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Abstract: The effectiveness of  destruction of  air objects (AO) largely depends on the excellence 
of  radar devices, which are called radar homing heads (RHH) of  the guided weapons systems 
(GWS). In the process of  GWS AO development, several generations of  RHHs were created: semi-
active RHHs with a pulsed or continuous target illumination signal; RHHs providing  combined 
guidance; RHHs, providing realization of  inertial guidance with radio correction from the weapon 
control system of  the GWS carrier, active guidance, a combination of  semi-active and active modes, 
combined guidance, in which inertial guidance with radio correction, passive and active homing are 
consistently implemented. Currently, there is a need for an analytical generalization of  information 
about the GHHs, published in various open scientific and technical sources of  information. In 
the course of  the analysis, it was found that the main directions for improving the RHHs are: the 
development of  new, more flexible non-stationary homing methods and their information support, 
which provide the ability to intercept new types of  AO in complex signal-jamming multipurpose 
situations. This predetermines the need to achieve a high level of  RHHs protection  from natural 
and intentional interference, the use of  trajectory control of  observation when aiming at radio-
emitting and group objects, improvement of  situational awareness, RHHs intellectualization and 
digitalization, improvement of  RHH antenna systems.
Keywords: radar homing heads, guided weapons, air object, guidance system
UDC 621.396.96
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1. INTRODUCTION
The radar homing heads (RHH), being one of  
the types of  information-and-control systems 
of  the guided weapons systems (GWS) of  air 
objects (AO), provides the implementation of  
the homing method and its information support. 
All indicators of  the complex perfection 
(efficiency, survivability, dynamism) for the 
destruction of  the air objects largely depend on 
the quality of  RHH functioning.

In the process of  GWS AO development, 
several generations of  RHHs were created. At 
the initial stage, semi-active RHHs with a pulsed 
or continuous target illumination signal were 
developed. In semi-active pulsed RHHs the AT 
was irradiated by the onboard radar of  GWS 
carrier, and in  the RHH, GWS guidance signals 
were generated based on information obtained 
as a result of  receiving radio signals reflected 
from the AO.

To increase the launch range of  GWS, GWSs 
were developed using various guidance methods 
at different parts of  the flight path: at the initial 
stage inertial-corrected guidance was used, 
followed by proportional homing on the basis 
of  semi-active RHH signals with AO capture on 
the path.

Subsequent efforts of  the developers were 
aimed at creating GWS AO with active RHH. In 
active RHHs irradiation and target illumination 
were carried out by a transmitting device included 
into RHH composition. This allows to consider 
it as a special-purpose onboard radar.

The action range of  such RHHs is less than 
that of  semi-active ones, therefore, at the first 
stage of  GWS guidance, an inertial mode with 
radio correction was used,  and at the second 
stage – active homing. In this case the “launch 
and forget” principle was carried out but only 
at the last stage of  GWS guidance. Active 
RHHs allowed to guide simultaneously several 
GWSs launched from one carrier to different air 
objects.

To increase the launching range, RHHs 
were also developed, in which three modes of  
their operation,  implemented sequentially, were 
provided: inertial guidance with radio correction, 
semi-active guidance and active homing. There 
are also known RHHs in which there is no 
inertial guidance mode with radio correction, 
but semi-active homing and active homing are 
implemented sequentially. For GWS guiding 
at radio emitting objects passive RHHs were 
developed.

Subsequently RHHs appeared, with the help 
of  which inertial guidance with radio correction, 
passive homing and active homing were 
consistently carried out. Such RHHs provide a 
possibility to destroy radio-emitting objects over 
long distances.

Currently, there is a need for an analytical 
generalization of  information about RHHs, 
published in various open scientific and 
technical sources of  information,  which will 
allow us to get a general idea of  the current 
state and development prospects of  the RHH 
GWS AO.

The purpose of  the paper is to analyze the 
stages of  creation, the current state, prospects 
and trends in the development of  RHH from 
the composition of  controlled weapons for 
destroying air objects.

2. ANALYSIS OF THE DEVELOPMENT 
DIRECTIONS AND CURRENT STATE OF 
THE RHHS FROM THE COMPOSITION 
OF THE GUIDED MEANS OF AIR OBJECT 
DESTRUCTION

RADIOLOCATIONANATOLY R. ILCHUK, VLADIMIR I. MERKULOV, ANDREY I. PANAS, 
VLADIMIR S. CHERNOV,  SERGEY V. SHCHERBAKOV
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2.1. analysis of the staGes of deVelopment, 
desiGn features and characteristics of 
existinG radar hominG heads

Let us consider the features and characteristics of  
RHHs, installed on different GWS AO, taking into 
account the chronology of  their development, 
realization and practical application, as it is 
briefly indicated in the introduction.

Note, that in the general case the perfection 
of  RHHs used in GWS AO, is characterized by 
the following indicators:

– a list of  targets to be destroyed (aircraft, 
helicopters, missiles, etc.) with an indication 
of  their features (maneuvering, non-
manuevering, high-speed, low-speed, etc);
– working area, determined by the distance 
ranges (Dpmax, …, Dpmin), velocities (Vmax, …, 
Vmin), altitudes (Hmax, …, Hmin), interception 
aspects in which the GWS realizes its purpose;
– the homing method used (stationary, non-
stationary, with anticipation, with re-aiming, 
etc.);
– type of  information subsystem and its 
operating modes (pulsed, continuous, 
coherent, incoherent, active, passive, semi-
active, etc.);
– the possibility of  implementing the “launch-
and-forget” principle;
– missing the possibility to destroy the target.
In the early 60-s of  the last century GWSs 

AO with semi-active pulsed RHH Р 8М (1962), 
Р 4, Р 98 (1965), Р 3Р (1966) were developed. 
To implement the target tracking procedure 
a conical scanning of  the antenna was used in 
RHHs of  these GWS AO, and the monopulse 
method of  target direction  finding was used in 
RHHs of  GWS Р 40 (1970) (Fig. 1).

The disadvantage of  semi-active pulsed 
RHHs was impossibility of  auto-tracking AO, 
flying at low altitude, since simultaneously with 
the pulsed signals from the AO, jamming signals 
were received, which were formed as a result 
of  reflections from the earth’s surface of  radio 
signals, emitted by the onboard radar of  GWS 
carrier.

The first domestic GWS, capable of  
destroying an AO against the background of  
reflections from the ground, was created in 
1973 (Р-23Р). The GWS launch range was 
35 km, the flight speed was 3М. The AO 
capture in a semi-active Doppler RHH was 
made during the flight. Before launching, a 
target designation was introduced into the 
RHH from the onboard radar, equipped with 
a channel of  continuous illumination signal , 
used for operation of  a semi-active RHH after 
launching GWS. 3 seconds after the launch, 
the RHH started searching for the signal 
reflected from the AO and capturing it. The 
phase mono-pulse method of  direction finding 
was used in RHH, which provided a higher 
noise immunity as compared to the amplitude 
mono-pulse method of  AO direction finding. 
Note, that GWS with semi-active  RHHs were 
used mainly for non-maneuvering AOs, thus, 
the range of  coverage of  such RHHs was 
comparatively low.

Subsequently, in order to increase the GWS 
launch range at the initial stage of  the flight 
an inertial guidance mode was introduced, in 
the implementation of  which the so-called 
pseudo-kinematic link was used, using the 
current parameters of  GWS movement and 
parameters of  AO movement, that entered 
the RHH at the moment of  GWS launch. 
The pseudo-kinematic link provided the 
formation of  predicted values of  the GWS 
and AO relative motion parameters based on 
the known kinematic equations. This resulted 
in 30% increase of  GWS launch range.

RADIOLOCATION ANALYSIS OF THE CURRENT STATE AND DEVELOPMENT PROSPECTS 
RADAR SYSTEM FOR GUIDED WEAPONS OF DESTRUCTION OF AIR OBJECTS

Fig. 1. RHH GWS Р-40.
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A distinctive feature of  GWS Р 27Р and Р 
27E (1984-1985) is a combined guidance method, 
when various guidance methods are used at 
different parts of  the flight trajectory: inertial-
corrected guidance and proportional homing 
based on signals of  semi-active RHH with AO 
capture in the path. The introduction of  inertial 
control with correction from the onboard radar 
of  the GWS carrier allowed to increase the GWS 
launch range significantly. These GWSs provide 
the effective AO destroying at any aspect angle. 
The detailed description of  the construction 
principles of  RHH GWS (Fig. 2) Р 27Р is given 
in [11].

It should be noted that the work on creating 
GWS AO with RHH was actively carried out 
abroad, primarily in the USA. Beginning from 
1975 the development of  the whole family of  
GWS “Sparrow” was completed.

The first version was GWS “Sparrow” AIM-
7C with a semi-active pulsed RHH, which had 
a coverage range of  12 km. The next version 
was GWS “Sparrow” AIM 7D, in RHH of  
which a continuous illumination signal was used. 
The RHH GWS AIM 7F worked both with 
AO continuous illumination signal and with a 
signal of  a pulsed-Doppler onboard radar of  
the carrier, which allowed to use GWSs from 
carriers equipped with various onboard radars. 
GWS “Sparrow” AIM 7F was the main means 
for destroying AOs until in early 90-s of  the 
last century a new GWS AIM 120 with an 
active RHH appeared. In 1987 GWS “Sparrow” 
AIM 7Р, having a communication line with the 
aircraft-carrier, appeared.

RADIOLOCATION

The disadvantage of  semi-active RHHs was 
impossibility of  destroying AO by the “launch-
and-forget” principle, since the AO had to be 
illuminated before the AO was destroyed or  the 
GWS missed.

Hence, the development of  GWS with active 
RHHs started.

GWS Foenix AIM 54A was developed 
abroad in 1973. The guidance system of  this 
GWS is combined and consists of  a semi-active 
radar pulsed-Doppler system working from 
onboard radar signals of  GWS carrier at the 
initial and middle sections of  the trajectories, 
and an active pulsed-Doppler RHH, switching 
on at GWS  distance  from AO of  about 16 km. 
From the GWS carrier it is possible to carry out 
simultaneous guidance of  6 GWSs at 6 AOs. 
With further modernization the AIM–54С 
became completely autonomous. Most of  the 
time GWS flies to the predicted point and at the 
end of  the flight phase it is guided with the help 
of  an active RHH (АRHH). This approach is 
most effective when aiming at rectilinearly flying 
AOs.

Domestic GWS РВВ-АЕ (1994) with an 
active RHH (Fig. 3) ensures the defeat of  
aircraft, helicopters and cruise missiles as well 
as GWSs of  air and ground objects. The RHH 
includes a monopulse direction finder and an 
onboard computer system. To increase noise 
immunity and ensure high guidance accuracy, 
space – time signal processing, Kalman 
filtering, continuous solution of  kinematic 
equations were implemented in RHH with 
the ability to maintain the guiding process in 
case of  temporary disruptions. A no-platform 
inertial system is installed on the GWS. A 

ANATOLY R. ILCHUK, VLADIMIR I. MERKULOV, ANDREY I. PANAS, 
VLADIMIR S. CHERNOV,  SERGEY V. SHCHERBAKOV

Fig. 3. RHH GWS РВВ-АЕ.Fig. 2. RHH GWS Р-27Р.
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modified proportional guidance method is 
used for control. In conditions of  organized 
interference, in which the onboard radar of  
the carrier cannot provide the RHH with 
information about the range and speed of  the 
approach to the AO, guidance is carried out 
along a special trajectory.

Later on, GWS with combined and passive 
guidance methods were developed.

Medium range GWS Р 27П with passive 
RHH is designed to destroy radio-emitting 
airborne objects, including those which install 
jamming to cover their objects. At the same 
time the “launch-and-forget” principle is 
implemented. The range of  application is 70 km, 
the minimum altitude of  the airborne object to 
be destroyed is 20 m.

GWS AIM 120А (USA, 1991) has the range 
of  application -180 km and 3 guidance modes: 
inertial-corrected, autonomous inertial and 
active radar. The GWS implements the “launch-
and-forget” principle in case of  the sequential 
use of  the autonomous mode and the active 
mode. To destroy an AO, several GWSs can be 
used simultaneously. A control system with an 
active radar guidance and sufficiently long inertial 
section with radio-correction can significantly 
increase the effectiveness of  AO destruction. At 
the same time a feature of  the implementation of  
the combined guiding method is the dependence 
of  the GWS combat use efficiency on the quality 
of  radio correction channel functioning.

When the carrier is suppressed by the 
onboard radar interference after the GWS 
launch, information about the AO coordinates 
and parameters is not received via the radio 
correction channel. In this case the GWS 
guidance system can perform first inertial 
guidance without radio correction, and then 
homing using the RHH active operating mode. 
With a large difference between the coordinates 
and AO moving parameters, predicted on board 
of  GWS, and their real values by the beginning 
of  active homing, it is not possible to guarantee 
the possibility of  successful interception.

GWS Р 37М (RF) is designed to destroy 
AOs at the range of  up to 300 km. The GWS 
guiding system is an inertial guidance with radio 
correction and active radar homing at the final 
section of  GWS flight. The RHH includes  a 
digital signal processor with a large memory 
content and increased processing speed [14].

Monopulse Doppler active RHH 9Б 1103М 
ensures the destruction of  AOs, such as aircraft, 
helicopters (including hovering helicopters), 
cruise missiles and antiradar missiles. Modes of  
operation: completely autonomous according to 
preliminary target designation from the carrier, 
but without radar support in flight; inertial 
guidance mode with radio correction with the 
subsequent transition to active homing.

ARHH measures the AO angular coordinates 
and the angular velocities of  the line of  sight 
rotation, as well as the speed of  approach to AO 
and provides:

– AO reception, capture and tracking;
– reception and decryption (decoding) of  
radio correction signals;
– generating GWS control signals and 
transmitting them to the GWS control system 
via a digital communication line.
The RHH consists of: a controlled 

coordinator with an antenna, a transmitting 
channel, a receiving channel a reprogrammable 
onboard computer system. The capture range of  
AO with an effective reflection surface  (ERS) 
of  5 m2 is not less than 20 km. The range of  the 
radio correction channel is up to  50 km.

The GWS 9Б 1103М 150 («Kolibri») 
provides the capture of  AO with ERS of  5 m2, 
moving at speeds of  0.1-5 М, at a minimum 
altitude of  30 m at the range of  not less than 13 
km. The RHH operating band is Ku (10.7-12.75 
GHz, 1.67-2.5 cm). ARHH is almost completely 
digital, the transition to digital processing  (signal 
digitization) is carried out at the first intermediate 
frequency. The antenna has a diameter of  150 
mm.

The active-semi-active RHH 9B 1103М 
200PА is designed for information support 

ANALYSIS OF THE CURRENT STATE AND DEVELOPMENT PROSPECTS 
RADAR SYSTEM FOR GUIDED WEAPONS OF DESTRUCTION OF AIR OBJECTS
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for solving the problem of  destroying aircraft, 
helicopters (including hovering helicopters), 
cruise missiles and antiradar missiles. The 
antenna of  this RHH is combined: in the active 
mode  the RHH operates in Ku band, using a 
waveguide-slot antenna, in the semi-active mode 
an array of  12-16 dipoles is used, installed on 
the front of  the antenna surface, it is designed 
to ensure the RHH operation in a semi-active 
mode at lower frequencies. The RHH provides 
the capture range of  AO with ERS of  3 m2: 
in inertial – semi-active mode – 80-100 km, in 
active mode – 20 km. The operation band in the 
active mode is Ku.

The active-passive RHH 9B 1103М 200PS 
(Fig. 4) ensures destroying aircraft, helicopters, 
cruise missiles and antiradar missiles. The 
passive mode makes it possible to direct RHH 
to the source of  interference and radio-emitting 
onboard radar of  the AO. The capture range of  
AO with ERS of  3 m2 in inertial-passive mode  – 
200 km, in active mode – 15 km. The operation 
band in the active mode is Ku.
2.2. features of rhh functioninG when 
solVinG problems of trajectory control 
and trackinG

Evaluation of  characteristics of  known RHH 
GWS AO shows, that the principles of  building 
RHH are largely determined by characteristics 

of  intercepted AOs and conditions of  their 
use.

This feature predetermines the need to solve 
two problems: the formation of  a homing law 
(method) and algorithms for its information 
support. In this case,  the GWS homing method 
is usually understood as the law of  the formation 
of  the required trajectory, the flight along which 
will allow it to hit the target.

In general, the guidance method  (GM) 
should provide: minimum guidance time; 
maximum launch range; minimal instantaneous 
overloads; minimum energy consumption 
of  control signals; practical feasibility and 
invariance of  the radio control system for the 
conditions of  use.

To meet the first four requirements, the 
guidance trajectory should be as straight as 
possible. Practical feasibility implies the possibility 
of  forming estimates for all necessary coordinates 
of  the relative and absolute movement of  the 
target and GWS with existing information 
sensors (meters), real memory volumes, speed 
and bit capacity of  onboard computers and real 
energy consumption for control. Invariance 
provides guidance in the entire range of  ranges, 
speeds and altitudes regardless of  the presence 
and speed of  the wind and the direction (angle) 
of  interception.

To characterize the homing method the 
following is usually used:

– the type of  tracings that can be realized 
(with anticipation, without anticipation, 
restrictions on the angles of  interception, 
etc.);
– a set of  coordinates of  the relative and 
absolute movement of  the target and GWS, 
to be measured (evaluated), and requirements 
for their accuracy;
– restrictions on permissible GWS transverse 
overloads.
If  in the process of  interception control 

error transmission coefficients do not change, 
this method is considered to be stationary, if  
they change – then it is non-stationary.
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Fig. 4. RHH 9B 1103М 200PS.
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As a rule, in tracing control by existing GWS 
AO, the proportional guiding method or its 
modification is used. To implement them it is 
necessary to know the angular velocity of  the 
line of  sight and the velocity of  the approach 
to AO, the estimation of  which is provided  
by appropriate meters and tracking systems. 
The effectiveness of  their functioning largely 
depends on the type of  RHH used (active, 
semi-active and passive), as well as on the type 
of  AO and dynamics of  approaching GWS to 
AO. Measurement of  the approach speed to AO 
in semi-active RHHs is associated with certain 
difficulties, since the source of  radio emission 
is located onboard the GWS carrier, while the 
reception of  the signals, reflected from AO, is 
performed on the GWS. In passive goniometric 
GWSs direct measurement of  the velocity of  
approaching  the AO is impossible.

It should be noted, that  modern RHHs 
have significant drawbacks, due to imperfection 
of  homing methods and AO auto-tracking 
algorithms which can lead to decrease of  the AO 
destruction effectiveness, as well as to disruption 
of  GWS guidance process, especially in the 
situation of  intercepting new types of  highly 
maneuverable and high-speed AOs. As the 
analysis showed the known homing methods:

– do not ensure interception of  AOs moving 
with the change of  signs of  derived angles 
and ranges;
– do not ensure interception of  priority AOs 
in the conditions of  their protection (low 
survivability);
– do not ensure interception of  AO as part 
of  a dense group;
– do not ensure redistribution of  management 
functions in the process of  guidance (first 
angular errors, then linear misses, first 
resolution in angles, then guidance, etc.);
– do not ensure retargeting in the tracing.
The information subsystems have the 

following disadvantages:
– lead angle constraints, defined by antenna 
angle sector;

– the need to stabilize the GWS lateral axes in 
space with semi-active guidance;
– low order of  the astaticism of  the tracking 
systems which predetermines the tracking 
disruption of  intensively  maneuvering AOs;
– do not ensure interception at 4/4 angles 
when using Doppler RHH;
– large dead zones because of  angle noise;
– radome errors leading to appearance of  
significant synchronous errors in angular 
velocity and requiring the formation of  
purely individual matrices of  direction 
finding errors;
– the influence of  an “antipode” when 
intercepting low-flying targets against the 
earth background;
– tracking disruptions due to narrow linear 
sections of  discriminatory characteristics of  
tracking meters.
Thus, in connection with the emergence 

of  new types of  AOs and the change in the 
conditions of  using GWS, the solution of  the 
interception problem has become significantly 
more complicated which requires further 
improvement of  GWS guidance methods and 
AO tracking.

It should be noted that RHH provides the 
formation of  GWS control signals, necessary for 
the implementation of  the process of  its guidance 
to the AO, as well as for creating conditions, 
required when performing the procedures for 
evaluating coordinates and parameters of  the 
target movement in case of  missing information 
from the GWS carrier onboard radar and if  only 
AO angular coordinates can be measured.   In 
the latter case the GWS trajectory control is also 
necessary to create favorable conditions for the 
functioning of   AO tracking systems, therefore, it 
is often referred to as the trajectory  observation  
control (TOC).

Moreover, the TOC is used to implement the 
RHH protection from intentional interferences. 
A version of  the flight trajectory corresponding 
to one of  heuristic or optimal TOC methods is 
given in [27].
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Another promising direction for the use 
of  TOC is its use when GWS is pointed at the 
object in a dense group composition [28].

 The TOC signals can also be formed  at 
simultaneous guidance of  two GWSs. A method 
of  destroying the target – a coherent jammer 
GWS with an active RHH described in [16] can 
be indicated as an example.

