 and A8 on the console contour in time t/∆t.

Fig. 12. Change in the elastic contour stresses kσ  at points 
A4 and A9 on the console contour in time t/∆t.

Fig. 13. Change in the elastic contour stresses kσ  at points 
A5 and A10 on the console contour in time t/∆t.



193

RENSIT: Radioelectronics. Nanosystems. Information technologies | 2022 | Vol. 14 | No. 2

4.4. seIsmIC stress waves In a ten-story 
buIldIng wIth a foundatIon

The problem of  the influence of  a plane longitudinal 
non-stationary seismic wave on a ten-story building 
in an elastic half-plane (Fig. 14) in the form of  a 
Heaviside function (Fig. 15) is considered.

The problem under study was first solved by 
Musayev V.K. using the developed methodology, 
algorithm and software package [6-7,14].

Calculations were carried out with the following 
units of  measurement: kilogram-force (kgf); 
centimeter (cm); second (s). For conversion to other 
units of  measurement, the following assumptions 
were made: 1 kgf/cm2 ≈ 0.1 MPa; 1 kgf·s2/cm4 ≈ 
109 kg/m3.

INFORMATION TECHNOLOGIES COMPUTER SIMULATION OF UNSTEADY ELASTIC STRESS 
WAVES IN A CONSOLE AND TEN-STOREY BUILDING UNDER...

Fig. 14. Statement of  the problem for a ten-story building 
with an elastic foundation (half-plane).

Fig. 15. Impulse influence in the form of  a Heaviside 
function.

Fig. 16. Points at which contour stresses were obtained in 
the console.

Fig. 17. Change in the elastic contour stresses kσ  at points 
A1 and A2 on the console contour in time t/∆t.

The initial conditions are assumed to be zero. 
From point F parallel to the free surface ABEFG, 
a normal stress σx is applied, which at 0 ≤ n ≤ 11 (n 
= t/∆t) changes linearly from 0 to P, and at n ≥ 11 
it is equal to P (P = σ0, σ0 = 0.1 MPa (1 kgf/cm2)). 
The calculations were carried out with the following 
initial data: H = ∆x = ∆y; ∆t = 1.393·10-6 s; E = 3.15 
104 MPa (3.15·105 kgf/cm2); v = 0.2; ρ = 0.255·104 

kg/m3 (0.255·10-5 kgf·s2/cm4); Cp = 3587 m/s; Cs = 
2269 m/s.

Boundary conditions for the GHIA contour at 
t > 0, 0.u v u v= = = =   Reflected waves from the 
GHIA contour do not reach the points under study 
at 0 ≤ n ≤ 2000.

The contour ABCDEFG is free from 
loads, except for point F. The system of  
equations is solved from 16202276 unknowns. 
On Fig. 17-21 shows the change in the loop stresses 

kσ  in the console (Fig. 16) in time t/∆t.
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4. CONCLUSION
On the basis of  mathematical modeling (finite 
element method), a technique, an algorithm 
and a set of  programs for solving linear two-
dimensional plane problems have been developed, 
which allow solving complex problems with non-
stationary wave effects.

The main relations of  the finite element 
method are obtained using the principle of  
possible displacements. The elasticity matrix is 
expressed in terms of  P-wave velocity, S-wave 
velocity, and density. A linear dynamic problem 
with initial and boundary conditions in the form 
of  partial differential equations, for solving 
problems under wave influences, using the finite 
element method, is reduced to a system of  
linear ordinary differential equations with initial 
conditions, which is solved by an explicit two-
layer scheme.

To predict the seismic safety of  an object, with 
non-stationary wave effects, numerical modeling 
of  the equations of  the wave theory of  elasticity 
is used.

The problem of  the impact of  a plane 
longitudinal wave in the form of  four trapezoids 
and two half-periods of  a sinusoid on an elastic 
half-plane is solved. The system of  equations from 
8016008 unknowns is solved. A comparison was 

INFORMATION TECHNOLOGIESVYACHESLAV K. MUSAYEV

Рис. 20. Change in the elastic contour stresses kσ  at points 
A7 and A8 on the console contour in time t/∆t.

Fig. 21. Change in the elastic contour stresses kσ  at points 
A9 and A10 on the console contour in time t/∆t.

Fig. 18. Change in the elastic contour stresses kσ  at points 
A3 and A4 on the console contour in time t/∆t.

Fig. 19. Change in the elastic contour stresses kσ  at points 
A5 and A6 on the console contour in time t/∆t.
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COMPUTER SIMULATION OF UNSTEADY ELASTIC STRESS 
WAVES IN A CONSOLE AND TEN-STOREY BUILDING UNDER...INFORMATION TECHNOLOGIES

made with the results of  the analytical solution, 
which showed a quantitative match.

The problem of  mathematical modeling of  
non-stationary elastic stresses waves in the console 
(the ratio of  width to height is one to ten) with 
an elastic half-plane under seismic influence is 
solved. The system of  equations from 16016084 
unknowns is solved.

The problem of  mathematical modeling of  
non-stationary elastic stresses waves in a ten-story 
building with an elastic half-plane under seismic 
influence is solved. The system of  equations is 
solved from 16202276 unknowns.

The elastic contour tensions on the edges 
of  the console and the ten-story building is 
almost a mirror image of  one another, that is, 
antisymmetric. A console and a ten-story building 
under seismic influence work like a beam, that 
is, if  there are tensile influences on one side, 
then compressive influences on the other. On 
the contours of  the console and the ten-story 
building under seismic influence, bending waves 
mainly prevail.
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