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1. INTRODUCTION
Is it possible to reduce the refractive index 
of  this matrix by ten or more times using a 
small (about 3 wt.%) content and a random 
arrangement of  metal nanoparticles in a 
dielectric matrix? This article provides a 
theoretical justification for the possibility 
of  such a structural transition. Moreover, it 
will be shown that this structural transition 
is observed experimentally in the PMMA@
Ag metamaterial with silver nanoparticles 
synthesized according to the technology 
developed by us [1,2].
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As a rule, to simulate the optical properties 
of  composite materials with random inclusions 
the Garnett formula [3,4] is used on the basis 
of  which it is possible to prove the possibility 
of  achieving a zero refractive index in a narrow 
wavelength range at certain values of  the matrix 
permittivity. In review [3] various methods 
of  mathematical modeling of  the effective 
permittivity of  various composite materials 
are analyzed in sufficient detail. Without going 
into the details of  these methods we only 
note that composite materials are considered 
in them within the framework of  the concept 
of  a continuous medium. This article uses the 
concept of  a discrete-continuous medium 
taking into account the discrete distribution of  
nanoparticles in the vicinity of  any composite 
nanoparticle. In this case the discrete region 
has linear dimensions that are much smaller 
than the wavelength of  the external radiation. 
Therefore, this region is not considered as a 
light-scattering inhomogeneity. As shown in [5], 
in a dielectric consisting of  atoms or molecules 
in the framework of  the concept of  a discrete-
continuous dielectric the refractive index of  the 
dielectric is always fluctuating in the vicinity 
of  a certain average value. The magnitude of  
these fluctuations is about 1-2%. It was also 
noted in [5] that the role of  these fluctuations 
increases significantly near the boundary of  the 
dielectric where a quasicrystalline transition layer 
is formed, which made it possible to explain the 
anomalies in the Fresnel formulas for Brewster 
reflection of  light [6]. This article will show that 
in a discrete-continuous composite material with 
a low weight content of  silver the refractive 
index of  the composite not only decreases 
significantly, but also fluctuates around zero in 
a wide wavelength range, at least from 450 to 
1200 nm. Moreover, this wavelength range is 
the region of  transparency of  the composite, 
where the absorption index is much less than the 
refractive index. The idea of  a random refractive 
index close to zero made it possible to explain 

the experimental reflection and transmission 
spectra of  a nanocomposite layer on glass.

Previously, in a series of  works [7–11], the 
effects discovered by the authors were described, 
such as light interference in thick composite 
layers, the thickness of  which is much greater 
than the wavelength [7], enhanced optical 
transmission of  the composite layer compared 
to the optical transmission of  a layer made of  
the matrix material of  the composite the same 
thickness [8], non-specular reflection of  light at 
an inhomogeneous interface between two media 
and in a nanostructured layer with a refractive 
index close to zero [9], violation of  the principle 
of  reversibility of  light fluxes in an optical 
medium with a random refractive index close to 
zero [10], photon localization in metamaterials 
with a refractive index close to zero [11]. It 
was shown in [12] that all these effects can 
be theoretically described using non-Fresnel 
formulas for the reflection and transmission 
coefficients of  a layer with a random refractive 
index close to zero.

Therefore, the purpose of  this article is the 
further development of  a mathematical apparatus 
useful for describing the optical properties of  a 
discrete-continuous medium. Below, we derive a 
formula for the complex refractive index of  a 
composite metamaterial, taking into account the 
structure factor, and it will be shown that this 
formula transforms into the Garnett formula for 
a continuous effective medium.

2. POLARIZATION VECTOR OF A 
COMPOSITE MEDIUM WITH SPHERICAL 
SILVER NANOPARTICLES
For dimensional polarization, we write the 
polarization vector  of  the composite medium 
in the form:

2
0

0
2 2

3 3
m m

p m m
m

nN Nε εα α
ε

 + +
= + 
 

P E,  (1)

where E is the strength of  the macroscopic electric 
field, 2

0n  = ε0 is the complex permittivity of  bulk 
silver, εm is the dielectric (real) permittivity of  
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the dielectric matrix (polymethyl methacrylate), 
N0 is the concentration of  silver spherical silver 
nanoparticles, Nm the concentration of  dipoles 
in the matrix, αm and αp the polarizability of  the 
matrix and silver nanoparticles, respectively. 
Wherein: Nmαm = (3/4π)(εm – 1)/(εm + 2), 

2
m mnε = , nm = 1.49. The polarizability of  a silver 

nanoparticle can be represented as:

3 0
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 (2)

where α is the nanoparticle radius.
Substituting (2) into the Lorentz-Lorentz 

formula, we obtain the Garnett formula [3]:
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where p = (4π/3)α3N0 is the volume fraction 
of  nanoparticles in the polymer matrix. This 
formula is usually used to describe continuous 
media with inclusions. For nanoparticles of  
small radius α = (2÷7)  nm in the metamaterials 
considered in this article p << 1.