It is known  that coherent interference 
causes distortion of  the phase front of  the 
electromagnetic radio wave reflected from 
the target. The impact of  such interference 
on the RHH leads to unacceptable misses and 
a decrease in the probability of  hitting the 
target. However, the possibilities of  setting 
up coherent interference have fundamental 
physical limitations. Effective interference can 
only be created in a specific angular direction. 
The area of  space, in which it is possible to 
create effective coherent interference, is limited 
and amounts to almost 0.001 radians. For this 
reason, coherent interference is not effective 
against multi-positional radars - bistatic radars, 
in particular. This property of  resistance to 
coherent interference with spaced-apart points 
of  transmission and reception of  radio signals  
can be implemented in GWS due to a special 
operation of  the process of  simultaneous 
guidance of  two GWSs and their interaction 
with each other. The essence of  the method is 
that the radiation of  the probe signal and the 
reception of  the signal reflected from the AO 
are redistributed between the GWSs alternately.  
In this case the interval of  signal emission by 
one GWS should correspond to the interval of  
reception of  the reflected signal by the other 
GWS. In addition, GWS guidance is carried out 
along maximally diverging trajectories  of  the 
“pincers” type.

The GWS guidance along the most divergent 
parts in the initial and middle sections of  
the trajectory of  the “pincers” type is aimed 
at ensuring that on most part of  the flight 
trajectories the GWSs are maximally distant from 
each other and do not enter the area of  space, in 

which the effect of  coherent interference on the 
RHH is effective.

In conclusion, note, that the TOC methods 
behind radio emitting objects in two-position 
goniometric radar systems are considered in 
detail in [21].
2.3. features of rhh functioninG 
in the conduct of Group actions and 
in the conditions of radio electronic 
countermeasures

A specific feature of  the modern interaction 
of  attack and defense means is their group 
use [24]. In a sufficiently long information and 
control chain of  group confrontation, including 
the detection of  targets and their tracking, the 
use of  GWS, one of  the most important and 
complicated tasks is the target distribution and 
guidance of  GWS AO to the most important 
AO. Moreover, the practical implementation of  
these modes of  RHH operation is significantly 
more complicated  when the opposing side uses 
radio electronic countermeasures.

As the analysis has shown [25,26], the armed 
forces of  the USA and European NATO 
countries have sufficiently powerful electronic 
warfare (EW) weapons that are capable of  
generating various jamming effects that pose a 
serious threat to RHH. In particular, to suppress 
the channels of  detection, discrimination and 
recognition, as well as channels for measuring 
range and speed, means of  radio electronic 
countermeasure (ECM) can generate the 
following types of  interference: continuous 
noise, chaotic pulse, multiple synchronous pulse, 
simulating  pulse and combined ones (retargeting 
active-passive and a combination of  active-
simulating and masking interference). To suppress 
goniometric channels ECM can create single-
point interference for goniometric channels 
with linear scanning, single-point interference 
for monopulse goniometric channels, multi-
point interference for goniometric channels, 
polarization interference. Moreover, to suppress 
goniometric channels it is envisaged to set up 
deliberate interference, acting along the side 
lobes of  the radar antenna pattern.
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Thus, the successful solution of  the GWS 
homing problem largely depends on efficiency 
of  the active pulse-Doppler radar operation  
under the conditions of  EW. A serious threat 
to the normal functioning of  the active RHH is 
posed by individual ECM equipment installed 
on the targets to be hit as well as EW equipment 
intended for group and collective (mutual) 
defense of  AOs. The latter ones are capable to 
create multi-point  (non-isotropic in space) active 
interference, which can be masking and imitating  
and act both along the main and side lobes of  
the antenna directional pattern. In this regard, 
special measures in an active radar must be taken 
to protect against multi-point interference in 
space.

In such a situation in RHH first of  all it 
is necessary to assess the signal-interference 
environment. To do this, two processes must 
proceed in it practically in parallel: the first 
process is the assessment of  interference 
environment (IE), the second is the AO radar 
surveillance with simultaneous compensation 
for various kinds of  deliberate interference.  
AO radar surveillance should begin with IE 
assessment operations. Various algorithms have 
been developed to determine the number and 
angular coordinates of  radiation sources which 
include interference providers (IP) as well. 
These algorithms together with the algorithms 
for synthesizing the directional patterns of  the 
multichannel antenna system, make it possible 
to form a given number of  reception channels, 
equal to the number of  IPs and conduct IP radar 
surveillance in them. When implementing space-
time processing of  signals in radar systems, this 
procedure  is usually divided into space and time 
procedures which implies separate construction 
of  spatial (beams directed to IP) and temporal 
channels. In the formed reception channels, 
which number is determined  by the number of  
IPs, algorithms are implemented that perform 
such operations as detecting interfering signals, 
measuring the angular coordinates of  IPs 
with subsequent correction of  beams position 

in space and recognizing the type of  acting 
interference.

The output signals of  the time channels, IP 
angular coordinates, the type of  interference 
are fed to the device for analyzing the signal-
interference situation, where the type of  
interference situation is assessed (recognized). 
The results of  IP assessment serve as a basis 
for making a decision to start a space survey 
with a version of  the noise protection scheme 
that meets the current situation. Each IE class 
corresponds to its own version of  arranging 
jamming protection in the radar system and, 
thereby, its own scenario of  its operation 
which ensures the maximum degree of  GWS 
protection from the effects of  deliberate 
interference.

In addition to the above, in order to 
ensure GWS guidance in such a situation, it 
is advisable and necessary to introduce into 
the RHH an additional mode of  passive 
homing for radio emitting sources, creating 
interference signals in the operating range 
of  the GWS carrier onboard radar. In this 
case the GWS guidance can be carried out 
either within the framework of  a passive one-
position goniometric guidance system, or a 
passive two-position goniometric system. The 
most preferable is the option of  using two-
position guidance system which includes the 
guided GWS and its carrier [21].

From the above it follows that in order 
to successfully solve the problem of  AO 
interception when conducting group actions 
in the conditions of  using EW means it is 
necessary to supplement the GWS control 
system with a two-position passive guidance 
mode. In this mode sufficiently reliable 
information about the AO coordinates and 
motion parameters  is obtained which is 
necessary for GWS targeting, as it makes 
possible to sufficiently neutralize the effect 
of  electronic suppression on the formation 
of  estimates of  coordinates and motion 
parameters in RHH.
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In addition, it is advisable to use an active 
phase antenna array (APHAR) in an active 
RHH, as a multichannel antenna system, which 
makes it possible to optimize and implement the 
space-time processing of  useful and interference 
signals and provide a given level of  RHH noise 
immunity.
2.4 rhh operation features when 
implementinG the passiVe Guidance mode to 
a radio emittinG air object

As it is indicated above, when implementing 
passive GWS guidance methods, it is advisable 
to use a two-position goniometric guidance 
system (GTPS), as part of, for example, GWS 
and its carrier from which it was launched, or 
as part of  two GWSs which form receiving 
positions (RP). As it is known [21], in passive 
two-position goniometric systems on RP the 
bearings of  a radio emitting AO (REAO), as 
well as their own coordinates and motion 
parameters are measured with the subsequent 
transition of  the measurement results to 
interacting positions. Subsequently, the 
trajectory parameters  of  REAO movement 
are estimated in the selected coordinate system 
(rectangular, spherical, etc.).

Joint processing of  information  in GTPS 
which makes it possible to significantly improve 
the quality of  radio-emitting target (RET) 
observation, is divided into three stages.

At the first stage single measurements  
coming from different positions are converted 
into a single coordinate system, e.g., a Cartesian 
one, the origin of  which is tied  to a certain 
geographic point (a conditional GTPS center). 
At the second stage the measured results 
are identified with each other and with the 
previously constructed trajectories. Since the 
data generated in GTPS are statistical estimates 
of  AO parameters, the problem of  their 
identification is also statistical in nature. At the 
third stage the actual construction of  REAO 
trajectories is carried out, i.e., the assessment 
of  their coordinates and parameters of  their 
movement. Previously at the third stage in the 
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process of  intra-base processing on the basis 
of  the measured values of  REAO bearings 
in each mobile position and the coordinates 
of  these positions, the so-called generalized 
single measurements (indirect measurements) 
of  the radio emitting objects coordinates are 
calculated: rectangular REAO coordinates or 
distance to them. In other words, the primary 
assessment of  the REAO location is carried out. 
The trajectory of  each REAO in the GTPS is 
formed as a result of  the secondary processing 
of  direct and indirect single measurements of  
coordinates.

To create effectively functioning trajectory 
tracking systems it is necessary to have high-
quality algorithms to estimate coordinates 
and parameters of  the REAO movement, 
corresponding to the specific conditions of  
GTPS use. Currently estimation algorithms 
based on methods of  linear and nonlinear 
filtering are widely used, in particular, methods 
and algorithms of  estimating coordinates and 
parameters of  RET motion based on using 
linear and expanded Kalman filters, as well as 
adaptive α, β-filter and linearized α, β-filter.

The effectiveness of  GTPS application 
largely depends on the accuracy of  determining 
the relative and absolute REAO coordinates  
and the parameters of  their movement. A 
distinctive feature of  the GTPS operation is 
the dependence of  the errors  in the location 
of  radio emission sources on the spatial 
system configuration («geometry»), i.e., on the 
size of  the base and REAO position relative to 
the base. This circumstance makes it possible 
to minimize the errors in estimating the 
REAO phase coordinates at the expense of  
intentional change of  the receiving positions 
location, and thereby to increase the efficiency 
of  using the GTPS.

In the general case, when using the GTPS 
it is necessary to solve two tasks, namely, the 
task of  guiding one GWS to the REAO and 
the task of  trajectory control of  the second 
GWS to create the most favorable conditions 
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for observing the REAO in which the errors 
of  measuring its location are minimized. In 
this case one of  the positions, for example, the 
one, closest to the REAO, solves the homing 
problem using one method or another, and the 
second one deliberately changes its position in 
space ensuring the highest possible accuracy in 
determining the radio emitting object location 
in both positions.  The first position is usually 
called the leading position and  the second one 
– the position of  information support.

Currently orthogonal and gradient 
methods of  trajectory observation control 
(TOC) in GTPS have been developed. When 
using the orthogonal TOC methods, the 
reduction of  errors in estimating the REAO 
location is achieved by maintaining the angle 
of  intersection of  the lines of  sight (bearings) 
of  the REAO close to 90°. A common 
disadvantage of  orthogonal guidance 
methods is the fact that prior to the GWS 
information support exit to an arbitrary point 
lying on the perpendicular to REAO line – 
the leading GWS, or to a given point of  this 
perpendicular, essentially no requirements are 
imposed on the current values of  the errors 
in determining the positions of  the REAO. 
At the same time the process of  guiding the 
leading GWS can end even before the GWS 
information support reaches the specified 
perpendicular, when the errors in determining 
the REAO position become minimal.

Since ensuring simultaneous exit of  the 
leading GWS to the end point of  guidance, 
and the GWS information support to a given 
line (or a given point) is a rather difficult task, 
the GWS information support control can 
be organized in such a way that the error in 
determining the REAO location at any time is 
as minimal as possible. To fulfill this condition 
the GWS information support must move 
along a special trajectory the parameters of  
which, for example, can be calculated using 
an algorithm obtained on the basis of  the 
TOC gradient method.
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3. THE MAIN DIRECTIONS AND 
TRENDS IN THE DEVELOPMENT 
OF RHHS WHICH REFER TO 
CONTROLLED MEANS FOR 
DESTRUCTING THE AIR TARGETS
When modernizing and developing new GWSs 
it is necessary to take into account a number 
of  factors due to the current stage of  aviation 
development as well as the state and prospects 
of  avionics development in general.

These factors primarily include the following 
[9]:

– taking into account the state and 
development trends of  aviation and air 
targets to be hit, including their means of  
protection (tactical factors);
– economy, determined by the total costs 
for the RHH development, application and 
maintenance;
– manufacturability, determined by the level 
of  information technologies used, element 
base, depth and accessibility of  technical 
condition monitoring, complexity of  repair, 
as well as the ability to improve the efficiency 
indicators without changing the RHH 
constructing principles;
– a set of  organizational measures for the 
development and implementation of  the new 
RHH image.
Taking into account the above factors allows 

us to single out a number of  aspects that directly 
affect the information and control side of  the 
functioning of  guidance systems.

These areas primarily include:
– qualitative complication of  the laws of  the 
aircraft mutual spatial movement;
– group use of  both means of  attack and 
defense;
– high dynamics and speed of  air collisions;
– widespread use of  control modes and 
information support on the verge of  the loss 
of  stability, typical for super-maneuverable 
AOs and tracking systems.
It is impossible to meet these requirements 

within the framework of  traditional stationary 
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guidance methods. In this regard the task of  
developing and applying non-stationary guiding 
methods becomes very urgent, taking into 
account the higher derivatives of  linear and 
angular coordinates, the parameters of  which 
change depending on the initial conditions of  
application and during the guidance process,  
providing  higher indicators of  the method 
perfection as a whole. 

By now, four directions of  synthesis of  non-
stationary homing methods  can be distinguished 
based on the use of  the mathematical apparatus 
of  the statistical theory of  optimal control  
[35,36] and the methods of  dynamics inverse 
problems [37].

These areas include the synthesis of  the 
following control laws:

– with parameters depending on the initial 
conditions of  use;
– with redistribution of  priorities in the 
process of  control;
– taking into account the discrepancy 
between the AO dynamic properties and the 
guided GWS;
– with non-linear dependence on control 
errors.
It should be noted, that in each direction 

based on different approaches different variants 
of  non-stationary guidance methods can be 
obtained.

In turn, these directions for improving 
homing methods predetermine the following 
main directions for improving the information 
subsystems of  GWS AO:
3.1. expansion of information support 
capabilities

Awareness of  the state of  the current tactical 
situation  and the stability of  information support 
are a prerequisite for  solving the problem of  AO 
interception. Modern RHH GWS AO operate 
in a complex signal and jamming environment. 
This is due to the fact that collisions can be of  a 
group nature which significantly complicates the 
procedure for obtaining information about  AOs, 
especially when they are flying in a group.   The 

expansion of  information capabilities implies 
an increase in the amount of  information, 
extracted from radio signals, an improvement in 
the detection rates, resolution and accuracy of  
estimating the coordinates of  the AO absolute 
and relative motion [9].

Within the framework of  this direction the 
most important is to provide high-precision 
and uninterrupted tracking of  intensively 
maneuvering objects including those moving 
with a change in signs of  the derivatives of  range 
and angular coordinates. Possible variants of  the 
synthesis of  such algorithms are considered in 
[38,39].

APHAR plays a significant role in improving 
the quality of  the assessment in the current 
signal and interference situation in promising 
RHHs, since they allow the formation of  the 
required number of  spatial channels, in which it 
is possible to conduct radar observation of  the 
AOs and sources of  interference.

When creating RHHs more and more 
attention is paid to the issues of  increasing their 
resolution, which contributes to the solution  
of   VO recognition problem.  For reliable AO 
recognition in the RHH it is recommended to 
use modulation features that allow  to construct 
a Doppler AO picture  based on the analysis of  
the spectrum of  the received signal.  A feature, 
characterizing individual belonging to a certain 
type of  AO is the presence of  relatively well-
distinguished components in the Doppler 
spectrum due to the rotation of  turbine blades 
or propeller blades of   aircraft [9]. To recognize 
helicopters it is advisable to use the secondary 
modulation effect from its lifting propeller [8]. 
It is also advisable to use modulation signs when 
recognizing imitation noise, including when 
recognizing towed false targets. A promising 
direction for improving the resolution is the use 
of  TOC [28].
3.2. proVidinG multi-ranGe

First of  all, the multi-range requirement refers 
to active-passive RHHs. Along with the active 
homing mode, a mode of  passive homing on 
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air objects on which radio emission sources 
operating in different frequency ranges are 
located, is implemented in these RHHs.  In 
particular, onboard radars installed on aircraft 
of  the USA tactical aviation, emit radio signals 
in the frequency range of  8-20 GHz [9], and 
onboard radars  of  aircraft for long-range radar 
surveillance and guidance - in the range of  3.175-
3.425 GHz [19]. This circumstance complicates 
significantly the development of  an antenna 
system for RHH.

Note, that abroad one of  the main directions 
for improving RHH is the use of  flat or conformal 
antenna arrays [8]. The main advantages of  
RHH with flat and conformal antenna arrays 
in comparison with modern reflector and slot 
antennas are: more efficient tuning out from 
natural and organized interference; electronic 
beam control of  the antenna with a complete 
rejection  of  the use of  moving parts with a 
significant reduction in weight and dimensions 
characteristics and power consumption; more 
efficient use of  polarimetric mode and Doppler 
beam narrowing; increase in carrier frequencies 
(up to 35 GHz) and resolution, aperture and  field 
of  view; reducing the influence of  the properties 
of  radar conductivity and thermal conductivity 
of  the radome causing its aberration and 
distortion.  In such RHHs it is also possible to 
use modes of  adaptive tuning of  the equal-signal 
zone with automatic stabilization of  antenna 
directional pattern characteristics.

In addition, the use of  multiple ranges of  
emitted signals is an effective means for reducing 
the influence of  angular noise on pointing 
accuracy [40].
3.3. usinG methods of trajectory control 
of obserVation

In practice situations are possible when the 
measurement of  the range and speed of  
approach to the AO in RHH active channel 
will be impossible when it is suppressed by 
the interference, and only the passive channel 
tracking the angular position of  the interference 
source will be operational. In this case, in 

the absence of  a priori information about 
coordinates and parameters of   radio-emitting 
target movement it is necessary to organize 
the trajectory observation control to solve the 
guidance problem. A similar problem arises 
when monitoring radio-emission sources, 
located on air objects, in the absence of  a priori 
information about the target coordinates in the 
GWS carrier onboard radar, which is necessary 
for transmission to the RHH in the process of  
target designation and radio correction. The 
trajectory control of  observation can be carried 
out both in single-position and two-position 
systems of  guiding to AO.

A specific area of  TOC is the creation of  
negative algorithmic impacts on the enemy 
information systems [41].
3.4. joint Gws Guidance to a Group air 
object

Currently, GWS AO carriers, as a rule, carry 
several GWSs which can be simultaneously 
guided to a group air object (GAO). In this case 
different objects for using GWS are provided. 
Situations are possible when either GWSs will 
independently choose their AOs for guidance 
or this process will be carried out centrally, but 
without the participation of  the carrier. Therefore, 
when developing the GWS, it is necessary to 
provide for the need of  AO resolution in a dense 
group [28] and  organization of  radio exchange 
of  information between the GWSs as well as 
a two-way radio communication line with the 
GWS carrier.
3.5. improVinG the rhh intelliGent 
qualities

Intelligent RHHs are a new scientific and 
technical direction in radar systems engineering. 
To the greatest extent, the property of  RHH 
intelligence is manifested when solving the 
problem of  RHH adapting to rapidly changing 
external environment in order to ensure the 
optimal distribution of  limited time, frequency, 
spatial and energy resources over a number of  
processed location objects. Besides, the level of  
intelligence acquires a fundamental importance 
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at RHH action under the EW conditions when it 
is exposed to unpredictable in advance complex 
effect of  various interferences with their equally 
unknown space-time dynamics. The RHH 
intelligence abilities are especially important 
when conducting a GWS group actions against 
an AO group  in conditions of  electronic 
countermeasures from the enemy.

Hence, it follows that at the present stage 
of  RHH development the most important 
are the tasks of  RHH organizing and 
algorithmic functioning as a whole (including 
in the conditions of  interference), the tasks of  
optimal RHH resource management, the tasks 
of  organizing and optimizing its functional 
modes.

The RHH functioning can be arranged 
using artificial intelligence methods. Thus, the 
intelligent RHH must provide an assessment 
of  the signal – interference environment, 
determination of  the interference type and 
method of  protection against it,  determination 
of  the number and importance of  targets, the 
choice of  the homing method and information 
sources. This makes it possible to take effective 
decisions on methods of  protection against 
interference, as well as to solve the problems of  
target allocation and GWS guidance.
3.6. strenGtheninG the role of diGital 
information processinG

The decisive role in ensuring RHH high 
information content and giving it intellectual 
qualities belongs to the system of  digital 
processing of  radar signals and data. Digital 
methods of  information processing and 
control are used in RHH when solving the 
following tasks: beamforming and antenna 
array directivity control; adaptive spatial filtering 
of  radio signals received by the antenna array, 
including in conditions of  difficult interference 
environment; digital time-frequency coherent 
and incoherent processing of  radar signals; 
detection and tracking  of  trajectories based 
on radar measurement data; AO recognition; 
provision of  situational awareness; control of  

RHH operating modes and blocks, including 
the arrays. Moreover, there has also been a 
steady trend  towards the introduction of  digital 
methods for the formation of  probing and 
reference signals.

Achievements in digital technologies of  
recent years significantly expand the information 
capabilities of  promising RHHs, allowing by 
forming a set of  probing signals with the required 
properties, to provide the flexibility of  the system 
for processing radar signals and data, adjusting it 
to the specified conditions of  radar observation 
using a programmable digital signal generator, 
broadband digital multichannel receiver and 
universal processor. Thus, digital technologies 
make it possible to solve the problem of  RHH 
development, relying on new approaches and 
making the most of  the advantages of  digital 
representation of  signals.
3.7. improVement of antenna systems

Antenna systems largely determine the 
appearance of  the new generation RHHs. One of  
the promising directions of  RHH development 
is  the use of  active and passive phased 
antenna arrays in them. The space-time signal 
processing used in this case allows to expand 
significantly the RHH information capabilities 
and greatly increase their noise immunity. That 
is why the development of  highly efficient 
APHAR samples is of  paramount importance. 
The latter make it possible to provide flexibility 
in controlling the RHH operating modes, 
good adaptability under the influence of  
various kinds of  interference and changing 
electromagnetic environments   which is due to 
their ability to carry out  the following: almost 
instantaneous beam overthrow; formation 
of  the required antenna pattern (AP) and its 
rapid change; simultaneous RHH operation 
in several modes; creation of  multi-beam AP; 
adaptive and flexible forming of  the required 
number of  APHAR beams with low side lobe 
levels; simultaneous emission of  multi-beam 
AP signals at different carrier frequencies 
and repetition frequencies; reduction of  
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radio reflection by the antenna array due to 
its rational, including conformal placement 
and control of  the direction of  scattering the 
signals incident on it by the antenna system; 
the use of  one antenna array in the interests 
of  several modes of  RHH operation. However, 
note that in order to obtain all the advantages 
of  using APHAR, a significant complication of  
its algorithmic support is required.

The implementation of  the considered 
promising directions of  the development in 
RHH design will contribute to increasing the 
potential and efficiency of  GWS AO application.

4. CONCLUSION
The foregoing allows us to draw the following 
conclusions:
1. In the process of  GWS AO development, 

several generations of  these products were 
developed, equipped with radar homing 
heads. Nowadays  RHHs are widespread 
providing inertial guidance with radio 
correction from the onboard radar of  their 
carrier in the initial and middle sections 
of  GWS flight and active homing in the 
final section. When using these RHHs, 
simultaneous guidance of  several GWSs is 
possible. RHHs are very promising, in which 
the sequential implementation of  three 
guidance modes is provided: inertial guidance 
with radio correction, passive guidance and 
active guidance. Using such RHHs radio-
emitting targets can be intercepted.

2. In modern RHH the existing homing 
methods and algorithms for automatic target 
tracking and GWS trajectory control do not 
ensure successful  GWS guidance with a 
given efficiency on new types of  air objects. 
A similar disadvantage also occurs when 
it is necessary to intercept simultaneously 
a group of  air objects by several RHHs. 
Therefore, the development of  promising 
RHHs requires the introduction of  new 
homing methods and tracking algorithms for 
AO.

3. The main directions for improving GWS 
AO are: the development of  new, more 
flexible non-stationary homing methods 
and expansion of  the possibilities for their 
information support. This predetermines 
the need to improve situational awareness, 
ensure multiband operation, achieve a high 
level of  RHH protection from natural and 
intentional interference, using the trajectory 
control of  observation when aiming at radio 
emitting objects, joint GWS guidance to 
GAO, intellectualization and digitalization 
of  RHHs, improvement of  antenna systems.
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1. INTRODUCTION
The term "fractal" at the end of  the last 
century was perceived as exotic. Somewhat 
exaggerating, we can say that fractals formed 
a thin amalgam on the powerful skeleton of  
science at the end of  the 20th century. The 
situation has radically changed with the use of  
fractal structures in technical applications to 

the processing of  stochastic signals and images, 
artificial intelligence, propagation and scattering 
of  radio waves, electrodynamics, the design 
of  antenna devices, other electrodynamic and 
radio engineering structures, radioelements with 
fractal impedance, etc. [17,42,45,57,58,62,73,79,
82,83].

Currently, we can confidently talk about the 
design of  fully fractal radio systems. At the same 
time, physicists included in their arsenal a new 
mathematical apparatus, and mathematicians 
were enriched with new heuristic considerations 
and joint problem statements.

The purpose of  this work is to give, as much 
as possible, a closed presentation of  the basic 
concepts and mathematical theory for problems 
and applications of  statistical radiophysics, 
using various approaches to the synthesis of  the 
global fractal-scaling method developed by the 
author.

The problem presented in the title of  the 
work began to be studied for the first time in the 
world by the author more than 40 years ago at the 
Institute of  Radioengineering and Electronics 
(IRE) of  the Academy of  Sciences of  the USSR 
in connection with the implementation of  a cycle 
of  fundamental research devoted to the creation 
of  new breakthrough radiophysical technologies 
for radar. The main one is detection by a one-
dimensional (probabilistic statistical signal) and 
multidimensional (stochastic optical and radar 
images) sample of  various low-contrast objects 
against a background of  intense interference 
from the Earth's surface. The research is carried 
out within the framework of  the fundamental 
scientific direction "Fractal radiophysics and 
fractal radio electronics: design of  fractal radio 
systems", initiated and developed by the author 
at the V.A. Kotelnikov IRE of  Russian Academy 
of  Sciences (RAS) from 1979 to the present 
[82,83].

The relevance of  these studies is associated 
with the need for a more accurate description 
of  real processes occurring in radiophysical and 
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radio engineering systems. This is, first of  all, 
taking into account heredity, non-Gaussianity 
and scaling (self-similarity, self-similarity) of  
physical signals and fields. All these concepts 
are included in the description of  fractal sets or 
fractals, first proposed in 1975 by B. Mandelbrot 
[115].

Naturally, the text does not claim to be 
complete; detailed evidence is lacking. All the 
concepts used are introduced along the way. The 
main purpose of  this work is to acquaint the reader 
with the created texture and fractal (multifractal) 
methods, as well as their application in general. 
The reader will find more detailed information 
and necessary proofs in the author's books and 
original works on this topic, indicated at the end 
of  this work. Although the choice of  material 
for the review could not but be influenced by 
the author's mathematical tastes and interests, 
he hopes that the most fundamental concepts 
of  a fundamental nature are reflected here in 
sufficient detail.

2. THEORETICAL ASPECTS OF THE 
METHOD
2.1. fundamentals of fractional measure 
and noninteGer dimension theory

The main property of  fractals is the non-integer 
value of  their dimension. The development 
of  dimension theory began with the work of  
Poincaré, Lebesgue, Brouwer, Uryson, and 
Menger. In various areas of  mathematics, 
sets arise in one sense or another that are 
negligible and indistinguishable in the sense 
of  the Lebesgue measure. To distinguish such 
sets with a pathologically complex topological 
structure, it is necessary to use unconventional 
characteristics of  smallness, for example, 
capacity, potential, Hausdorff  measures and 
dimension, etc. The most fruitful was the 
use of  the Hausdorff  fractional dimension, 
closely related to the concepts of  entropy, 
fractals and strange attractors in the theory of  
dynamical systems [2,3,8,18,21,24,33,62,77,90
,94,95,134].

Fractional Hausdorff  dimension is 
determined by a p-dimensional measure with 
an arbitrary real positive number p, which was 
introduced by Hausdorff  in 1919. In the general 
case, the concept of  a measure is not related 
either to a metric or to a topology. However, the 
Hausdorff  measure can be constructed in an 
arbitrary metric space on the basis of  its metric, 
and the Hausdorff  dimension itself  is related 
to the topological dimension. The concepts 
introduced by Hausdorff  are based on the 
construction of  Carathéodory (1914) [77,105]. 
Let be ( , )M ρ  a metric space, F a family of  
subsets of  the space M, and f a function on F 
such that 0 ≤ f(G) ≤ ∞ for C ∈ F and f(Ø) = 
0. We construct auxiliary measures z

fm  and then 
the main measure Λf  as follows. For E ⊂  M and 
ε > 0, the value z

fm  is defined as the exact lower 
bound of  the set of  numbers

inf (G)z
f

i
m f= ∑  (1)

over all countable ε-coverings {Gi}, Gi ∈ F.
The inequality 1 2( ) ( )z z

f fm E m E≥  for ε2 > ε1 
implies the existence of  the limit

0
( ) lim ( ) sup ( ).f fE m E m Eε ε

ε→ +
Λ = =  (2)

It is clear that z
fm  and Λ(E) are also outer measures 

on M. Let ( ) 0.a,Bρ ε> >  Consider an arbitrary 
ε-covering {Gi} of  the set A



B, consisting of  
a certain number of  sets. Then the family {A
Gi} and {BGi} do not intersect and cover the 
sets A and B, respectively, therefore

( ) m ( ) m ( )z z z
f f fm A B A B≥ +  (3)

or
( ) ( ) ( ).f f fA B A BΛ = Λ +Λ  (4)
The class of  Λf-measurable sets of  the space 

M form a σ-ring on which the outer measure Λf  
is regular. The measure Λf is also called the result 
of  applying the Carathéodory construction to 
the function f, and the outer measure z

fm  is called 
the approximating measure of  order ε. The 
measure Λf  rather subtly reflects the properties 
of  the function f and the family F, although it is 
usually not an extension of  f.
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We indicate two simple statements that 
describe the behavior of  approximating 
measures on a decreasing sequence C1 ⊃  C2 ⊃  
... of  compact subsets of  the space M. If  the 
elements of  the family F are open subsets of  M, 
then

1

lim (G ) ( ).f i f ii
i

m m Cε ε
∞

→∞
=

=


 (5)

If  0 < ε0 < ε and f(S) = inf{f(T)}: T ∈ F, S 
⊂  IntT, d(T) ≤ ε for all S ∈ F such that d(S) ≤ ε

1

lim (G ) ( ),f i f ii
i

m m Cε ε
∞

→∞
=

≤


 (6)

where d is the diameter of  the sets, Int is the set 
of  all interior points of  the set T.

Let X be a bounded compact metric space, F 
be the family of  all nonempty compact sets from 
X, a function f: F → [0, + ∞] continuous with 
respect to the Hausdorff  metric, and f(C) > 0 for 
all C ∈ F such that d(C) > 0. If  A1 ⊂  A2 ⊂  A3 
⊂  ... form an increasing sequence of  subsets of  
the space X, then

1

lim ( ) ( ).f k f kk
k

m A m Aε ε
∞

→∞
=

≤


 (7)

Let us define the h-Hausdorff  measure. Let 
h(r) be a continuous monotonically increasing 
function of  r (r ≥ 0) for which h(0) = 0. The class 
of  such functions is denoted by H0. Applying 
the Carathéodory construction to the function 
f(E) = h[d(E)] for E ≠ Ø and f(Ø) = 0 (here 
d(E) is the diameter of  the set E), we obtain 
the Λh-Carathéodory measure, which is called 
h-Hausdorff  measure. If, in addition, h(r) = γ(α)
rα, where α is a fixed positive, not necessarily an 
integer, and γ(α) is a positive constant depending 
only on α, then the h-Hausdorff  measure is 
called an α-dimensional measure or an α-the 
Hausdorff  measure Hα, which is a Borel regular 
measure.

The construction of  the Hausdorff  
h-measure can be imagined as follows. Cover α 
with an arbitrary sequence of  disks Cv of  radius 
rv ≤ ε (ε> 0; v = 1,2, ...) and denote by ( ) 0hm a,hε ≥  
the lower bound of  the corresponding sums 

1
( ).vh r

ν

∞

=
∑ . This number increases with decreasing ε. 
A-priory

0
( ) lim ( ),h hE m a,hε

ε→
Λ =  (8)

hence
0 ( ) .h E≤ Λ ≤ +∞  (9)

Limit (8) is the outer h-Hausdorff  measure, 
which is a Borel regular measure on the σ-ring 
Λh of  measurable sets of  the space M. Choosing 
different functions for h(r), we get: a linear 
measure h(r) = 2πr, a flat measure h(r) = πr, and 
a logarithmic measure h(r) = 1/lnr.

Condition E1 ⊂  E2 implies Λh(E1) ≤ 
Λh(E2), that is, the Hausdorff h-measure is a 
monotonically increasing set function. Using the 
h-measure, the dimension of  the set is defined as 
follows. If  0 < Λh(A) < ∞, then h  is called the 
metric dimension (Hausdorff  dimension) of  the 
set A. If  h(r) = crα and 0 = Λh(A) <∞, then the 
dimension of  the set A is denoted by α , here c 
is a constant. A set of  a certain dimension has an 
h-measure equal to 0 for each external dimension 
and ∞ for each lowest h-measure.

A further generalization of  the notion of  
dimension is the Hausdorff-Besicovitch dimension, 
which is introduced through the nonnegative 
numbers α0 = α0(E) in the form of  the equality

0 ( ) sup{ : ( ) 0} inf{ : ( ) 0}E H E H Eα αα α α= ≠ = =  (10)

for the set E. The dimension of  the Hausdorff-
Besicovitch set is determined by the behavior of  
Hα(E) not as a function of  E, but as a function 
of  α.

The correctness of  definition (10) confirms 
the following property of  the Hα-measure. If  
Hα(E) < ∞, then Hα(E) = 0 for any α2 > α1. If  
the measure Hα2 (E) is nonzero, then Hα1(E) = 
∞ for any positive α1 < α2. This implies that for 
the set E ⊂  M or Hα(E) = 0 for any α > 0, then 
α0(E) = 0 by definition, or there is a “jump” point 
α0 such that Hα(E) = ∞ for α < α0 and Hα(E) = 
0 for α > α0. This number α0 is the Hausdorff-
Besicovitch dimension.
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If, when determining the Hα-Hausdorff  
measure, the coverings are carried out by balls of  
the same diameter, then such a measure is called 
entropy. Then the dimension (10) is called the 
entropy or Kolmogorov dimension.

For sets of  positive k-dimensional Lebesgue 
measure, both dimensions coincide and are equal 
to K. The Hausdorff-Besicovitch dimension 
characterizes an external property of  the set. 
Therefore, it is advisable to introduce the concept 
of  the Hausdorff-Besicovitch set at a point that 
would characterize its internal structure.

In this case, the number

0 0 0( ) lim ( ( ))E nn
x E O xα α

→∞
=   (11)

is called the local Hausdorff-Besicovitch 
dimension of  the set E at the point x0. Here 
{On(x0)} is an arbitrary sequence of  contracting 
neighborhoods of  the point x0 ∈ M.

Each bounded closed set E of  an 
m-dimensional Euclidean space contains a point 
x0 ∈ E such that

0 0( ) ( ).E x Eα α=  (12)

A function αE(x) is called a function of  local 
Hausdorff-Besicovitch dimension if

00 ( ) ( )   ,
( ) = 0        ,
( ) 0        .

E

E

E

x E for any x M
x if the set E is closed and x E
x for all isolated points of the set E

α α
α
α

≤ ≤ ∈
∉

=
(13)

The Hausdorff-Besicovitch dimension is 
a metric concept, but there is a fundamental 
connection with the topological dimension 
dimE, which was established by L.S. Pontryagin 
and L.G. Shnirelman [18, p. 210], introducing 
in 1932 the notion of  metric order, namely: 
the infimum of  the Hausdorff-Besicovitch 
dimension for all metrics of  the compact set E is 
equal to its topological dimension: dimE ≤ α(E). 
One of  the widely used methods for estimating 
the Hausdorff  dimension of  sets, known as the 
principle of  mass distribution, was proposed by 
Frostman in 1935 [58,80].

Sets, the Hausdorff-Besicovitch dimension 
of  which is a fractional number, are called fractal 

sets or fractals. More strictly, a set E is called a 
fractal (fractal) in a broad sense (in the sense 
of  B. Mandelbrot) if  its topological dimension 
does not coincide with the Hausdorff-
Besicovitch dimension, namely, α0(E) >  dimE. 
For example, the set E of  all irrational points [0; 
1] is fractal in the broad sense, since α0(E) = 1, 
dimE = 0. The set E is called fractal (fractal) 
in the narrow sense if  α0(E) is not integer. A 
fractal set in a narrow sense is the same and in 
a wide sense.

As was first shown by A.S. Besicovitch in 
1929, there are profound differences between 
Lebesgue sets and fractals. First of  all, these 
features relate to densities. The geometric 
properties of  the fractal set E are determined by 
the behavior of  the function

( ( , ))(x, ) H E O xD α
α

εε
ε

=
  (14)

for small ε, where x is an arbitrary point of  the 
set E. The upper α-density of  a set E at a point 
x is called

0
( , ) lim ( , ),D E x D E xα

ε ≤
=  (15)

respectively, the lower α-density of  the set E at 
the point x is written in the form

0
( , ) lim ( , ).D E x D xα

ε
ε

≤
=  (16)

When ( , ) ( , ),D E x D E xα α=  that common 
value is called the α-density of  the set E at 
the point x and is denoted by Dα(E, x). If  ε 
→ 0+, then ( , )D E xα  and ( , )D E xα it is called 
right-sided, for ε → 0 – left-sided, and for ε 
→ 0, two-sided upper and lower α-density, 
respectively.

It can be noted that for almost all (in the 
sense of  Hα-Hausdorff) points α of  the set on 
the line, the one-sided upper (right and left) 
α-density is equal to one, and the one-sided 
lower α-density is equal to 0 (0 < α < 1). For 
two-sided densities, at almost all points of  the 
α-set on the line, there is no two-sided α-density, 
that is, the upper α-density is different from the 
lower one.
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2.2. homoGeneous functions and scalinG

The last four decades have been a period of  
significant progress in the physics of  fractals 
and their applied aspects. Experimenters and 
theorists have successfully used the concept 
of  fractality in the study of  numerous physical 
phenomena. At the same time, the theory of  
large-scale transformations (the theory of  self-
similarity, scaling theory) has also received great 
development. This is most fully reflected in the 
problem of  phase transitions (see, for example, 
[96,97]).

In fact, in all natural and artificial dynamical 
systems, it is necessary to take into account the 
effects of  scaling, i.e. the presence of  many 
different spatial and/or temporal scales and 
all kinds of  interactions between them. It is 
useful to approach the discussion of  scaling 
ideas from the point of  view of  homogeneous 
functions.

As follows from [13], a function of  one or 
several variables satisfying the condition that 
when all arguments of  the function f(x, y, ..., 
u) are simultaneously multiplied by the same 
arbitrary factor λ, the value of  the function is 
multiplied by some power α of  this factor is 
called homogeneous:
f(λx, λу, ..., λu) = λαf(х, y, ..., u),     (17)
where α is the order of  homogeneity, or the 
measurement of  a homogeneous function.

For example, the power function f(t) = btα 

satisfies the homogeneity relation (17) or scaling:
f(t) = λαf(t)        (18)
for all positive values of  the scale factor λ. 
Naturally, the power function, like many other 
functions that satisfy the scaling relation (18), 
are not fractal curves. However, many types of  
fractals (scale-invariant fractals) have scaling 
symmetry. Homogeneous functions have many 
properties that make them very attractive for an 
approximate description of  real processes and 
objects.

There are: (1) – positively homogeneous 
functions for which equality (17) holds only 
for positive λ(λ > 0), and (2) – absolutely 
homogeneous functions for which the equality 
holds:
f(λx) = |λ|αf(x)       (19)

From the differential properties of  
homogeneous functions, we note Euler's lemma:
"Homogeneous functions are proportional to 
the scalar product of  their gradient by the vector 
of  their variables with a coefficient equal to the 
order of  homogeneity:

( ) ( ).x f x f xα⋅∇ =
  

" (20)
In [13], a specially normalized power function 

was introduced
1( ) ,

( 1)
f t tλλ λ

=
Γ +

 t > 0,      (21)

which is called the standard power function.
These functions are self-similar (they have 

no characteristic scale, which naturally leads to 
the concept of  fractals); they have the semigroup 
property; at the zeros of  the gamma function 
Г(λ + 1) they are defined as generalized functions 
expressed in terms of  the δ-function and its 
derivatives δ(λ)(t); their Laplace transforms also 
belong to the family of  power functions up to 
a constant factor; in contrast to exponential 
functions, which have the property of  invariance 
up to a constant factor, power functions do 
not have this property (hence, the memory 
property); Tauberian theorems are applicable to 
them, which allow one to uniquely determine the 
asymptotic behavior of  such functions as t → ∞ 
from the behavior of  the Laplace transform in 
the region of  zero (these theorems are also true 
under the condition that zero and infinity are 
interchanged).

Homogeneous functions play a very 
important role in describing the thermodynamics 
of  phase transitions, in describing the statistical 
properties of  percolation [58,89], in turbulence 
[56,93], in the modern renormalization group 
theory of  critical phenomena, etc.
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Very often, far-reaching conclusions can be 
drawn from the only premise of  the universality 
of  fluctuating systems using scaling estimates.
2.3. probability power laws and non-
Gaussian statistics

Among the objects of  the material world, self-
similarity, as mentioned above, is very widely 
represented [6,49,57,58,73,77,89,92,96,100,11
5]. Power laws are the mathematical expression 
for self-similarity. These laws obey both objects 
that grow in size, for example, cities, and 
objects that break up into separate fragments, 
for example, stones. The only indispensable 
condition for the fulfillment of  a power-law 
self-similar law is that this type of  objects does not 
have an internal scale. Indeed, there are no real 
cities with the number of  inhabitants less than 
1 or more than 109. Similarly, the size of  a stone 
cannot be less than a molecule, or more than a 
continent. Thus, if  self-similarity is unlimited, 
then only in limited areas. The fact that 
homogeneous power laws do not have natural 
internal scales leads to another phenomenon – 
scaling or scale invariance.