Let us pass in formula (1) from the 
dimensional polarizability (2) to the dimensionless 
polarizability αeff, which can be represented as

( ) ( )Re Im ,eff eff effiα α α= +  (4)

where
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Let us consider the dielectric matrix using the 
real value εm, and the silver nanoparticle using 
the complex permittivity  2

0n  = ε10 + iε20 of  bulk 
silver. In this case, in accordance with [13]:
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where the plasma frequency is ωp = 1.386·1016 
rad/s, τ = 31·10–15 s. In bulk silver at wavelength 
λ = 0.5893·10–4 cm n0 = 0.2 is the real part of  the 
refractive index and k0 = 3.44 is the imaginary 
part of  the refractive index [14]. Using these 
numerical values, we obtain ε10 = –17.786 and 
ε20 = 0.18. Then Re(αeff) = 0.0948 and Im(αeff) = 
0.192·10–4. Similarly, for other wavelengths in 
the range from 450 to 1200 nm, we obtain the 
following relationship:

( )
( )

Im
1.

Re
eff

eff

α

α
<<  (7)

This ratio means that the considered 
metamaterial with silver nanoparticles has a high 
optical transparency.

3. THE REFRACTIVE INDEX OF 
A METAMATERIAL WITH SILVER 
NANOPARTICLES, TAKING INTO 
ACCOUNT THE STRUCTURAL FACTOR
The relative refractive index of  the composite 
medium (n/nm) is determined using the following 
relation:

( )2
4 41 ,

3/ 1 eff eff eff
mn n
π πα βα α= − −

−
 (8)

where the structure factor is defined as
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∑
kR  (9)

The summation in (9) is performed over 
the positions of  nanoparticles inside the 
Lorentz sphere, the radius of  which is much 
less than the wavelength λ, where k is the 
wave vector of  the polarization wave in the 
composite, 2 ,mnπ

λ
 =  
 

k  Rα is the radius vector 
of  nanoparticle centers.

We assumed (8) that the polarization vector 
at points Rα inside the Lorentz sphere is the 
same at different points Rα, i.e. Pα ≈ P. The 
structure factor (9) takes into account only 
one part of  the dipole field inside the Lorentz 
sphere, proportional to 1/Rα. Other parts of  the 
dipole field are proportional to 1/Rα

3 and 1/Rα
2 
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vanish for different types of  discrete distribution 
of  nanoparticles.

In the electrodynamics of  dielectrics, it is 
generally accepted that the field of  discretely 
distributed dipoles of  atoms (molecules) in 
the vicinity of  any observation point is equal 
to zero. However, for discrete-continuous 
media, the retarded part of  the dipole field in 
the vicinity of  observation points is nonzero 
for any type of  symmetry in the arrangement 
of  atoms or molecules [5]. This property 
of  dielectrics corresponds to the near field 
effect. The structural factor in the considered 
optical metamaterial with silver nanoparticles 
is a manifestation of  the near field effect, 
but now silver nanoparticles in the vicinity 
of  observation points are considered instead 
of  atoms (molecules). The calculation of  the 
structure factor is related to the calculation 
of  the lattice sums of  an ideal cubic lattice, in 
which the role of  the lattice constant is played 
by the average distance between the centers 
of  spherical nanoparticles. In this case, the 
random deviation from the ideal lattice is 
determined using a random order parameter 
of  unity.

The lattice sum for a cubic lattice has the 
form [15]:

( )
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Let us represent the structural factor (9) 
taking into account (10) as:
β = 8πs0,       (11)
where s0 is a dimensionless random parameter 
that takes into account the deviation of  the 
discrete distribution of  nanoparticles from 
the cubic one in a composite with a uniform 
distribution of  nanoparticles with concentration 
N0. At a 3% weight content of  silver in the 
polymer and nanoparticle radius α = 2.5 nm, 
the average distance between the centers of  
nanoparticles is 28 nm, which makes it possible 
to ignore the interaction between nanoparticles.

From equation (8), we obtain the following 
formula for the complex refractive index of  a 
metamaterial with inclusions:
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In a continuous medium when β = 0 and 
N0αp>> Nmαm formula (12) coincides with the 
Garnett formula [3]. It will be shown below that 
at βαeff ≈ 1 it is possible to achieve zero and close 
to zero values of  the refractive index.