We can say that power laws with integer or 
fractional exponents are self-similarity generators. 
As noted in [96, p. 165]: “Self-similarity, in the 
end, does not care whether we have an integer 
exponent or not. Often times, a fractional 
exponent holds an important clue to solving a 
convoluted puzzle”.

In mathematics, on the basis of  power 
functions, as we have just considered, a fractional 
calculus is constructed, the concept of  poles is 
introduced and a theory of  residues is created, a 
theory of  asymptotic expansions is constructed, 
and stable distributions are introduced. The 
penetration of  fractional calculus into physics 
accelerated sharply after the establishment of  its 
close connection with stable distributions of  the 
theory of  probability.

The cognitive value of  probability theory 
is revealed only by limit theorems [14]. The 
interest of  classical research was reduced to 

RADIOLOCATION

clarifying the conditions for the convergence of  
distribution functions of  sums of  independent 
random variables to a Gaussian law. Therefore, 
the classical theory of  probability studied only 
one limiting distribution law – the Gaussian 
one. In the theory of  probability, in parallel with 
the completion of  the classical problematics, 
the question arose of  which laws, in addition 
to Gaussian, can be limiting for sums of  
independent random variables. It turned out that 
the class of  limit laws is far from being exhausted 
by the Gaussian law [14,20,88,91].

The modern theory of  probability is based 
on limit theorems on the convergence of  
distributions of  sums of  independent random 
variables to the so-called stable distributions: 
Gaussian or non-Gaussian. The former are 
based on the central limit theorem, and the latter 
(non-Gaussian) - on the limit theorem proved 
by B.V. Gnedenko (1939) and V. Doblin (1940) 
[6,14,20,91].

In this case, the limit theorem imposes 
restrictions on the form of  non-Gaussian 
distributions. Namely: for the distribution law 
F(x) to belong to the region of  attraction of  a 
stable law with a characteristic exponent α (0 < α 
< 2) different from the Gaussian, it is necessary 
and sufficient that

1

2

( )
1 ( )

cF x
F x c
−

→
−

 as x → ∞,      (22)

for every constant k > 0
1 ( ) ( )

1 ( ) ( )
F x F x k

F kx F kx
α− + −

→
− + −

 as x → ∞,    (23)

where c1 ≥ 0, c2 ≥ 0, c1 + c2 > 0, 0 <α < 2.
To prove (22) and (23) it is necessary and 

sufficient that for some selection of  constants 
Bn, the following conditions are satisfied [14, p. 
189]:

1

2

2
___

2

0

( ) ,  ( 0),
| |

[1 ( )] ,  ( 0),

lim lim ( ) ( ) 0.

n

n

n nn
x x

cnF B x x
x

cn F B x x >
x

n x dF B x xdF B x

α

α

ε
ε ε

→ →∞
< <

→ <

− →

   − =  
    

∫ ∫

 (24)
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The smaller the value of  α, the longer the tail 
of  the distribution and the more it differs from 
the Gaussian one. For 1 <α < 2, stable laws have 
a mathematical expectation; for 0 < α ≤ 1, stable 
laws have neither variances nor mathematical 
expectations. Conditions (22)-(24) define the so-
called non-Gaussian statistics.

The general theory of  stable distributions 
is comparatively little known to applied 
specialists due to its complexity and, as was 
thought earlier, its purely mathematical 
nature. By definition, a distribution is 
considered stable if  the composition of  two 
such distributions leads to a distribution of  
the same type. This property can be viewed 
as a kind of  self-similarity. The complexity 
of  their use also lies in the fact that they, as 
a rule, are not expressed explicitly, but only 
through characteristic functions.

The mechanism for the formation of  
non-Gaussian laws does not yet have an 
unambiguous solution. The most common 
hypotheses are the following [58,73]: “the 
principle of  least effort” – for Zipf's law, 
“compromise” structures – for Bradford's 
law, the interaction of  two opposing 
processes (growth and limitation) and the 
“thermodynamic” or variational approach 
- for Zipf-Pareto law. (Note that the first 
works on the connection of  the Zipf-Pareto 
law in linguistics and economics with stable 
non-Gaussian distributions belongs to B. 
Mandelbrot).

Stable laws play the same role in the summation 
of  independent random variables with infinite 
variances as the usual Gaussian law for finite 
variances. The system-wide universal character 
of  such non-Gaussian laws was established, 
first of  all, in social and information complex 
systems and is associated with human behavior. 
Since complex systems possess structure, the 
analysis of  such systems should take into account 
both aspects: the randomness of  the scatter of  
variables and the determinism of  the structures 
of  the corresponding formations.

2.4. fractional inteGroderiVatiVes

Fractional mathematical analysis has a long 
history and extremely rich content [40,86]. The 
idea of  generalizing the notion of  differentiation 
dnf(x)/dxn to noninteger values of  n arose from 
the very inception of  differential calculus. At 
the present time, in fact, there is not a single area 
of  classical analysis that has not been touched 
on by fractional analysis. The mathematical 
language of  operators of  fractional 
integrodifferentiation is indispensable for 
describing and studying physical fractal systems, 
stochastic transfer processes (various relaxation 
and diffusion processes). Active attempts are 
being made to explain power-law dependences 
with fractional exponents (i.e., fractal form) by 
solutions of  equations in fractional derivatives. 
Works in this direction are, apparently, restrained 
only by exoticism and the absence of  a clear 
physical interpretation of  fractional derivatives 
and fractional integrals. The apparatus of  
fractional derivatives and integrals is used 
in physics, mechanics, chemistry, hydrology, 
the theory of  gravity, etc. (see for example 
[4,9,10,19,30,31,35,38,40,57,58,79,80,83,86,88,100-
103,111,114,117-122,135,136]). This numerous 
reference was made by the author specifically to 
show that the applications of  this mathematical 
apparatus are too numerous to list them all.

The time has come to apply the apparatus 
of  fractional derivatives and integrals to the 
problems of  fractal radiophysics and fractal radar 
[52,57,58,62,82,83]. To do this, first consider 
some of  the fundamental questions of  fractional 
calculus, which are necessary for further use.

Brief  historical information. Interest in 
fractional mathematical analysis arose almost 
simultaneously with the appearance of  classical 
analysis (even G. Leibniz mentioned this in 
letters to G. Lopital in 1695 when considering 
differentials and derivatives of  order ½). 
Probably the earliest more or less systematic 
study of  this issue dates back to the 19th century. 
and belongs to N. Abel (1823), J. Liouville 
(1832), B. Riemann (1847) and H. Holmgren 
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(1864), although earlier contributions were 
made by L. Euler (1730) and J. Lagrange (1772).

It was in his cycle of  works that J. Liouville 
(1832-35), using the expansion of  functions in 
power series, determined the “q”-th derivative by 
term-by-term differentiation. He, in particular, 
gave the first practical applications of  the 
theory he created to the solution of  problems 
in mathematical physics. Then B. Riemann 
(1847) proposed a different solution based on a 
definite integral, suitable for power series with 
noninteger exponents. This work, performed by 
Riemann in his student years, was published only 
in 1876 (10 years after his death). The Liouville 
and Riemann constructions are the main forms 
of  fractional integration. Developing Liouville's 
idea, A. Grunwald (1867) introduced the 
concept of  a fractional derivative as the limit of  
difference relations.

In parallel with theoretical beginnings, 
applications of  fractional analysis to the solution 
of  various problems were developed. One of  
the first such applications was the discovery of  
N. Abel (1823), who showed that the solution 
of  the tautochron problem can be obtained by 
an integral transformation, which is written as 
a derivative of  a half-integer order. There is a 
historical misconception that Abel solved the 
problem only with an index value of  ½. In fact, 
as noted in [86,136], Abel considered the solution 
in the general case, and his work played a huge 
role in the development of  the ideas of  fractional 
integrodifferentiation. Holmgren's merit is 
the consideration of  fractional differentiation 
as an operation inverse to integration and the 
application of  these concepts to the solution of  
ordinary differential equations.

Special mention should be made of  the cycle 
of  works by Corr. Memb. Petersburg Academy 
of  Sciences (1884) A.V. Letnikov (1837-88), who, 
during his 20-year scientific activity, developed 
a complete theory of  differentiation with an 
arbitrary pointer (at present, his works are almost 
completely forgotten) [25]. The works of  A.V. 

Letnikov remained almost unknown abroad. 
During the period under review in Russia, for 
the works of  A.V. Letnikov's work was followed 
by N.Ya. Sonin and P.A. Nekrasov. The names 
of  these Russian scientists are also associated 
with the extension of  the Cauchy formula for 
analytic functions in the complex plane to non-
integer values  of  the integrodifferentiation 
index.

While recognizing the importance of  the 
works of  the above-mentioned scientists, it 
is necessary, however, to note that fractional 
calculus became a rigorous mathematical theory 
only starting with the works of  A.V. Letnikov 
[80].

At the end of  the XIX century. A substantial 
work by J. Hadamard (1892) was published, in 
which, on the basis of  the expansion in a Taylor 
series, the fractional differentiation of  a function 
analytic in a circle with respect to the radius 
was considered, which is called the Hadamard 
approach.

In the first half  of  the XX century. G. 
Hardy, G. Weil, M. Riess, P. Montel, A. 
Marshaud, D. Littlewood, Ya. Tamarkin, E. 
Post, S.L. Sobolev, A. Sigmund, B. Nagy, A. 
Erdelyi, H. Kober, J. Cossard, and a number 
of  other scientists. In 1915 G. Hardy and 
M. Riess used fractional integration to sum 
up divergent series. In 1917, G. Weil defined 
fractional integration for periodic functions in 
the form of  a convolution with some special 
function. An analogue of  S.N. Bernstein for 
fractional derivatives of  algebraic polynomials 
on a finite segment was given in 1918 by P. 
Montaigne. A. Marshaud (1927) introduced 
a new form of  fractional differentiation, 
which is applicable in the case of  functions 
with “bad” behavior at infinity. Fractional 
derivatives of  Marshaud were introduced into 
use. In the works of  M. Riess (1936, 1938, 
1949), operators of  the type of  potential 
(Riess potentials) were obtained, which 
made it possible to determine the fractional 
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integration of  functions of  several variables. 
For some integral operators and integral 
equations, fractional integrals of  Erdelyi and 
Kober (1940), etc., turned out to be very 
useful.

Especially for radio physicists and radio 
engineers, we note the fact that the operational 
calculus developed by O. Heaviside (1892, 1893, 
1920) turned out to be an important stage in 
the application of  generalized derivatives. It 
was O. Heaviside (1920) who applied fractional 
differentiation in the theory of  transmission 
lines. After that, other theorists recognized 
the advantages of  this approach and began to 
develop it in accordance with the accepted 
mathematical concepts (N. Wiener, J. Carson 
(1926)).

Abel's equation. The notion of  fractional 
integration is closely related to the Abel integral 
equation

1

1 ( ) ( ),
( ) ( )

x

a

t dt f x
x t α

φ
α − =

Γ −∫  x > a,     (25)

where 0 < α < 1; Г(α) is a gamma function. The 
solution to equation (25) has the form

1 ( )( ) .
(1 ) ( )

x

a

d f tx dt
dx x t αϕ

α
=
Γ − −∫  (26)

For the Abel equation of  the form

1

1 ( ) ( ),
( ) ( )

b

x

t dt f x
x t α

ϕ
α − =

Γ −∫  x < b,     (27)

there is a treatment formula

1 ( )( ) .
(1 ) ( )

b

x

d f tx dt
dx x t αϕ

α
=
Γ − −∫  (28)

Using the method of  mathematical induction, 
we prove a formula for an n-fold integral of  the 
form

11... ( ) ( ) ( ) .
( 1)!

x x x x
n

a a a a

dx dx x dx x t t dt
n

ϕ ϕ−= −
−∫ ∫ ∫ ∫  (29)

Noticing that (n – 1)! = Г(n), the right-hand 
side of  (29) can be given a meaning even for 
noninteger values of  n.

Fractional Riemann-Liouville and 
Marshaud operators. Fractional Riemann-
Liouville integrals of  fractional order (α > 0) are

1

1 ( )( )( ) ,
( ) ( )

x

a
a

tI x dt
x t

α
α

ϕϕ
α+ −=

Γ −∫  x > a,    (30)

( )( )( ) ( )( )( ) .
b b

a b
a a

x I x x I x dxα αϕ ψ ψ ϕ+ −=∫ ∫ , x < b,    (31)

The first of  them is sometimes called left-
sided, and the second – right-sided. Most often 
they deal with left-hand fractional integration. 
The operator aIα+  in the English-language 
literature is denoted in the form a xDα  when the 
sign of  α is replaced in (30) by the opposite 
one, i.e. for α < 0.

The fractional integration by parts formula 
has the form

( )( )( ) ( )( )( ) .
b b

a b
a a

x I x x I x dxα αϕ ψ ψ ϕ+ −=∫ ∫  (32)

Fractional integration has the semigroup 
property:

,    ,  0, 0.a a a b b bI I I I I Iα β α β α β α βϕ ϕ ϕ ϕ α β+ +
+ + + + + += = > >  (33)

Fractional differentiation is naturally 
introduced as an operation inverse to fractional 
integration. Therefore, the fractional derivative 
is established using fractional integration and 
further – ordinary differentiation. Therefore, 
the fractional Riemann-Liouville derivatives of  
order α for 0 < α < 1 have the form

1 ( )( )( ) ,
(1 ) ( )

x

a
a

d f t dtD f x
dx x t

α
αα+ =

Γ − −∫  (34)

1 ( )( )( ) .
(1 ) ( )

b

b
x

d f t dtD f x
dx t x

α
αα− = −

Γ − −∫  (35)

This definition shows that fractional 
differentiation is non-local. If  fractional integrals 
are defined for any order (α > 0), then fractional 
derivatives are so far only for order (0 < α < 1). 
For large orders (α ≥ 1) with their integer – [α] 
and fractional – {α} (0 ≤ {α} <1) parts of  the 
number α = [α] + {α} we have

1

1 ( ) ,
( ) ( )

n x

a n
a

d f t dtD f
n dx x t

α
αα+ − +

 =  Γ − −  ∫
n = [α] +1, (36)
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1

( 1) ( ) , [ ] 1.
( ) ( )

n bn

b n
x

d f t dtD f n
n dx t x

α
α α

α− − +

−  = − = + Γ − −  ∫  (37)

If  α is an integer, then the fractional 
derivative of  order α is understood as the usual 
differentiation

,  ,  1, 2,3,...a b
d dD D
dx dx

α α
α α α+ −

   = = − =   
   

 (38)

Sometimes they also use notation
1( ) ,  0,a a aD f I f I fα α α α− −

+ + += = >  meaning by each 
of  them the derivative (34) and (36). Symbols 

.b bD f I fα α−
− −=  are understood in a similar way.
As an example, consider the power functions 

φ(x) = (x – a)β-1 and φ(x) = (b – x)β-1, Reβ > 0. For 
them, the fractional integrals are, respectively,

1 1( ) ( )( ) ;  ( ) .
( ) ( )a bI x a I b xα α β α α ββ βϕ ϕ
α β α β

+ − + −
+ −

Γ Γ
= − = −
Γ + Γ +

 (39)

Fractional integrals (30) and (31) easily extend 
from the finite segment [a, b] to the semiaxis (a, 
∞) or (–∞, b). For the general case, when – ∞ < x 
<∞, the fractional integrals along the whole line 
have the form

1 1

1 ( ) 1 ( )( )( ) ;  ( )( ) .
( ) ( )( ) ( )

x

x

t tI x dt I x dt
x t t x

α α
α α

ϕ ϕϕ φ
α α

∞

+ −− −
−∞

= =
Γ Γ− −∫ ∫  (40)

Similarly to (34) and (35), the Liouville derivatives 
are introduced

1 ( )( )( ) ,
(1 ) ( )

xd f t dtD f x
dx x t

α
αα+

−∞

=
Γ − −∫  (41)

1 ( )( )( ) ,
(1 ) ( )x

d f t dtD f x
dx x t

α
αα

∞

− = −
Γ − −∫  (42)

where 0 < α < 1 and – ∞ < x <∞. For α ≥ 1 with 
n = [α] + 1 we have

1

0

( 1)( )( ) ( ) .
( )

n
n

n

dD f x t f x t dt
n dx

α α

α

∞
− −

±

±
=
Γ − ∫   (43)

Fractional Liouville derivatives on the axis 
can be reduced to a more convenient form than 
(41) and (42). The resulting constructions are 
called fractional derivatives of  Marshaud:

1
0

1

( ) ( )( )( )
(1 )

( ) ( ) ,
(1 ) ( )

x

f x f x tD f x dt
t

f x f t dt
x t

α
α

α

α
α

α
α

∞

+ +

+
−∞

− −
= =
Γ −

−
=
Γ − −

∫

∫
 (44)

1
0

( ) ( )( )( ) ,
(1 )

f x f x tD f x dt
t

α
α

α
α

∞

− +

− +
=
Γ − ∫  (45)

where 0 < α < 1 and – ∞ < x <∞.
In the theory of  fractional 

integrodifferentiation of  functions of  
several variables, which is a fractional power 
(–∆)α/2 of  the Laplace operator, fractional Riess 
integrodifferentiation is widely used. In 
Fourier images F̂ , this operation is written 
in the form

/2 1 ,Re 0,ˆ ˆ( )
,Re 0.

I f
f F x Ff

D f

α
αα

α

α

α
−−

−

 >−∆ = = 
<

 (46)

A detailed exposition of  the theory of  Riess 
differentiation is given in [131]. As follows from 
the convolution theorem for functions, the 
fractional-order integral 0( )( ),  Re 0I f xα α+ >  is a 
Laplace convolution of  the form

1

0( )( ) ( ) , Re 0,
( )

xI f x f x
α

α α
α

−
+

+

 
= > Γ 

 (47)

as a consequence of  which the property of  the 
joint action of  the Laplace transform and the 
operator of  fractional integration takes place

0( )( ) ( )( ).LI p p Lf pα α−
+ =  (48)

Generalized Leibniz rule. Let us formulate 
the generalized Leibniz rule:

( ) 1

0
( ) ( ) , ,k k

a a
k

D fg D f g R
k

α αα
α

∞
−

+ +
=

 
= ∈ 

 
∑  (49)

( ) ( )( ),k k
a a a

k
D fg D f D g

k
α α β βα

β

∞
− − +

+ + +
=−∞

 
=  + 
∑  (50)

where
( 1) sin[( ) ] ( 1) ( )

( 1) ( 1) ( 1)
α α β α π α β α
β β α β π β
  Γ + − Γ + Γ −

= =  Γ + Γ − + Γ + 
is the generalized binomial coefficient;

1 1, ,  ( , )R Rα β ∈ = −∞ ∞ ; with non-integer β.
Along with the last formulas, we have the 

Leibniz formula with remainder
1

( )

0
( ) ,

n
k k

a a n
k

D uv D uv R
k

α αα−
−

+ +
=

 
= + 

 
∑  (51)

1 1 ( )( 1) ( ) ( ) ( ) ( ) ,
( )( 1)!

x xn
n n

n
a t

R x t u t dt x v d
n

α ξ ξ ξ
α

− − −−
= − −
Γ − − ∫ ∫  (52)
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which does not require the function v(x) to be 
infinitely differentiable.

Results. The operator of  integro-
differentiation in the sense of  the Riemann-
Liouville fractional order α ∈ R with origin at 
the point α is defined as follows [83]:

( )
( ) 1

( )( ) ,  <0,
t

RL at
a

sign t a fD f t d
Ã t

α
α

τ τ α
α τ +

−
=

− −∫  (53)

( ) ( ),  0,RL atD f t f tα α= = =  (54)

( )

( ) ( ) 1

( )

1 ( ) ,

1 ,  .

n
n n

RL at atn

tn
n

n
a

dD sign t a D f t
dt

d t f d
Ã n dt

n n n N

α α

ατ τ τ
α

α

−

− −

= − =

= −
−

− < ≤ ∈

∫
 (55)

For functions differentiable on the interval [a, 
b], the definition of  fractional derivatives in the 
sense of  Riemann-Liouville and A.V. Letnikov 
are equivalent [86,136].

Currently, Caputo's formulation is widely used 
[12,103,104]:

( ) ( ) ( )( ) ,
1 , .

nn n
C at RL atD f t sign t a D f t
n n n N

α α

α

−= −

− < ≤ ∈
 (56)

The Riemann-Liouville and Caputo derivatives 
are related by the ratio:

( ) ( )
( )

1

0
( ) ( ) ,

1
1 , .

kn
k

C at RL at
k

f
D f t D f t t

Ã k
n n n N

αα α τ
τ

α
α

−
−

=

= − −
− +

− < ≤ ∈

∑  (57)

In the case α = n we get:

( )( ) ( ) ( ),  .
n

n n n
RL at C at n

dD f t D f t sign t a f t n N
dt

= = − ∈  (58)

The Caputo derivative has the same physical 
interpretation as the Riemann-Liouville 
derivative. In particular, for f(0) = 0 and 0 < α 
< 1, we have the exact equality:

0 0( ) ( ).C t RL tD f t D f tα α=  (59)

When comparing these derivatives, it is 
necessary to pay attention to the fact that to 
calculate the Riemann-Liouville derivative it is 
necessary to know the values of  the function, and 
for the Caputo derivative – its derivatives, which 

is much more complicated. Some advantage of  
the Caputo derivative is that it is equal to zero 
for a constant function, which is more familiar 
to a researcher.

Note that in [32] a biography is presented 
and the surviving works of  the Soviet mechanic 
Alexei Nikiforovich Gerasimov (03.24.1897–
03.14.1968) are presented, 20 years earlier than 
Caputo, who proposed the use of  the fractional 
derivative for viscoelasticity problems (i.e., the 
Gerasimov-Caputo derivative).

In [112], a new fractional operator is 
introduced that defines the local fractional Kolvankar 
derivative using the following limit:

( ( ) ( ))( ) lim ,
( )

q
q

qx y

d f x f yD f y
d x y→

−
=

−
 (60)

if  this limit exists.
The use of  this operator allows the derivative 

to return the locality property, which is lost 
when passing from integers to fractional values  
of  the orders of  differentiation. Thus, a direct 
connection is established between the properties 
of  local fractional differentiability and the fractal 
dimension of  nondifferentiable functions, which 
is illustrated in [112] using the example of  the 
classical nondifferentiable Weierstrass function 
and Levy flights/motions.
2.5. fox function

For integral transformations in diffusion 
processes in fractal space and using fractional 
operators, the Fox H-function mn

pqH  is widely 
used, where 0 ≤ m ≤ q, 0 ≤ n ≤ p [116]. The 
importance of  the Fox function is that it 
includes almost all the special functions that 
go into applied mathematics and statistics as 
its special cases. Even functions such as the 
Wright generalization of  the Bessel function, 
the Meyer G-function, or the generalized 
Maitland hypergeometric function are covered 
by the Fox class of  functions. In addition, a 
connection has been established between stable 
laws and Fox functions: the analytical form of  
a stable law is given through the Fox function 
[118].
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The Fox function is defined as

1 1

1 1

( , ),..., ( , ) 1 ( ) ,
( , ),..., ( , ) 2

p pmn s
pq

q q C

a a
H z h s z ds

b b i

α α

β β π

 
=  

 
∫  (61)

1 1

1 1

( ) (1 )
( ) ,

(1 ) ( )

m n

j j i i
j i

q p

j j i i
j m i n

b s a s
h s

b s a s

β α

β α

= =

= + = +

Γ − − +
=

Γ − + Γ −

∏ ∏

∏ ∏
 (62)

where Г(s) is the gamma function; parameters 
αi (i = 0, 1,…, p) and βj (j = 0, 1,…, q) are 
positive numbers; aj and bj are complex numbers 
satisfying the condition αi(bh + δ) ≠ βh(ai – 1 – 
λ); δ and λ = 0, 1,…; h = 1, ..., m; i = 1,…, n.

The contour of  integration С in the 
complex s-plane passes so that the poles of  
Г(bj – βjS) (j = 0, 1, ..., m) are on the right, and 
the poles (1 – аi + αiS) (i = 1, ... , n) – to the left 
of  the contour.

The Laplace transform of  the Fox function 
is also a Fox function, but with different indices:

1,
, 1

(1 , )1( ) ,  0 1,
(1,1), (1 , )

j jn m
q p

i i

b
H p H p

p a
β

µ
α

+
+

 −
= ≤ ≤  − 

  (63)

, 1
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(0,1), ( , )1 1( ) ,  1.
( , )

i im n
p q

j j

a
H p H

bp p
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+
+

 
= ≥  

 
  (64)

For the inverse Laplace transform, we have

,
, 1

(1 , )1( ) ,  0 1,
(1 , )(1,1)

j jn m
q p

i i

b
H t H t

t a
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µ
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  (65)

,
1,

( , )(1,1)1 1( ) ,  1.
( , )

i im n
p q

j j

a
H t H

bt t
α

µ
β+

 
= ≥  

 
  (66)

The function Н(z) is an analytic function of  
z under the following conditions: z ≠ 0 for μ > 0 
and |z| < β–1 for μ = 0, where

1 1 1 1

,  .ji

p qq p

j i i j
j i i j

βαµ β α β α β
= = = =

= − =∑ ∑ ∏ ∏  (67)

The asymptotic expansion of  the Fox 
functions is given by the expression

,
, ( ) [ ( ) ],m n s

p qH z res h s z−∑  (68)

valid for μ > 0 and n ≠ 0 for |z| → ∞ on each 
closed sector |argz| ≤ πλ/2. In this case, the 
residues must be determined at the points s = 
(ai – 1 – v)/αi; i = 1, ..., n; v = 0, 1, ...

2.6. historical oVerView of 
undifferentiated functions

In his letter dated January 15, 1898 to F. Klein, 
L. Boltzmann specially noted that “in Nature 
there are such physical problems (statistical mechanics), 
for the solution of  which nondifferentiable functions are 
absolutely necessary, and if  K. Weierstrass had not 
invented such functions , then physicists simply would 
have had no choice but to invent them themselves ”. 
At present, such undifferentiable curves are 
usually called fractal or simply fractals. Here is a 
brief  historical overview of  such mathematical 
objects, based on the sources [26,27,58,106,110].

It is also noteworthy that the concept of  
self-similarity entered mathematics from two 
independent directions (through Cantor sets and 
Weierstrass functions) at approximately the same 
time for the basic concepts of  mathematics: 
numbers and functions. Recall that G.V. Leibniz 
in his treatise "Monadology", written in 1714, 
used the concept of  self-similarity ("worlds within 
worlds"), and also applied it in the definition of  
the straight line.

After the discovery of  differential calculus, 
it was intuitively formed that each function can 
be differentiated any number of  times. In 1806, 
Ampere made an attempt to theoretically justify 
this belief  on a purely analytical basis within 
the framework of  the mathematical concepts 
of  Lagrange. Later, some mathematicians 
automatically transferred Ampere's statements 
to functions that are continuous in the present 
sense, while others, considering it the foundation 
of  the whole differential calculus, presented their 
proofs of  this statement and used it to establish 
other results. Among them are Lacroix (1810), 
Galois (1831), Raabe (1839), Duhamel (1847), 
Lamarlet (1855), Freycinet (1860), Bertrand 
(1864) , Serre and Rubini (1868).

However, the time of  the faith of  
mathematicians about the inextricable 
connection between the continuity of  
functions and its differentiability was running 
out. In 1830, B. Bolzano, in his manuscript 
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"The Doctrine of  Function", constructs 
the first example of  a continuous, nowhere, 
undifferentiable function. This Bolzano 
manuscript was discovered only after the 
First World War around 1920 in the Vienna 
State Library. Only a hundred years later, 
his work appeared in print. In 1834-35 the 
concepts of  differentiability and continuity are 
clearly distinguished by N.I. Lobachevsky. In 
1854 Dirichlet notes that in the general case 
it is impossible to prove the existence of  a 
derivative for an arbitrary continuous function, 
and expresses his conviction in the existence 
of  a continuous function without a derivative.

In 1861 Riemann gave an example of  the 
function

( )
2

2
1

sin ,
n

n xf x
n

∞

=

=∑  (69)

which Dubois Reymond claimed to be 
nondifferentiable on an everywhere dense set.

How difficult the analysis of  example (69) 
turned out to be is evidenced not only by 
Weierstrass' refusal to carry it out, but also by 
the fact that before 1916 there was no proof  
or refutation of  the Riemann example. Only in 
1916, Hardy, relying on some subtle results of  
Diophantine analysis, was able to show that (69) 
has no finite derivative at any point ξπ, where ξ 
is an irrational or rational number of  the form 
2m/(4n + 1) or (2m + 1)/2(2n + 1), and m and n 
are integers; he then generalized somewhat the 
example of  Riemann.

Gerwer expanded this result in 1969 by 
showing that this function has no finite derivative 
at the points ξπ, where ξ is a rational number 
of  the form (2m + 1)/2n, and m, n are integers 
and n ≥ 1. He established the existence of  a 
derivative, equal to –1/2 at the points ξπ when 
ξ is a rational number with an odd denominator 
and numerator, so that the Riemann function is 
differentiable on an infinite set of  points. In the 
next paper, Gerver showed that the Riemann 
function has no other points of  differentiability 
besides those indicated above.

Until 1870, apart from the Riemann function 
mentioned above, not a single example of  a 
continuous function having no derivative at an 
infinite set of  points was published. According 
to Guel, who reviewed Hankel's memoir on such 
functions, "today there is not a single mathematician 
who would believe in the existence of  continuous 
functions without derivatives." In 1870, Hankel 
proposed a method for condensing singularities, 
which consists in constructing a function using 
an absolutely convergent series, each term of  
which has a singular point. This is how he 
obtained examples of  continuous functions 
that have no derivative on an everywhere dense 
set of  rational points. One such example is a 
function of  the form

( ) ( ) ( )1

1 1sin sin ,
sins

n
f x nx

n nx
π

π

∞

=

 
=  

 
∑  (70)

where n is a natural number, s > 1.
In 1873, Schwartz constructed another 

example of  a monotone continuous function 
with no derivative on an everywhere dense set 
of  points:

1

(2 )( ) ,
4

n

n
n

xf x ϕ∞

=

=∑  (71)

where ( ) [ ] [ ],  0,  [ ]x x x x x xϕ = − − >  is the 
integer part of x.

Schwarz considered this function to be 
nondifferentiable, but, as it turned out later, it 
has a finite derivative almost everywhere.

Later, Weierstrass built, as is commonly 
believed in 1861, his famous function

1
( ) ( ) cos( ).n n

n
f x W x a b xπ

∞

=

≡ =∑  (72)

Here 0 < a < 1, b > 1 is an odd integer, ab > 
1 + 3π/2. Weierstrass reported to the Berlin 
Academy of  Sciences on July 18, 1872, and 
the example itself  was published only in 1875 
by Dubois-Reymond. Therefore, as noted in 
[115], "the year 1875 is nothing more than a convenient 
symbolic date to indicate the beginning of  the Great 
Crisis of  Mathematics."
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In the preface to his book, S. Sachs wrote: 
"Studies dealing with non-analytical functions and 
functions that violate those laws that were assumed to 
be universal, these studies were viewed almost as the 
spread of  chaos and anarchy where previous generations 
sought order and harmony." [85]. S. Hermite wrote 
to T. Stiltjes in 1893: "With horror and disgust 
I turn away from this growing ulcer of  functions that 
have no derivative." Even at the beginning of  the 
XX century. G. Bussensk was not alone in the 
opinion that "the whole interest of  a function lies in the 
possession of  its derivative," meaning the ordinary 
derivative.

Independently of  Weierstrass, Darboux came 
to the same idea, who generalized the examples 
of  Hankel and Schwarz and constructed the 
function

( ) ( )
1

sin 1 !
,

!n

n x
f x

n

∞

=

+  =∑  (73)

which has no derivative for any x. Darboux 
reported his results at a meeting of  the French 
Mathematical Society on March 19, 1873 and 
January 28, 1874, i.e. before the publication of  
Dubois-Reymond's publication. Some details 
of  the priority pick between Weierstrass and 
Darboux were published in 1973 (Dugac P. 
Elements d 'analyze de Karl Weierstrass // 
Archive for Hist. Exact. Sci. 1973. V. 10. P. 
41-176).

2.7. dini's theorem on functions without 
deriVatiVes and the continuation of the 
surVey

The above studies served as the basis for 
constructing classes of  nondifferentiable 
functions and searching for general conditions 
for the differentiability of  continuous functions. 
The greatest contribution to this direction was 
made by the Italian mathematician W. Dini, 
who came close to Lebesgue's theorem on the 
derivative of  a continuous monotone function. 
It was he who formulated in 1877, and in 1878 
proved a sufficiently general theorem on the 
existence of  continuous functions without 

derivatives (the statement of  Dini's theorem is 
given by us according to [26]).

Theorem 1. (Dini, 1877). Let fn(x) functions be 
given on 0 ≤ x ≤ 1 satisfying the following conditions:
1) all functions fn(x) are continuous and have bounded 
derivatives;

2) the series ( )
1

n
n

f x
∞

=
∑  converges on [0, 1] to a continuous 

function f(x);
3) each of  fn(x) has a finite number of  extrema, and 
their number increases indefinitely with n and, moreover, 
in such a way that for any ε > 0 one can find n0 such 
that for n > n0 the distances between the extremum points 
will be less than ε;
4) if  δn is the largest distance between two successive 
extrema, and Dn is the largest difference in absolute 
value between two successive extreme values, then 
lim( / D ) 0;n nn

δ
→∞

=

5) if  we denote by hn for each x those two increments (one 
of  which is positive and the other negative) for which x 
+ hn gives the first right (respectively, left) extremum, for 
which 1| ( ) ( ) | ,

2n n n nf x h f x D+ − ≥  it is possible to specify such 
positive numbers rn that for all x ∈ [0,1] and such hn 
corresponding to each x we have ( ) ( ) 2n n n nR x h R x r+ − ≤

, where Rn(x) is the remainder of  the series ( )
1

n
n

f x
∞

=
∑  from 

item 2;
6) if  cn is a sequence of  positive numbers such ( )n nu x c′ <  
that for all [0,1]x∈ , then starting from some index

1

4 4 , 0 1;
n

n n

n n

rc
D Dν

ν

δ θ θ
=

+ ≤ ≤ <∑

7) the sign of  the difference ( ) ( ),n n nf x h f x+ −  starting 
from some n0, does not depend on hn for all x and n > n0.

Then the function f(x), defined by the series ( )
1

n
n

f x
∞

=
∑  

from item 2, will not have a finite derivative at any 
point. It can have an infinite derivative on an infinite 
set of  points [0,1]x∈ .

Then Dini showed that under some 
additional assumptions such a function f(x) will 
not have an infinite derivative at any point. It can 
be noted that the class of  functions satisfying 
Dini's theorem is infinite; in particular, it 
contains the Weierstrass function.

In 1879, Darboux proposed a fairly general 
method for constructing nondifferentiable 
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functions. He studied the functions φ(x) defined 
by the series

1

( )( ) ,n n

n n

f a b xx
a

ϕ
∞

=

=∑  (74)

where an and bn are some sequences of  real 
numbers, f(x) is a continuous bounded function 
with a bounded second derivative.

If  the sequences {an} and {bn} are chosen so 
that for fixing k we have

2 2 2
1 1 2 2

1

lim 0,  lim 0,n n k n k
n n

n n

a a b a b a b
a a

− −

→∞ →∞
+

+ + +
= =

  (75)

then series (74) converges everywhere to 
some continuous function φ(x). With further 
restrictions on the choice of  {an}, {bn}, k, and 
f(x), one can obtain continuous functions that 
have no derivative at any point. So, if  bn = 1, 
k = 1, then on the numbers an it is sufficient 
to impose the condition 1 2 1lim 0,n

n
n

a a a
a

−

→∞

+ + +
=

  
which is satisfied, for example, the numbers 
an = n!, so that one can indicate an infinite set 
of  functions f(x) for which (74) would be just 
such a function.

Let f(x) = cosx, then φ(x) is nowhere 
differentiable. Choosing bn = n + 1, k = 3 and 
f(x) = sinx, we obtain the function φ(x) from 
Darboux's previous work. In 1918 a method 
for constructing continuous nondifferentiable 
functions was indicated by K. Knopp. We can say 
that after the above-mentioned works, a whole 
industry was created for the production of  both 
individual functions and their entire classes.

Note that the example of  the Weierstrass 
function is based on the properties of  the lacunary 
series, i.e. such a series in which nonzero terms 
are "very sparse and scattered." The concept of  
a lacunary trigonometric series was introduced 
by J. Hadamard in 1892 in the study of  functions 
that cannot be analytically extended beyond 
the boundary of  the circle of  convergence. A 
lacunar (in the sense of  Hadamard) trigonometric 
series is a series of  the form

0

1
cos sin ,

2 k k k k
k

a a n x b n x
∞

=

+ +∑  (76)

for 1 1.k

k

n q
n
+ ≥ > . Thus, the numbers nk of  the 

lacunary series (76) for all k grow no slower than 
a geometric progression with a denominator 
greater than one. In 1916, J. Hardy also proved 
that the Weierstrass function W(x) has no finite 
derivative at any point, provided a < 1, b > 1 and 
ab ≥ 1.
2.8. many nondifferentiable functions

Let us briefly consider the question of  the place 
occupied by differentiable functions in the set of  
all continuous functions. A set X of  a topological 
space M is a set of  the first category on M if  it is 
the union of  a countable family of  sets that are 
nowhere dense on M. Sets of  the second category 
are defined as sets that are not sets of  the first 
category. These definitions were formulated in 
1899 by Baer [11].

By Baire's theorem, the complement of  any 
set of  the first category on the line is dense. No 
interval on the set of  real numbers   is a set of  
the first category. Each countable set will be a set 
of  the first category and a set of  measure zero. In 
the set of  real numbers, rational numbers form a 
set of  the first category. The simplest example of  
an uncountable set belonging to a set of  the first 
category and a set of  measure zero is the Cantor 
set, which has the cardinality of  the continuum. 
It can be proved that the line can be split into 
two complementary sets A and B so that A is a 
set of  the first category, and B has measure zero. 
In many problems of  topology and theory of  
functions, sets of  the first category play a role analogous 
to the role of  sets of  measure zero in measure theory 
(sets that can be "neglected").

At present, sets of  the second category are 
defined according to Baire, and the complement 
to a set of  the first category is called a residual set. 
When proving existence theorems in set theory, 
the method of  categories is often used, which is based 
on Baire's theorem, according to which every 
complete metric space is a set of  the second 
category in itself. Based on this, it is proved

Theorem 2 (Banach, S. Mazurkevich; 1931). 
Let C be the space of  continuous functions x with period 
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1, endowed with the norm max ( ) ,  0 1.x x t t= ≤ ≤  Let 
T be the set of  functions from C that do not have a finite 
right derivative at any point [0,1].t∈  Then T is a set of  
the second Baire category on C, and its complement is a 
set of  the first category.

Consequently, the set of  functions that 
have a finite one-sided derivative at least at one 
point [0,1].t∈  is negligible in the sense of  the 
Baire category in comparison with the set of  all 
continuous functions. This is all the more true 
for functions with a finite ordinary derivative.

Classes of  continuous functions without 
derivatives considered in the 19th century. and in 
the first two decades of  the XX century, did not 
give an example of  such a singular continuous 
function, in which a finite or infinite one-sided 
(left or right) derivative did not exist at any point 
(the Weierstrass function (72), for example, has a 
one-sided derivative everywhere dense set). The 
first example of  such a strongly nondifferentiable 
function was constructed in 1922 (published in 
1924) by A.S. Besicovich.

In this regard, Banach and Steinhaus raised 
the question of  extending, using the method of  
categories, the result of  S. Mazurkiewicz and 
Banach to functions of  Besicovitch type: is it 
possible to show that the complement of  the 
set of  all continuous functions that have neither 
finite nor infinite derivative at any point , is the 
set of  the first category?

In 1932 Sachs gave a negative answer to this 
question. He showed that the set of  continuous 
functions on [0, 1], which either have a finite 
right derivative, or this derivative is equal on the 
set of  cardinality to the continuum, is a set of  the 
second category in the space of  all continuous 
functions. Thus, the class of  functions that are one-
sided differentiable at least at one point, in the sense 
of  categories, is substantially broader than the class of  
functions that have an ordinary derivative at least at one 
point.

Accordingly, the class of  functions that have 
neither a finite nor an infinite one-sided derivative 
at every point of  the domain is narrower in 
the same sense of  the class of  functions that 

nowhere have a two-sided derivative. According 
to Sachs, "This may explain the difficulty in finding the 
first example of  a function that does not have a finite 
or infinite one-way derivative at every point." At the 
same time, Sachs' result indicated an essential 
difference between the operators of  one-sided 
and two-sided differentiation.

In order to expand the known classes of  
nondifferentiable functions, V. Orlicz in 1947 
found sufficiently general conditions under 
which continuous functions that are sums of  uniformly 
converging series are nowhere differentiable. However, 
the generality of  the results obtained was 
achieved due to the fact that the coefficients 
of  these series were set ineffectively, using the 
method of  categories. Orlich himself  described 
this approach as "in a sense intermediate" 
between "effective" methods of  specifying 
nondifferentiable functions in the form of  
series and the "ineffective" method of  S. 
Mazurkevich-Banach.
2.9. stationarity and nondifferentiable 
functions

Thus, the class of  continuous functions that have no 
derivative at any point is immeasurably richer than the 
class of  functions with derivatives. As aptly noted in 
[27, p. 222], "A curious situation arose when it turned 
out that those continuous functions that have been studied 
by mathematicians for centuries, those that have been used 
to describe the phenomena of  the external world, - these 
functions belong only to a negligible class of  all continuous 
functions." Gradually, mathematicians got used to 
the fact that nowhere differentiable functions 
really exist, but physicists did not agree with this 
for a long time and perceived such functions as 
ugly products of  mathematical fantasy that have 
no relation to the real world (they proceeded 
from the principle "in physics all functions are 
differentiable").

From the standpoint of  modern science, a 
function without a derivative is not at all an abstract 
concept, but the trajectory of  a Brownian particle. As 
noted in the 20s. XX century. N. Wiener: "Within 
the framework of  this theory, I was able to confirm 
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Perrin's remark by showing that, with the exception of  
many cases with a total probability of  zero, all trajectories 
of  Brownian motion are continuous curves that are not 
differentiable anywhere."