4. NUMERICAL EXPERIMENT
For a polymer matrix made of  poly(methyl 
methacrylate) with a refractive index of  1.49, the 
presence of  a low concentration of  inclusions 
N0αp makes it close in value to Nmαm. Thus, in 
the numerical example considered above, at a 
3% weight content of  silver in the composite  
N0 = 0.455·1017 cm-3, α = 2.5 nm, the negative 
part of  the permittivity of  silver nanoparticles 
is less than the positive part of  the permittivity 
of  the polymer matrix. When the refractive and 
absorption indices of  the composite vanish 
exactly the numerator in formula (12) vanishes, 
and the denominator is nonzero. As a result, we 
get two equations:
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81 Re 0,
3

8 Im 0.
3
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 + − = 
 

 − + = 
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Let us estimate the values of  the structural 
factor β for which n = k = 0. Taking into 
account relation (7) the second equation (13) is 
fulfilled with high accuracy, and from the first 
equation we obtain the following relation for the 
parameter s0:

( )0
1 1 8 .

8 3Re eff

s π
π α

 
 = +
 
 

 (14)

This means that when such a value s0 is 
reached from the range of  acceptable values 
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the refractive index of  the composite vanishes. 
For other values s0, values of  n and k can be 
achieved close to zero, while n >> k. Below, we 
will present the results of  numerical simulation 
of  the possible values n and k the composite for 
random values of  s0.

On Fig. 1 shows the correspondence between 
the possible values of  the refractive index of  the 
composite from the interval [0, ∆n2] with the 
possible values of  the random parameter s0. The 
value ∆n2 = 0.36 is determined from the location 
of  the interference minima in the reflection and 
transmission spectra of  a layer with a thickness 
of  d2 = 3.5 µm [7].

On Fig. 2 presents the results of  numerical 
simulation of  the refractive and absorption 

indices of  the composite at various values 
of  the structure factor and wavelength. As 
can be seen from Fig. 2(a-c) at corresponding 
values in the infrared wavelength region the 
absorption index of  the composite reaches 
large values, that is, in this wavelength region 
the composite has strong absorption. In this 
case the refractive index of  the composite in 
this wavelength region is equal to zero. On 
Fig. 2(d,e) shows that in a wide wavelength 
range from 400 to 1200 nm the absorption 
coefficient vanishes. In this case, the 
refractive index of  the composite with silver 
nanoparticles varies in the range from 0.46 to 
0.12 depending on the value of  the structure 
factor.

On Fig. 3 shows the experimental values of  
the refractive index n and the optical reflection 
coefficient R at a wavelength of  628 nm for 
coatings made of  Ag@PMMA metamaterial 
of  various thicknesses from 5 µm to 30 µm on 
a glass plate. It can be seen that the measured 
values of  the refractive index are in good 
agreement with the calculated ones.

Taking into account the experimental 
data obtained from [7] and presented in this 
paper in Fig. 3 it can be concluded that in 
the synthesized composite with a 3 wt.% and 
thickness from 3 µm to 30 µm, the values of  
the parameter s0 lie in the range from 0.79 to 
0.81.

OPTICAL METAMATERIAL WITH NEAR-ZERO RANDOM REFRACTIVE INDEXNANOSYSTEMS

Fig. 1. Correspondence between the structure factor and the 
refractive index of  a metamaterial Ag@PMMA.
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Fig. 2a
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b

c

d

e
Fig. 2. Values n and k depending on the structure factor and wavelength. The radius of  silver nanoparticles is a = 2.5 nm, 

the mass content of  silver in the polymer is 3 wt. %, refractive index of  PMMA is nm = 1.49;
a)s0 = 0.764, b)s0 = 0.766, c)s0 = 0.773, d)s0 = 0.785, e)s0 = 0.795.
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5. CONCLUSION
It is shown that a low weight content of  metal 
inclusions in a composite metamaterial can 
greatly change the optical properties of  the 
dielectric matrix. The transition to the concept 
of  a discrete-continuous medium made it 
possible to obtain a formula for the complex 
refractive index which only in a particular case 
coincides with the Garnett formula. A model 
of  a discrete-continuous medium is proposed 
in which the retarded part of  the dipole field 
in the vicinity of  observation points is nonzero 
for any type of  symmetry in the arrangement of  
silver nanoparticles in a dielectric matrix, which 
is a manifestation of  the near-field effect. The 
calculation of  the structure factor is associated 
with the calculation of  the lattice sums of  
an ideal cubic lattice in which the role of  the 
lattice constant is played by the average distance 
between the centers of  spherical nanoparticles. 
In this case, the random deviation from the 
ideal lattice is determined using a random  
parameter order of  unity. It is shown that when 
the product of  the structural factor and the 
effective polarizability of  a metamaterial are 
equal to unity, it is possible to achieve zero and 
close to zero values of  the refractive index of  
such a material. Based on experimental data with 
Ag@PMMA metamaterial coatings of  various 
thicknesses from 5 µm to 30 µm on a glass plate, 

the measurement results were compared with 
calculated data, which showed good agreement 
between experiment and theory.
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