It is essential that in the spectral theory of  stationary 
random processes, nondifferentiable functions arise 
in a completely natural way and can be avoided 
only if  the stationarity condition, which has a 
clear physical meaning, is abandoned, which 
only makes this theory simple and clear [98]. Let 
us briefly explain this fact.

In the spectral expansion of  a stationary 
process X(t), the use of  the Stieltjes integral 
turns out to be inevitable, since the random 
function Z(ω) is not differentiable in any sense 
and therefore it is impossible to pass from the 
Fourier-Stieltjes integral

( ) ( )i tX t e dZω ω
∞

−∞

= ∫  (77)

to the usual Fourier integral. In the case of  the 
existence of  the spectral density f(ω) always

2( ) ( ) .dZ f dω ω ω=  (78)

By virtue of  (78), in all real physical cases, 
when the process X(t) corresponds to a 
positive spectral density f(ω), the mean square 
of  the increment ∆Z(ω) of  the function Z(ω) 
on a small segment ∆ω of  the frequency axis 
will be close to f(ω)∆ω, that is, has the same 
order of  smallness as ∆ω. In this case, the value 
of  ∆Z(ω) itself  is, as a rule, of  order (∆ω)1/2, 
which is incompatible with the assumption that 
the function ∆Z(ω) is differentiable, i.e. on the 
existence of  a limit of  the ratio ∆Z(ω)/∆ω as 
∆ω → 0.

As noted in [98, p. 113], “we are faced here with a 
rather rare case when in a problem that has a real physical 
meaning, nowhere differentiable functions appear, which 
until quite recently were considered by many applied 
scientists to be an abstruse mathematical abstraction that 
cannot have any applications”.

In the arsenal of  mathematics, there was 
also an analytical apparatus for describing such 

objects and processes. The place of  the usual 
dimension was taken by the Hausdorff  dimension, 
and the place of  derivatives was taken by the 
fractional derivative or the Hölder exponent.
2.10. examples of constructinG some 
nondifferentiable functions

Here are some examples of  constructing 
nondifferentiable functions [57,58,106,110,115].
Graphs of  Riemann, Weierstrass and 
Takagi functions. Returning to the historical 
examples of  the discovery of  functions 
without derivatives, we note that specific 
examples of  such functions sometimes lead to 
interesting conclusions. In 1903, the Japanese 
mathematician Takagi discovered a simple 
example of  a nowhere differentiable function

1

1
( ) 2 (2 ).n n

n
T x xϕ− −

≥

=∑  (79)

Here [ ]( ) 2 (1 / 2) ,x x xϕ = − + , where [x] is 
the operation of  selecting the integer part of  
x. The function T(x) is a typical example of  
"condensation of  singularities", since it is a 
superposition of  the so-called sawtooth functions. 
The functions of  Riemann (69), Weierstrass 
(72), and Takagi (79) have peaks at a countable 
number of  points (Fig. 1). It should be said that 
the graphs of  such undifferentiated functions 
are described by an infinite number of  infinitely 
small convolutions ("ripple waves"), but it is 
almost impossible to give a visual representation 
of  them without distorting their essential 
features.

Fig. 1. Graphs of  undifferentiated functions: a - Weierstrass 
function (1 – W(x))/2 – for values b = a–1 = 2; b –Takagi 

function; c – Riemann function.
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E. Hobson also studied a number of

1
( ),  0 1,n n

n
a b x aϕ

≥

< <∑  (80)

and showed on the basis of  Knopp's method that 
the conditions ab > 4 (when b is an even integer), 
or ab > 1 (when b is an odd integer) forbid the 
existence of  a finite or infinite derivative. For 
b = a–1 = 10, this is an example given by Van 
der Waerden in 1930 (see below). De Ram also 
pointed out that if  we take b = a–1, considering b 
to be an even integer, then the series (80) will not 
have a finite derivative.

Construction of  the Bolzano function. 
Now consider the construction of  the Bolzano 
function B(x). Let us define an auxiliary function 
Bn(x). Consider the construction shown in 
Fig. 2a and the fact that the segment AB is 
replaced by the broken line ACDEB with the 
following coordinates of  the points: A[p, q], 
C[p + (δ/4, q – (∆/2)], D[p + (2δ/4), q)], E[p + 
(3δ/4), q + (∆/2)], B[p + δ, q + ∆]. Let the graph 
of  the function B0(x) be the segment A11(0,0) 
and A25(1,1); let A11P = a, A25P = h (Fig. 2b).

Replace A11A25 with a broken line 
A11A22A23A24A25 according to the above rule. 
The coordinates of  the characteristic points 
are: A21 ≡ A11(0,0), A22(1/4 – 1/2), A23(1/2.0), 
A24(3/4.1/2), A25(1.1), which determines the 
function B1(x) and its graph A11A22A23A24A25. In 
Fig. 2b shows the graphs of  the functions B0(x) 
and B1(x), respectively. By the function B1(x), as 
shown in Fig. 2c, we construct the function B2(x). 
In Fig. 2d shows the graphs of  the functions 

B2(x) and B3(x), respectively. Repeating this 
operation n times, we arrive at the function Bn(x). 
Oscillation of  the function Bn(x) in each of  the 
intervals

1, , 0, 1, 2, ..., 4 1, 0, 1, 2, 3, ...
4 4

n
n n

s sa a s n+  = − = 
 

 (81)

will be 1, .
4 4 2n n n n

s s ha aω +  = 
 

 In the interval (0, a) 
for the oscillation Bn(x), we can obtain ωn(0, a) 
= h(2 – 2–n).

We now define the Bolzano function B(x) at 
the points x = ka/4n for the coefficients 0 ≤ k ≤ 
4n, k is an integer, n = 0, 1, 2, 3, ..., setting B(x) 
= Bn(x). Then the oscillation B(x) on the set of  
all considered points x = ka/4n belonging to one 
of  the intervals (81) will be 11, / 2 .

4 4
n

n n

s sa a hω −+  = 
 

 
For values of  x different from t = ka/4n, the 
Bolzano function is determined by the passage 
to the limit ( ) lim ( ).

t x
B x B t

→
=  Oscillation in any interval 

of  length a/4n satisfies the inequality , / 2 .
4

n
n

ax x hω + > 
 

 
Thus, the Bolzano function B(x) is defined on 
the entire interval (0, a) and is continuous on it.

Consider two more other algorithms for 
synthesizing the Bolzano function. Let each 
value

1 2
2 ... ...

4 4 4
k
k

cc cx
a
= + + + +  (82)

on the interval (0, a) corresponds to
1 2

2

( ) ... ...
2 2 2

k
k

dd dB x
h

= + + + +  (83)

The numbers dk are determined by the 
numbers ck, according to the rule

| 0 | 1 | 2 | 3 | .
| 0 | 1| 0 | 1|

k

k

c
d ±

 (84)

Here it is necessary to take the lower signs if  
among the numbers ck-1, ck-2, ..., c1 there is an odd 
number of  them equal to zero, for example:

( ) ( )
( ) ( )

2 4 4

2 4 2 4

1/ 4 2 / 4 1/ 4 1/ 2 1/ 2 ,

1/ 4 1/ 4 1/ 2 1/ 2 .

B a h

B a h

 + + = − + 
 + = + 

 (85)

Relations (82)-(85) define the Bolzano function.
Consider the third algorithm for constructing 

the Bolzano function based on the properties of  
a certain series. Let us define on the segment 
A1C of  length a with the coordinates of  the ends 

RADIOLOCATION

Fig. 2. Construction of  a non-differentiable Bolzano function: 
a) - the first construction, b) - functions B0(x) and B1(x), c) 
- functions B1(x) and B1(x), d) - functions B2(x) and B3(x).
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0 (point A1) and a (point C) the functions b0(x), 
b1(x), b2(x) by segment A1A5 and broken lines 
shown in Fig. 3.

Function b1(x) corresponds to a polyline with 
links formed by the lateral sides of  a triangle with 
base a and height 3h/4, function b2(x) is a polyline 
formed by the lateral sides of  four triangles 
with base a/4 and height 3h/8. Continuing this 
process, we arrive at the function

1
( ) ( ).

n

n i
i

B x b x
=

=∑  (86)

The resulting series converges uniformly as 
n → ∞, and its sum, equal to B(x), gives us a 
function that is continuous on (0, a) and has no 
derivative anywhere in this interval. The extrema 
of  the Bolzano function B(x) are observed at 
points with abscissas a(s + 0.25)/4n-1 for s = 0, 1, 
2, ..., 4n-1 – 1, n = 1, 2, 3,. .. which (abscissas) form 
an everywhere dense set on the interval (0, a).

Construction of  the Besicovitch function. 
Here are the stages of  constructing the Besicovitch 
function. To do this, you need to build a stepped 
triangle. In Fig. 4 shows the segment AB = 2a 
and points C(a, b) and D(a, 0). On the segment 
AD we construct the segment l1 = a/4 = a/22, 
placing it centrally. Then the segment AD 
is divided by the segment l1 into two equal 
segments; on each of  them we place centrally 
the segments l2 = l3 = a/24.

Segments l1, l2, l3 divide segment AD into 
four equal segments; on each of  them we 
place the central segments (counting from left 
to right) l4 = l5 = l6 = l7 = a/26, etc. Thus, on 
the segment AD, an infinite set of  segments 

l1, l2, l3, ... will be constructed, the union of  
which L is an everywhere dense set with total 
length a/2. We construct a similar system of  
segments on the segment DB. Together we will 
call those and other segments the first series of  
segments.

We denote by m(x) the Lebesgue measure 
of  the set of  points of  the interval (0, x) that 
do not belong to L, that is, measure of  the set 

(0, ).L x∩  On the segment AD, we define the 
function φ(x) by setting

2( ) ( ).bx m x
a

ϕ =  (87)

It follows from (87) that the function φ(x) has 
a constant value on any interval li. Thus, points 
A and C will be connected by some stepped 
curve; we connect points C and B with the same 
stepped curve. The resulting figure is called a 
stepped triangle with base 2a and height b.

On all segments of  the first series, as on 
the bases, we construct stepped triangles with 
their vertices downward – equal on equal bases, 
choosing the heights so that the apex of  the 
lowest of  the equal triangles is on the side AB. 
The construction of  all these triangles was named 
by A.S. Besicovitch operation of  notching the 
triangle ABC inside. Having performed the same 
internal notching operation over the resulting 
infinite series of  triangles (the first series), we 
obtain the second series of  triangles. We also 
subject them to internal serration, etc.

Now we define the function f(x) on the 
segment AB: 1) at the points of  the segment 
AB that do not belong to the first series of  
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Fig. 3. The third algorithm for constructing the Bolzano 
function.

 

Fig. 4. Construction of  a non-differentiable Besicovitch 
function.
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segments, – the ordinates of  the sides of  the 
stepped triangle ABC; 2) at the points of  the 
segments of  the first series that do not belong 
to the segments of  the second series –by the 
ordinates of  the sides of  the triangles of  the first 
series; 3) at the points of  the segments of  the 
second series that do not belong to the segments 
of  the third series – by the ordinates of  the sides 
of  the triangles of  the second series, etc .; 4) at 
the points belonging to the segments of  all series 
(they constitute an ensemble of  measure zero), 
according to the principle of  continuity.

The Besicovitch function defined in this way 
is a singular continuous function that has neither 
right nor left derivative at any point.

Construction of  the Van der Waerden 
function. Consider now the van der Waerden 
function. The idea behind this example is based 
on the fact that a sequence of  integers converges 
only when all its members, starting with some 
one, coincide. Let f0(x) be a function equal to 
the distance from point x to the nearest integer 
point:

0

,        0 1/2,
( )

1 ,   1/2 1,
x x

f x
x x

≤ ≤
=  − ≤ ≤

 (88)

where f0(x + 1) = f0(x) for any real x.
The function f0(x) is continuous on the entire 

numerical axis, periodic with a period of  1, linear 
on each segment 1; ,

2 2
s s− 
  

, where s is an integer, 
and the slope of  the graph f0(x) on each such 
segment ± 1. Next, we introduce a sequence of  
functions fn(n = 0, 1, 2, ...):

0 (4 )( ) .
4

n

n n
f xf x =  (89)

For any natural n, the function fn(x) is 
continuous, periodic with a period of  4-n, a 
maximum value of  4-n/2, linear on each segment 

1 , ,
2 4 2 4n n
s s− 

 ⋅ ⋅ 
 and the slope of  its graph on each 

such segment is ± 1. Finally, we introduce the 
function

0

0 0

(4 )( ) ( ) .
4

n

n n
n n

f xf x f x
∞ ∞

= =

= =∑ ∑  (90)

Since 0 ≤ f0(x) ≤ 4-n, then by the Weierstrass 
criterion the series defining f(x) converges 
uniformly, and the continuity of  all fn(x) implies 
the continuity of  the function f(x). In Fig. 5 
shows the graphs of  the functions f1(x), f1(x) 
+ f2(x), f1(x) + f2(x) + f3(x). As the number of  
terms increases, the number of  vertices at which 
the function f(x) has no derivative increases 
indefinitely.
2.11. nondifferentiable functions and 
functional equations

Let us briefly consider following [58,77,110] the 
following functional equation:

( ) ( ) ( ).f x af bx g x− =  (91)
It was de Ram who noticed in 1957 that the 

Weierstrass function (72) and series (80) satisfy 
(91) in the case g(x) = acos(bπx) and g(x) = aφ(bx), 
respectively. The function φ(x) is defined above 
in expression (80). If  we put g(x) = acos(bπx), 
then equation (91) will have a solution on the 
interval (–∞, + ∞), depending on an arbitrary 
function, and the only continuous solution is the 
Weierstrass function.

G. Faber, considering the function
!

1
10 (2 ),n n

n
xϕ−

≥
∑  (92)

showed in 1907 that (92) does not correspond 
to the Lipschitz condition of  any order. Then F. 
Cater in 1983 investigated the function

! (2 )!

1
2 cos(2 )n n

n
x−

≥
∑  (93)

and proved that it has no cusps and has interesting 
extremal properties.

Consider the following functional equation:
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 Fig. 5. The first three partial sums in the case of  constructing 
a non-differentiable Van der Waerden function.
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1 11 ( ) ( ) ... ( ) ( ).x x x pf f f f x
p p pp

λ µ+ + − + + + = 
 

 (94)

This equation was investigated by E. Artin in 
1964, characterizing its unique smooth solution 
by the Euler gamma function. The Japanese 
mathematician Hata in 1985, based on (94), 
solved the problem of  finding the eigenvalue 
λ for a certain Parron-Frobenius operator and 
investigated various solutions (94) with respect 
to the eigenvalue. He also noted that if  b > 2 is 
an integer, then the Weierstrass function W(2x) 
+ cos(2πx) satisfies (94) for p = b, μ = 1 and λ 
= a; the Takagi function T(x) – 1/2 also satisfies 
(94) for p = 2, μ = 1, and λ = 1/2; and the 
Riemann function satisfies (94) for p = 2, μ = 2, 
and λ = 1/4.

Using the concept of  a lacunary series (see 
above), in 1984 (Kaplan et al.) Studied the series

1
( ) ( ),  0 1,n n

n
f x a r b x < a <

≥

=∑  (95)

where ab > 1 and r(x) is a quasiperiodic function.
Under certain restrictions on r(x), series (95) 

is either continuously differentiable or, moreover, 
not differentiable anywhere. In the latter case, 
the dimension of  the graph of  function (95) 
satisfies the equality

[ ]2 (log ) / (log ) .D a b= +  (96)

The graph of  the function g will have a 
fractal dimension D greater than one when g is 
singular. In 1937 A.S. Besicovich showed that if  
g(x) belongs to the class Lip(δ), 0 <δ <1, then the 
function has a finite k-dimensional measure k = 
2 – δ; a function g was also constructed for which 
the k-dimensional measure is indeed positive for 
1 ≤ k ≤ 2 – δ. At the same time, it was shown 
more generally that if  x(t) belongs to the class 
Lip(δ) and y(t) belongs to the class Lip(δ'), where 
δ + δ' > 1, 0 < δ' ≤ δ ≤ 1, then the curve (x(t), 
y(t)) has a finite k-dimensional measure k = 2 
– (δ + δ' – 1)/δ. In 1945, Klein constructed a 
curve (x(t), y(t)) for which the dimension k = 2 – 
(δ + δ' – 1)/δ is really attained.

If

1
( ) ( ),s

n n
n

g x xλ ϕ λ−

≥

=∑  (97)

where 0 < s < 1 and {λn} is a sequence of  positive 
numbers satisfying the conditions λn+1/λn → ∞ 
and log(λn+1)/log (λn) → 1 as n → ∞, then D = 
2 – s.

However, it is difficult to accurately determine 
the value of  D for the Weierstrass function (72) 
and sequence (80). It is believed that in both 
cases

log2 .
log

aD
b

= +  (98)

This value seems to be quite reasonable, since 
Hardy showed in 1916 that if  ξ = – (loga)/(logb) 
< 1, then W(x + h) – W(x) = O(|x|ξ) and W(x + 
h) – W(x) ≠ o(|x|ξ), for any value of  x.
2.12. nondifferentiable functions and 
chaotic mappinGs

Based on [58,77,110], we present some 
information about chaotic mappings. Consider a 
one-dimensional dynamical system described by 
a one-dimensional logistic map (Verhulst map):

( ) 4 (1 )y x x x= −   (99)
on the unit interval I. It is well known that the 
n-fold iteration yn can be expressed as

( )2( ) sin 2 arcsin .n ny x x=  (100)

Here yn(x) means the nth iteration of  the 
function y(x), not the nth power of  y(x). In 
1983, Japanese mathematicians (Yamaguchi 
and Hata) first proposed to combine yn 
with the Weierstrass function (72). In this 
case, the final dependence is obtained

( )
1

1

0

( , ) ( )

1 1 cos 2 arcsin ,
2(1 ) 2

n n

n

n n

n

F a x a y x

a x
a

≥

+

≥

= =

= −
−

∑

∑
 (101)

and the generating function F(a,x) is nowhere 
differentiable for 1/2 ≤ a <1.

Similarly, we find
1

0 0
( , ) ( ) (2 )n n n nò

n n
F a x a x a xϕ ϕ −

≥ ≥

= =∑ ∑ for x ∈  I. (102)

When considering (101) and (102), the 
question arises as to what types of  functions 
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ω: I → I cause the nondifferentiability of  their 
generating function

0
( , ) ( )n n

n
F a x a xω

≥

=∑  (103)

given x. The answer to this question is given by 
the theorems given in [110].

Weierstrass function (72) for b = 2 can also 
be represented as

0 0
cos(2 ) cos( ( )).n n n n

n n
a x a xπ πϕ

≥ ≥

=∑ ∑  (104)

Consequently, the Weierstrass function and 
series (80) for b = 2 are special cases of  the series

0
( , ) ( ( )),n n

n
F a x a g xϕ

≥

=∑  (105)

where F(0, x) = g(x) is a smooth function on the 
unit interval I.

Series (105) is the only continuous solution 
to the functional equation

( , ) ( , ( )) ( ).F a x aF a x g xϕ− =  (106)
For series of  type (105), a replacement operator 

Sω was introduced in the form
( )( ) ( ( )),S f x f xω ω=  (107)

for x ∈ I. In this case, series (105) is written as
1

0
( , ) ( ) ( ) ( ),n n

n
F a x a S g Id aS gϕ ϕ

−

≥

= = −∑  (108)

where the operator (Id – aSφ)
-1 is known as the 

resolvent of  the operator Sφ.
Therefore, the operator (Id – aSφ)

-1 maps g0(x) 
= cosπx to the Weierstrass function, and g1(x) 
= x to series (80) for b = 2, i.e. it maps some 
smooth function onto a function that is not 
differentiable anywhere. Further mathematical 
formalism of  the replacement operator is 
beyond the scope of  our description and is 
presented in detail in [110].

Takagi function (79) and series (102) are 
special cases of  a function of  the form

0
( ) ( ).n n

n
f x c xϕ

≥

=∑  (109)

Although there are no simple functional 
equations that the series (109) as a whole 
must satisfy, it is possible to obtain a family of  
differentiable equations whose only solutions 
are this series. It is appropriate to denote the set 

of  lattice sites {(n, m); 0 ≤ n ≤ 2m–1 – 1, m ≥ 1} as 
Ω. Then the sought equations are

1 1

2 1 1 1
2 2 2 2 mm m m

n n nf f f c− −

+  +      − + =      
      

 (110)

for all (n, m) ∈ Ω and boundary conditions 
f(0)  = 0 and f(1) = c0.

Note that the left-hand side of  (110) is 
essentially a central difference scheme for f. We 
can consider the modified equation (110) in the 
form

1 1

2 1 1(1 )
2 2 2m m m

n n nf f fα α− −

+ +     = − +     
     

 (111)

with the boundary conditions f(0) = 0 and 
f(1) = 1, where 0 < α < 1 is a constant. Then 
the only continuous solution (111) satisfies the 
following functional equation:

1(2 ),                  0 ,
2( )

1(1 ) (2 1) ,  1.
2

f x x
f x

f x x

α

α α

 ≤ ≤=
 − − + ≤ ≤


 (112)

Expression (112) is a special case of  the 
functional de Rham equation, which proved the 
following

Theorem 6 (de Rum, 1957). Suppose that F0 
and F1 are contraction maps to Rn. Then the functional 
equation

0

1

1( (2 )),      0
2( )

1( (2 1)),   1
2

F f x x
f x

F f x x

 ≤ ≤=
 − ≤ ≤


 (113)

has a unique continuous solution if  and only if  F0(p1) = 
F1(p0), where p0 and p1 are the only fixed points for F0 
and F1, respectively.

Moreover, de Rham showed that a solution 
L(α, x) of  the form (112) is strictly monotonically 
increasing, and its derivative vanishes almost 
everywhere if  α ≠ 1/2.

Functions of  this kind are known as the 
Lebesgue singular functions fα(x). From (112) for the 
values α = β = a and g(x) = cosπx, the Weierstrass 
function is obtained; for α = β = 1/2 and g(x) = 
|x – [x + 1/2]| – Takagi function; for β = 1 
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– α, g(x) = αθ(x – 1/2) is the singular Lebesgue 
function fα(x), when θ is a step function.

For the solution of  L(α, x), the following 
expression was also obtained:

2 1
( ) ( )

,
0 0

1( , ) (1 ) ( ),
2

n

n m p m p
p n

n p
L x x S xα α α α

−
−

≥ =

 = + − − 
 

∑∑  (114)

where 
1

( ) [ / 2 ]n
n

m p p p
≥

= −∑  and

,
1 2 1( ) 2 2 .

2 2 2
n

p n n n n

p p pS x x x x + + 
= − + − − − 

 
 (115)

From formula (114), one can obtain the exact 
interdependence between the Takagi function 
(79) and the solution to equation (112) in the 
form:

1 , 2 ( ).
2

L x T x
α
∂   = ∂  

 (116)

Expression (114) is also applicable for the 
complex parameter { }; 1, 1 1z z zα ∈ < − <  
and gives a continuous solution for (112). In 
particular

2 1
( /2) 1

,
0 0

1 ,
2 2

2 ( )exp ( 2 2 ( ))
4

n

n
p n

n p

iL x x

iS x n m pπ−
− −

≥ =

 + = + 
 

 + + −  
∑ ∑

 (117)

defines the fractal curve, which was investigated 
by P. Levy in 1938.

De Ram showed in 1957 that the solution of  
the conjugate equation (112), i.e.

(2 )
( )

(1 ) (2 1) 1/ 2 1.

f x
f x

f x x

α

α α

= 
− − + ≤ ≤

 (118)

is the Koch curve if 1/ 2 ( 3 / 6)iα = +  and the 
close-packed Polya curve if  α = 1/2 + i/2. The 
corresponding difference equations for (118) are 
a special case of  the system written in the form:

1 1 1

1 1 1

4 1 1(1 )
2 2 2

,
4 3 1(1 )
2 2 2

m mm m m

m mm m m

n n nR R R

n n nR R R

λ λ

µ µ

+ − −

+ − −

 + +     = − +           


+ +      = + −           

 (119)

for all ( , )n m ∈Ω  and boundary conditions R(0) 
= 0 and R(1) = 1, R(1/2) = α, where 0 < λm ≤ 
μm < 1 and m ≥ 1 are constants. Indeed, under 
the condition λm = |α|2 and μm = 1 – |1 – α|2, 
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the continuous solution (119) also satisfies 
(118). Equations (119) have a unique continuous 
solution if  1 1

0 inf sup 1.n nn n
λ µ

≥ ≥
< ≤ <

It is clear that the curve R(I) lies in a triangle 
with vertices 0, 1 and α. In the case λn < μn for n 
≥ 1 the curve R(I) becomes the Jordan curve, and 
for λn = μn and n ≥ 1 it becomes the Peano curve. 
The two-dimensional Lebesgue dimension of  
the curve R(I) is given by the expression

1

Im (1 ) / 2.n n
n

α λ µ
≥

 
− − 

 
∏  (120)

Thus, with an appropriate choice of  {λn} and 
{μn}, the positive domain of  the Jordan curve 
can be regarded as the only solution to (119).
2.13. theorems on the construction of 
fractal sets

Two methods are widely used to construct self-
similar fractal sets in the space Rp [58,77,110]. 
The first, adopted by Decking in 1982, uses 
endomorphisms of  symbols in free groups, and 
the second, Hutchinson's method, is based on 
the use of  a system of  iterative functions, i.e. 
on the set of  contraction maps. It should be 
borne in mind that the result of  using iterative 
functions (attractor) is not always a fractal. In 
general, it can be any compact.

As noted above, the mapping F: Rp → Rp will 
be contracting if  there is a constant λ ∈ (0, 1) for 
which || ( ) ( ) ||  || ||F x F y x yλ− ≤ −  for all x, y ∈ 
Rp. The smallest λ is the Lipschitz constant F and 
is denoted by Lip(F). The only fixed point F is 
denoted here by the symbol Fix(F).

Then the following is true
Definition 1.1 (Hutchinson). A non-empty 

subset X from Rp is invariant under the set m contracting 
mappings F1, F2, ..., Fm if  X satisfies the equality

1 2( ) ( ) ... ( ).mX F X F X F X=     (121)

For the set of  contracting mappings F1, ..., 
Fm, one can define the mapping

1 2( ) ( ) ( ) ... ( )mX F X F X F XΦ =     (122)

for an arbitrary subset X from Rp. Obviously, the 
sequence (122) converges to the fixed point Φ. It 
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is also necessary to pay attention to the following 
result.

Theorem 7 (Williams, Hutchinson). For the 
set of  contracting images F1, ..., Fm, there is a unique 
nonempty compact invariant set K. For an arbitrary 
nonempty compact subset X from Rp, the system Φn(X) 
converges in the Hausdorff  metric to K as n → ∞.

Also studied was the modification (121) of  
the inhomogeneous form

1( ) ( ) ... ( ) ,mX X V F X F X VΦ= ∪ = ∪ ∪ ∪  (123)

where V is a given compact subset of  Rp. 
Moreover, it was shown that there is a unique 
non-empty compact solution X satisfying (123). 
The following result is obtained.

Theorem 8 (Hata). Suppose that F1, ..., Fm are 
continuous mappings such that the set 0 ( )n

n X≥ Φ  is a 
precompactum for any compact set X. Then the following 
statements (a) and (b) are equivalent: 
(a) - there is a unique solution (123) for any compact set V;
(b) - Ф has a unique fixed point.

From the definition of  the Hausdorff  
dimension of  an invariant set, we have the 
following theorem.

Theorem 9 (Marion, Hutchinson). Suppose 
that each contracting map Fj, 1 ≤ j ≤ m, is a composition 
of  stretch, rotate, translate, and flip operations. Suppose 
further that there is an open set U satisfying Ф(U) ⊂  U 
and Fi(U) ∩  Fj(U) = ∅ , for i ≠ j. Then s, the dimensional 
Hausdorff  measure of  the invariant set K, is finite and 
positive, that is, dimH(K) = s, where s is defined by Lip(F1)

s 
+… + Lip(Fm)s = 1.

For connected invariant sets, we have the 
following theorems.

Theorem 10 (Williams). Let Lip(F1) + … + 
Lip(Fm) < 1, and each Fj is injective. Then K is completely 
disconnected and perfect.

Recall that an injective mapping (injection) of  a set 
A into a set B is a one-to-one mapping f: A → B.

To study the connectedness of  invariant sets, 
we can introduce the structure matrix MK = (mij) of  
the set K in the form:

1    ( ) ( )
0  

I J
ij

if F K F K
m

in all other cases.
=∅

=




 (124)

Then there is
Theorem 11 (Hata). An invariant set K is 

connected if  and only if  its structure matrix MK is 
irreducible. Moreover, if  K is connected, it is also a locally 
connected continuum and path-connected.

If  two contracting mappings F1 and F2 satisfy 
the equality F1(Fix(F2)) = F2(Fix(F1)), then we 
can introduce a parametrization of  the invariant 
set K using Theorem 6. Indeed, let f(x) be a 
continuous solution to (113). Then

1 2

1 1( ) 0, ,1
2 2

( ( )) ( ( )).

f I f f

F f I F f I

      = =            
=





 (125)

Therefore, f(I) is a compact invariant set for F1 
and F2, so K = f(I), as required. Taking this into 
account, we have proved the following statement.

Theorem 12 (Hata). Let f(x) be a continuous 
solution to (113). Then,
(a) – if  Lip(F1)·Lip(F2) < 1/4, then the Frechet 
derivative f  vanishes almost everywhere;
(b) – if  each Fj is a homeomorphism and Lip(F1

-1)·Lip 
(F2

-1) < 4, then f  is not Frechet differentiable almost 
anywhere; moreover, if  Lip(Fj

-1) < 2, for j = 1,2, then f  
is nowhere differentiable.

Note that the above results generalize Lax's 
theorem [110]. With such a parametrization, it 
is easy to obtain the well-known classical Peano 
curve, constructed by him in 1890, by Hilbert in 
1891, and by Polya in 1913, using certain affine 
transformations in the space R2.

In conclusion, we note that, despite a significant 
number of  works on nondifferentiable (fractal) 
functions and corresponding sets and mappings, 
it is too early to talk about the creation of  their 
modern integral theory. Moreover, interest in 
them is currently growing significantly.
2.14. classic fractal curVes and sets

We begin our consideration with the Cantor set 
("Cantor dust"), named after G. Cantor, who 
discovered it in 1883. The construction of  the 
classical Cantor dust (Fig. 6) begins with the 
removal of  the middle part of  the segment, i.e. 
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open interval (1/3, 2/3). This is the first step in 
the iterative procedure. In the next and all other 
steps, we delete the middle third of  all segments 
of  the current level. The limit set C, which 
represents the intersection of  all sets Ci, I = 0, 1, 
2, ..., is called the classical Cantor dust.

Cantor dust is a fractal of  dimension D = 
ln2/ln3 ≈ 0.6309. The sum of  all the lengths of  
the intervals removed when constructing the set 
C is exactly 1. The total "length", or measure, of  
the remaining set is equal to zero. However, the 
remaining "dust" still contains innumerable dots. 
Formally, a Cantor set is defined as completely 
discontinuous, closed, and perfect. It can be 
used to construct a continuous fractal function 
by integrating a suitable distribution function 
given on a Cantor set. Then we get a fractal 
function called "devil's ladder". In particular, 
such functions play a very noticeable role in the 
theory of  oscillations in describing frequency 
synchronization, when the so-called "Arnold 
tongues" arise.

Another completely non-intuitive 
consequence of  Cantor sets is the equivalence of  
two-dimensional domains and one-dimensional lines. 
Two sets are equivalent if  there is a one-to-one 
correspondence between them. For example, 
the unit square and the unit line segment 
are equivalent: each point of  the unit square 
corresponds to one point of  the unit line and 
vice versa. In this regard, Kantor wrote: "I see, 
but I do not believe."

Who would have thought that such 
contradicting common sense mathematical 
constructions, invented only to convince 

skeptics of  the possibility of  the existence of  
uncountable sets of  zero measure, would become 
one of  the central concepts and find practical 
application? Meanwhile, Cantor sets later turned 
into almost ideal models for many branches of  
modern natural science - from strange attractors 
to the distribution of  galaxies in the Universe. 
It is appropriate in this connection to quote the 
statement of  W. Hilbert: "No one can expel us from 
the paradise that Cantor created for us."

Fractal functions are non-differentiable functions. 
They originated over a hundred years ago. 
The scientific community of  the past called 
them "monsters" (often adding the epithet 
"pathological"), of  interest only to those 
specialists who are characterized by mathematical 
quirks, but not to professional scientists. This 
was perceived as the destruction of  mathematics: 
S. Hermite wrote to T. Stieltjes in 1893: “I turn 
away with horror and disgust from this growing ulcer of  
functions that have no derivatives”.

However, the time of  mathematicians' faith 
in the inseparability of  the connection between 
continuous functions and their differentiability 
has expired (see paragraphs 6-10). From the 
standpoint of  modern science, a function without 
a derivative is not at all an abstract concept, but the 
trajectory of  a Brownian particle. In the arsenal 
of  mathematics, there was also an analytical 
apparatus for describing such objects. The 
place of  the usual dimension was taken by the 
Hausdorff  dimension, and the place of  derivatives 
was taken by the fractional derivative (see item 4). In 
1906, J. Perrin stated that "curves without tangents 
are a general rule, and smooth curves, such as a circle, are 
an interesting but very special case."

The curve in Fig. 7 was originally described 
by Helge von Koch in 1904. Every third of  the 
curve is constructed iteratively, starting with a 
line segment (initiator). Let's remove the middle 
third and add two new line segments. The result 
of  this construction is called a generator. The 
length of  the generator is 4/3 of  the length of  
the initiator. We repeat this procedure many 
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Fig. 6. Construction of  the Cantor set.
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times, at each step replacing the middle third 
with two new segments. In the limiting case, the 
nowhere nondifferentiable Koch curve is a line 
of  infinite length with fractal dimension D = 
ln4/ln3 ≈ 1.2618.

Applying the von Koch generator to an 
equilateral triangle, through an infinite number 
of  iterations, we arrive at the von Koch 
snowflake (Fig. 8). In the limit, this curve also 
has infinite length, limiting an area equal to 8/5 
of  the area of  the original triangle. The von 
Koch snowflake does not cross itself  anywhere. 
If  the triangles are built inward, and not outward, 
then a curve is obtained - an anti-snowflake, its 
perimeter is infinite, and it limits an infinite set 
of  disconnected regions, with a total area of  2/5 
of  the area of  the original triangle.

Deterministic fractals, called the Sierpinski 
napkin and carpet or Sierpinski curves (1915), 
are obtained by sequentially cutting out triangles 
(Fig. 9a) or squares (Fig. 9b).

In the limit, at the Sierpinski napkin, the black 
areas disappear, and the full perimeter of  the 
holes tends to infinity. Thus, in the process of  
constructing the napkin, an area exactly equal to 
the area of  the original triangle will be excluded. 
The fractal dimension of  the Sierpinski napkin is 
D = ln3/ln2 ≈ 1.5849. One more property of  the 

Sierpinski napkin can be noted. For Euclidean 
bodies in n-dimensional space, the volume 
V is proportional to Rn, where R is a certain 
characteristic size of  the body. The surface area 
S changes in proportion to Rn-1, therefore S ∝  
V(n-1)/n. However, for a Sierpinski napkin, the 
area and length of  the edges are proportional to 
each other: S ∝  V!

The Sierpinski napkin combines self-
similarity with rotation symmetry. The shape 
of  the Sierpinski napkin does not change when 
it is rotated through an angle multiple of  120°. 
Symmetry data (infinite scaling and rotation 
through a finite angle) are observed in well-
known paintings by Maurice Escher. Two-
dimensional and three-dimensional analogs of  
the Sierpinski napkin model many natural and 
man-made structures (for example, the Eiffel 
Tower in Paris). For the Sierpinski carpet, D = 
ln8/ln3 ≈ 1.8928, i.e. it is, in a sense, less leaky. 
The Sierpinski carpet is an analogue of  a Cantor 
set on a square. The Sierpinski curve consists 
entirely of  branch points alone.

The Koch snowflake and other fractal 
curves on the plane are united by the fact that 
their dimension lies in the range 1 < D <2. The 
question arises, is there a curve of  dimension 
2? This question was resolved by D. Peano in 
1890. The Piano curve in the limit fills the square 
so densely that its D = 2. At the same time, the 
Peano curve is a graph of  a continuous function. 
Nevertheless, at no point can a tangent be drawn 
to it, since at any moment in time we do not know 
the direction in which the point is moving. The 
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Fig. 7. Construction of  the Koch curve.

 

Fig. 8. Construction of  the Koch snowflake.

 

Fig. 9. Construction of  napkins (a) and carpet (b) Sierpinski.
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concept of  the Peano curve is not intuitive, but 
originally arose from purely analytical reasoning.

W. Hilbert in 1891 proposed a simple 
method for constructing a Peano curve with two 
endpoints. In Fig. 10 shows the first four steps 
of  his recursive procedure. At the limit, the curve 
starts and ends at the top vertices of  the square.

A variant of  constructing a closed Peano 
curve belongs to Sierpinsky and is shown in 
Fig. 11. In each of  the options, the limit curve 
has an infinite length and completely fills the 
square. The approximate curves limit the areas, 
which tend to 5/12 in the limit, but for the graph 
of  the limiting function, the difference between 
the inner and outer parts of  the square loses its 
meaning.

Peano curves easily generalize to higher 
topological dimensions and can fill cubes and 
hypercubes. Hilbert's constructions have found 
interesting applications in information theory 
in Gray codes. Several ways to scan an image in 
television use the Hilbert algorithm. The point 
is that points adjacent in time along the "Hilbert 
sweep" are adjacent in space and on the scanned 
image, which simplifies its processing.

The Sierpinski carpet satisfies Uryson's 
definition of  a line. Therefore, any Cantor 
curve, being homeomorphic to a subset of  the 
Sierpinski carpet, is also one-dimensional and is 
a line in the sense of  P.S. Uryson. Conversely, if  
a flat continuum is one-dimensional, then it will 
be a Cantor curve.

There are lines that are not homeomorphic 
to any subset of  the plane. At the same time, 
by Menger's theorem, any line is homeomorphic 

to some subset of  three-dimensional Euclidean 
space. More general is the Nöbeling-Pontryagin 
theorem. In 1926, Menger constructed in ℜ
3 a one-dimensional continuum 3

1M , which 
topologically contains any line. This continuum 
is called the universal Menger curve.

The construction of  the universal Menger 
curve 3

1M  is as follows. A cube I3 with a single 
edge is divided by planes parallel to its edges into 
27 equal cubes with an edge 1/3. Then the inner 
cube and 6 adjacent cubes (cubes of  the first 
rank) are removed. The remaining set K1 consists 
of  20 cubes of  the first rank. Proceeding also 
with each of  the cubes of  the first rank, we 
obtain the continuum K2, consisting of  400 cubes 
of  the second rank. In the process of  infinite 
construction, we have a decreasing sequence of  
continua 3

0 1 2...,I K K K= ⊃ ⊃  the intersection of  
which is a one-dimensional continuum 3

1 .I The 
first steps in constructing the Menger curve are 
shown in Fig. 12.

We can say that the abstract constructions 
of  Cantor and Peano have provided us with 
models of  reality much more realistic than the entire 
Euclidean geometry of  integer exponents and 
smooth forms.

There are curves in which, in contrast to 
Peano's original construction, there are no self-
contact points. One example of  this kind is the 
Gosper curve. The initiator for it is a segment 
of  unit length, and the generator is shown in the 
upper right in Fig. 13. It consists of  7 sections, 
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Fig. 10. Peano's curve constructed by the Hilbert algorithm 

(left) and the first four iterations (right).

 
Fig. 11. The closed Peano curve constructed by Sierpinsky.
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each 1/ 7  long The dotted line denotes a 
triangular lattice, which serves as a kind of  
generatrix for this generator. The next three 
steps in the build process are shown in Fig. 13 
below.

The dimension of  the Gosper curve is D 
= 2. A distinctive feature of  this curve is that 
the boundary of  the region called the "Gosper 
island", which it fills in the limit, is itself  fractal 
with D ≈ 1.1291. These islands can be used for 
continuous plane coverage as they fit perfectly 
together. Moreover, seven such islands, docked 
so that one is in the center and six around it, 
again form the island of  Gosper, three times 
larger. Of  regular polygons, only a square has 
this property.

Let's give another example of  the Peano curve 
– a fractal called "Harter-Hatway's dragon". The 
first four steps of  its construction are shown at 
the top of  Fig. 14. Each of  the segments in the 
next step is bent at right angles. The fold direction 
is alternating. After each step, the number of  
segments is doubled, and the length of  each 

RADIOLOCATION

segment decreases in 2 . Therefore, in the limit 
D = 2. The shape of  the resulting unusual figure 
is shown at the bottom of  Fig. 14 for 12th and 
16th dragon generations. The dragon curve is 
self-similar.

Consecutive central folds precisely fit a 
logarithmic spiral, which itself  is one of  the main 
smooth self-similar objects, and has practical 
application in the design of  broadband antennas 
for a variety of  radio systems [57,58,62,65]. 
Nature also uses the self-similarity of  the 
logarithmic spiral, for example, the self-similar 
shell of  the multichamber mollusk Nautilus.

It is amazing that a fairly simple algorithm 
leads to such an unusual figure as a dragon. The 
biological subtext inherent in the name of  the 
curve makes one wonder: is it not encoded in 
genes in a similar way information about the 
shapes and sizes of  existing living organisms?
2.15. methods for the synthesis of fractals 
and fractal sets on the complex plane

When modeling deterministic fractals, special 
methods are used, such as systems of  L-functions 
and systems of  iterated functions (IFS) [28, 29, 
57, 58, 62, 115].

The concept of  L-systems appeared in 1968 
thanks to A. Lindenmayer. L-systems were first 
introduced in the study of  formal languages and 
were also used in biological breeding models. 
For the graphical implementation of  L-systems, 
turtle-graphics are used as an inference subsystem. 
A deterministic L-system formally consists 

 
Fig. 12. Construction of  the universal Menger curve.

 
Fig. 13. Generator of  the Gosper curve and its iterations.

 

Fig. 14. The first four stages of  the construction of  the 
"Harter-Hatway dragon" (a) and its subsequent outlines.

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS



274

No. 3 | Vol. 13 | 2021 | RENSIT

RADIOLOCATIONALEXANDER A. POTAPOV

of  an alphabet, an initialization word called an 
axiom or initiator, and a set of  generating rules 
(generator).

One of  the deepest and most remarkable 
advances in the construction of  fractals is the 
system of  iterated functions. The mathematical 
foundations were developed by J. Hutchins 
(1981), and the method itself  became widely 
known thanks to M. Barkley (1988). A 
system of  iterated functions is a collection 
of  affine transformations. As you know, affine 
transformations include scaling, rotation, and 
parallel translation. There are two approaches 
to implementing IFS: deterministic and 
randomized. The deterministic algorithm produces 
attractive images, but requires processing large 
arrays of  zeros and ones. In a randomized algorithm, 
the initial set contains only one point. At each 
step, only one affine transformation is used from 
the entire set of  transformations that define the 
IFS. This transformation is chosen at random.

Nonlinear algorithms for constructing 
fractals use iterations on a complex plane of  
the form 2

1 ,n nz z c+ = +  where c is some complex 
constant that is a control parameter. The 
apparent simplicity of  this process is in no way 
comparable to the stunning beauty and variety of  
those fractal structures that arise in this process. 
In 1879 Sir Arthur Cayley posed the problem 
of  iterating complex functions. The theory of  
iterations on the complex plane was described 
in 1918 by G. Julia (1893-1978), who was then 
in the hospital after being wounded at the front 
during the First World War. Both his work and 
the work (1919) of  his contemporary and rival 
P. Fatou (1878-1929), were soon consigned to 
oblivion. As noted in [28], the most significant 
and impressive contribution was made by Fatou 
himself, but Julia made him strong competition 
and had some advantages associated with his 
status as a wounded war hero. In 1918, Julia 
received the "Grand Prix of  Mathematical 
Sciences" from the Paris Academy of  Sciences 
for his work.

The studies of  P. Montel, D. Sullivan, B. 
Mandelbrot, J. Milnor and others have again 
drawn attention to their theory. The intellectual 
achievements of  G. Julia and P. Fatou are also 
notable for the fact that they had to rely entirely 
on the imagination. Computers have made visible 
what could not be depicted during the years of  
the creation of  this theory. Visual computer 
results exceeded all expectations.

Julia sets are fractal boundaries arising in 
the process of  iterating a quadratic complex 
transformation that preserves angles, i.e. 
conformal transformation. The variety of  border 
shapes depends only on the control parameter 
c. For some values of  c, the Julia sets are 
connected (Fig. 15), and for other values, they 
are completely disconnected and represent 
dusty Cantor sets (Fatou dust - Fig. 16).

It turned out that absolutely all values of  the 
parameter c for which the Julia set is connected 
belong to the Mandelbrot set (M-set), discovered in 
1980. The Mandelbrot set is shown in Fig. 17 as 
the blacked-out portion of  the complex C-plane.

From an arbitrary point of  the set M one can 
get to any other point without leaving the set M, 
i.e. the Mandelbrot set is connected (Douady and 
Hubbard 1982). This is not just a bizarre form that 
seems beautiful to someone, but ugly to someone; 
it embodies, more general than Feigenbaum's 
universality, the principle of  the transition from order 
to chaos. The subtle mathematical web of  the 
Mandelbrot set continues to awe even seasoned 
professionals. The complexity of  the M-set is a 
reminder that complexity in many natural phenomena 
can be a consequence of  simple laws.

 
Fig. 15. Julia set.
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If  we take the values of  the constant c outside 
M, then the only attractor will be infinity, i.e. the 
point representing the iteration process goes to 
infinity. Then Julia's multitude disintegrates into 
Fatou dust. This dust becomes finer and finer 
with distance c from M. If  point c is near the 
boundary of  M, then the dust forms fascinating 
figures, examples of  which are shown in Fig. 17 
and Fig. 18. These figures are always fractal, self-
similar and carry chaotic dynamics.

The most remarkable feature of  the 
Mandelbrot set is that it serves as an infinitely 
efficient storage of  images (Tang Lei, 1984). 
With an increase in the Mandelbrot set, in the 
vicinity of  its boundary point c, forms appear 
that are Julia sets.

All fractals discussed above were deterministic. 
The construction of  random fractals is not reduced 
to random perturbations of  deterministic fractals. 
On the contrary, a random nature is inherent in 
them initially, which is associated with random 
processes. The main model for constructing 
random fractals is fractal Brownian motion. The 
existence of  a fractal Brownian motion was 
proved by B. Mandelbrot and Van Ness in 1968. 

This process was implicitly considered by A.N. 
Kolmogorov in 1940.

The method of  random perturbations is sometimes 
used. For a randomized Koch snowflake, equilateral 
triangles are added, randomly facing both inward 
and outward. In a randomized Sierpinski napkin, 
any of  the triangles are randomly removed 
during construction. Sometimes, randomization 
of  the lengths of  the intervals removed when 
constructing the Cantor set is used. Summarizing 
what has been said, it can be noted that random 
fractals are combinations of  generative rules chosen 
at random on different scales. In this case, in the 
iterative procedure, you can randomly change its 
parameters.
2.16. hurst exponent of random processes

In fractal processing of  samples ξ(t) of  a random 
process and time series, the normalized range 
method or the Hurst method [57,58,62,89,115] is 
currently often used. In this case, such processes 
are characterized by the Hurst exponent or the 
codimension H. To calculate the Hurst exponent 
H of  a one-dimensional sample, it is necessary 
to calculate its normalized range R/S. For all 
kinds of  random processes, this value obeys the 
following empirical relationship:

/ ( / 2) .HR S τ=  (126)
In formula (126), the expression

11
( ) max ( , ) min ( , ),

tt
R X t X t

ττ
τ τ τ

≤ ≤≤ ≤
= −  (127)

the maximum range of  amplitudes of  a random 
process in the sample under consideration,

1
( , ) { (u) }

t

u
X t

τ
τ ξ ξ

=

= −∑  (128)

deviation of  ξ(u) from the mean,

 
Fig. 16. Fatou set.

 

Fig. 17. Mandelbrot set.

 

Fig. 18. Fatou set.
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1

1 ( )
t

t
τ

τ
ξ ξ

τ =

= ∑  (129)

average value over the interval τ,
1/2

2

1

1 ( )
t

S t
τ

τ
ξ ξ

τ =

  = −   
∑  (130)

root-mean-square deviation, t – discrete time 
with integer values, τ – duration of  the considered 
time interval.

It should be noted that the Hirst method is 
an extremely robust method. It does not have an 
initial assumption of  Gaussian distributions.

From relation (126), the value of  the Hurst 
exponent H is determined by logarithm. For 
a one-dimensional reflected signal, the fractal 
dimension D, which characterizes its structural 
properties, under the condition 0 ≤ H ≤ 1, is 
related to the Hurst exponent as follows:
 D = 2 – H.      (131)

In the case of  a two-dimensional process 
(image) with parameter H, relation (131), which 
determines the fractal dimension D, must be 
written in the form:
 D = 3 – H.      (132)

It is well known [57,58,62,89,115] that the 
case
 1/2 < H <1      (133)
corresponds to a persistent process (a process that 
preserves the observed tendency of  an increase 
or decrease in instantaneous amplitudes in a 
sample, i.e., a process with memory). At the 
same time, trends in the process under study 
are obvious. This is true on average and for 
arbitrarily large time intervals t, when the time 
series becomes less noisy.

Happening
0 < H <1/2      (134)
corresponds to an antipersistent process (in this 
case, an increase in the amplitudes of  the signal 
envelope in the “past” means a decrease in the 
“future”, and vice versa). The antipersistent 
H value characterizes a system that is more 

susceptible to change. This type of  system is 
often referred to as “Return to Mean”.

The value H = ½ corresponds to the classical 
Brownian motion, which is a Markov process. The 
structural functions of  a random process are 
also used to estimate the Hurst parameter. In 
practice, it is believed that the Hurst exponent 
can be estimated fairly accurately using a sample 
of  about 2500 measurements [57,58].

In the case of  fractal analysis of  signals, in 
the general case, it is necessary to construct 
graphs of  the dependence of  the variance of  
the signal or its structure function on a double 
logarithmic scale. If  the obtained dependence is 
sufficiently well approximated by some "straight 
line" on a large number of  time scales, then 
the tangent of  its slope can be used to find 
the value 2H (when analyzing the time course 
of  the signal dispersion) or the value H (when 
the structure function is analyzed). The linear 
section of  the obtained experimental "straight 
line" will determine the scaling region of  the 
process under study.

For fractal processes describing one-
dimensional generalized Brownian motion with 
codimension 0 < H < 1, the spectral power 
density G(f) has a fractal form [57,58]:

1( ) ,   =2 +1.G f a H
f α=  (135)

The use of  the H exponent in radiophysical 
problems is briefly presented in Section 2. These 
issues are related to the circle of  general issues 
of  the evolution of  open radiophysical systems 
with a change in external parameters and the 
appearance of  a chaos regime and bifurcation 
points, i.e., to solving urgent problems of  an 
adaptive scheme of  a fractal detector radar 
signals, which is also shown in clause 2.
2.17. fox functions and processes in 
fractal enVironments

The application of  the apparatus of  Fox 
functions [116] when considering the processes 
of  relaxation and diffusion in media with 
fractal dimension, characterized by an equation 
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of  diffusion type with fractional derivatives 
with respect to coordinates and time, will be 
demonstrated on the basis of  the results obtained 
in [22]. Because of  fractality – in contrast to the 
standard diffusion equation, when the particle 
flux and /j tρ∂ ∂ , 2 2/j xρ∂ ∂

 – is violated 
due to self-similarity, the locality of  such 
connections. The flow value begins to depend on 
the prehistory of  the process – the concentration 
values at earlier points in time:

0

( ) ( ) ( , ) ,
t

j t K t d
t

ρ τ τ τ∂
≈
∂ ∫  (136)

those. diffusion and relaxation processes become 
non-Debye.

In formula (136), the kernel K(t, τ) includes 
the fractal dimension D of  the medium and in 
the stationary mode depends on the difference 
of  the arguments. At the same time, K(t, τ), when 
replacing a fractal medium with an ordinary one, 
must satisfy the standard diffusion equation. The 
simplest such kernel is the power function К(t – 
τ) = (t – τ)–v(D) with the exponent depending on 
the fractal dimension of  the diffusion space D. In 
this case, the right-hand side of  (136) coincides 
in structure with the definition of  the fractional 
derivative Riemann-Liouville (36) of  order 0 < v 
< 1, i.e. ( ) ( ) / .v vj x,t x,t tρ∂ ∂  At the same time, 
due to the complexity and entanglement of  the 
particle trajectories, the derivative with respect 
to the coordinate (gradient) becomes fractal and 

2 2/ .v vj tρ∂ ∂  The equations of  non-Debye 
diffusion and relaxation take the following form, 
respectively:

2

2 2

1,  ,
v v

v vD
t x t

γ

γ γρ ρ ρ ρ
τ

∂ ∂ ∂
= = −

∂ ∂ ∂
  (137)

where 0 < v < 1, 1 < 2γ ≤ 2 [57,58].
Diffusion-relaxation processes investigated 

in [22] are described in the one-dimensional case 
by the equation

2

2

1 ,
v

v vD
t x

γ

γρ ρ ρ
τ

∂ ∂
= −

∂ ∂
  (138)

and for their solution the above mathematical 
apparatus of  Fox functions is used.

Acting on the right and left sides of  Eq. (138) 
by the fractional integral operator (30) in the 
form

0 1
0

1 ( ) ,
( ) ( )

t
v

t v

g tD g dt
v t t

−
−

′
′=

′Γ −∫  (139)

we get
2

0 0 2

1( , ) ( ) ( , )v
t vx t x D D x t

x

γ

γρ ρ ρ
τ

−   ∂ − = −  ∂   
  (140)

under the initial conditions 0 0( ) | ( ).tx,t xρ ρ= =  
Fractional differentiation (140) using the 
operator 0

v
tD  under the condition 0 0 1v v

t tD D =  
gives

{ }
2

0 0 2

1( , ) ( ) ( , ).v
t vD x t x D x t

x

γ

γρ ρ ρ
τ

 ∂
− = − ∂ 

  (141)

Next, you need to use the Fourier transform 
in relation to the spatial coordinate and the 
Laplace transform 

0

( , ) ( , ) exp( )k p k t pt dtρ ρ
∞

= −∫  in 
time. The Fourier amplitude ( , )k pρ  satisfies the 
equation

{ }0 0

2

ˆ ( , ) ( )

1 1ˆ ˆ( ) ( , ) ( , ).

v
t

v v

D k t x

D ik k t k t
T

γ

ρ ρ

ρ ρ
τ

− =

 = − = −  


 (142)

The action of  the fractional time derivative 
on a time-independent function 0 ( )xρ  is not 
equal to zero: 0 0 0 / (1 ).v v

tD t vρ ρ −= Γ − . For the 
image ( , )k pρ , we obtain the equation

1

0ˆ( , ) ( ).
1 ( ) v

pk p k
Tp

ρ ρ
−

−=
+

  (143)

Next, we represent ( , )k tρ  through the Fox 
function:

1,10
1,1

1 1/ ,1/ˆ( ) ( )( , ) ( ) ,
1 1/ ,1/

v vT k kk p H T k p
v vv

ρρ
 − 

=  − 
  (144)

and carry out the inverse Laplace transform

1,10
1,2

(0,1/ )( )ˆ ( , ) .
(0,1/ ), (0,1)

vk tk t H
vv T

ρρ
 

=  
 

 (145)

The solution to equation (140) has the form

0

1,1 2
1,2

1 ˆ( , ) exp( ) ( )
2

(0,1)1( ) .
(0,1), (0, )

v
v

x t dk ikx k

H t ik D
v

γ

ρ ρ
π

τ

∞

−∞

= ×

  × − −    
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 (146)
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We represent the function 1,1
1,2H  in the form 

of  a series and obtain the solution of  equation 
(140) in the form

2

0
0

1( , ) exp( )
2

( )
ˆ ( ) .

(1 )

nv v v

n

x t dk ikx

D ik t t
k

vn

γ

ρ
π

τ
ρ

∞

−∞

−∞

=

= ×

 − ×
Γ +

∫

∑


 (147)

Integral (146) is calculated explicitly in a 
number of  cases. For 1/τ = 0, formula (146) is 
reduced to the form

1 0

1,1 2 1/2
1,2

1 ˆ( , ) exp( ) ( )
2

(0,1)
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γ γ
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−∞
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For Fox functions, it is more convenient 
to use the sine (Fs) and cosine (Fс) of  the 
Fourier transform. Consider a particular case 

0 0ˆ ( ) ,k constρ ρ= =  0 0( ) ( ),x xρ ρ δ=  and let γ = 1 – ε, 
0 ≤ ε ≤ 0.5. After a series of  transformations 
[22], we obtain an exact solution of  equation 
(140) with 1/τ = 0 and the initial condition 

0 0 0( ) | ( ),tx,t xρ ρ δ= =  at 0.5 <γ <1:
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For γ = v = 1, after a series of  transformations, 
the solution to Eq. (149) coincides with the 
well-known solution to the ordinary diffusion 
equation.

The asymptotic expansion for the function 
( )x,tρ  as t → ∞ allows us to write:

[ ]0

0
12
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ˆ ( ) exp( ) , ,
( ) 1/
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For specific ones 0ˆ ( )kρ , explicit expressions 
can be obtained (150). Let 0 0ˆ ( ) ( ), 0.k k Dρ ρ δ= =  
Then

[ ]

( 1)1
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− ++∞
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−  = →∞ Γ − +  
∑

 (151)

and ( ) 1/ .vt tρ 

For 0 0( )k constρ ρ= =  and 1/τv, we are 
dealing with pure diffusion. The solution is 
given by expression (149) and the diffusion 
displacement of  the particle with time x ~ tv/2γ. 
For v = γ = 1, we obtain the well-known relation 
x2 ~ t. Approximate summation of  the series 
in n in (147) for large t, which is carried out by 
preserving a small number of  terms in the series 
in n and replacing the function Г (1 + vn) by the 
function (1 + n) as v → 1, allows one to obtain 
the asymptotics in t and for γ ≠ 1.
2.18. waVe equation and fractal media

The results of  studying a nonlinear equation 
of  the generalized wave equation type in fractal 
space, a particular case of  which are both the 
wave equation for a nonlinear medium and the 
nonlinear diffusion equation, are given in [23]. 
This equation describes the processes with the 
preservation of  temporal and spatial memory in 
the form

,

0 , ,

( , )

( , ) ( , ) , 0, 0,

v
t

x x

D x t

D D x t D x t vγ σ γ

ρ

ρ ρ γ
+

+ +

=

 = ≥ ≥ 


 (152)

where ,
v

tD+  and ,xDγ
+  are the fractional Riemann-

Liouville derivatives with respect to time and 
coordinate, x > 0; 0D  = const.

This equation differs from the nonlinear 
diffusion equation [57,58] of  the form

0( , ) ( , ) ( , )t x D t x t x
t x x

σρ ρ ρ∂ ∂ ∂ =  ∂ ∂ ∂ 
  (153)

with autowave solution
1/1

0 ( ) , 0v vt x x vt
σ

ρ ρ − = − ≤ ≤   (154)

by replacing time and space derivatives with 
fractional derivatives, considered as generalized 
functions. In this case, the boundary and initial 
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conditions of  Eq. (153) are preserved for 
(152), and ( )x,tρ  is considered as a generalized 
function.

Equation (152) describes the propagation 
of  electromagnetic waves in nonlinear fractal 
or weakly fractal (v ≈ 2, γ ≈ 1) media with an 
appropriate choice of  values of  v, γ, σ. With the 
addition of  nonlinear terms in terms ( )x,tρ , 
Eqn (152) will describe both nonlinear diffusion 
and self-organization processes [57, 58].

3. APPLIED ASPECTS OF THE METHOD
3.1. modern physical concept based on the 
theory of fractals and fractional operators

At present, there has been a noticeable increase 
in interest in understanding concepts such as 
simplicity and complexity, awareness of  the various 
unique features of  complex systems of  animate 
and inanimate nature, including dissipativity, self-
organization, fractality, scaling, heredity (non-
Markovness), non-Gaussianity, linear and nonlinear 
responses to external disturbances. One of  the main 
problems in analyzing signals produced by complex 
systems is the adequate parameterization of  the 
contributions that characterize the components of  
the signals under study. Typically, the features of  
complex systems are manifested at different spatio-
temporal scales. As is well known, stationary regimes 
and periodic motions have long been considered the 
only possible states. However, the discoveries of  the 
second half  of  the 20th century radically changed our 
understanding of  the nature of  dynamic processes. 
Now we realize that our world is not only nonlinear, 
but also fractal. At present, the lack of  traditional 
physical models is clearly felt.

Note that the main problems of  radiophysics 
include the issues of  radar detection of  high-speed, 
stealthy and small-sized objects near the surface of  
the earth and the sea, as well as in meteorological 
precipitation, which is an extremely difficult task 
for high-speed targets and unpredictable trajectories 
[1,17,39,65]. In addition, interference from the sea 
surface and vegetation is of  a non-stationary and 
multi-scale nature, especially at low grazing angles 
ϑ . Recently, more and more different types of  
unmanned aerial vehicles (UAVs) have appeared. 
Due to their small dimensions, as well as the use of  

plastics, fiberglass, polystyrene, even cardboard and 
other weakly reflecting electromagnetic waves in 
their designs, UAVs have a small effective reflectivity. 
The signal-to-noise ratio 2

0q  for the tasks listed 
above almost always fills the range of  negative (in 
decibels) values, i.e. 2

0q  < 0 ... 1 dB.
As is well known, in experiments on the scattering 

of  meter, decimeter, centimeter and millimeter waves, 
researchers faced questions of  the legitimacy and 
applicability of  Gaussian models. Soon, numerous 
artificial attempts began to create scattering models 
in order to increase the level of  the "tails" of  the 
probability distributions of  the amplitudes of  the 
reflected signals.

All this makes classical radar methods and 
detection algorithms difficult to apply, i.e. the use 
of  energy detectors (when the likelihood ratio is 
determined exclusively and only by the energy of  the 
received signal) becomes fundamentally impossible. 
The detection of  low-contrast objects against the 
background of  the above natural intense interference 
inevitably requires the introduction and calculation 
of  some fundamentally new characteristic, which 
differs from the classical functionals associated 
with the energy of  interference and signal, and is 
determined solely by the topology and dimension of  the received 
signal mixture with interference and noise.

The application of  the ideas of  scale invariance 
- “scaling” - together with set theory, fractional 
dimension theory, fractional calculus, general 
topology, geometric measure theory, and dynamical 
systems theory opens up great potential and new 
perspectives in multidimensional signal processing 
and related scientific and technical fields. In other 
words, a complete description of  the processes of  
modern signal and field processing is impossible 
using the approaches and formulas of  only classical 
mathematics.

With the fractal-scaling approach, proposed 
and consistently developed by the author for more 
than 40 years at the V.A. Kotelnikov Institute of  
Radioengineering and Electronics (IRE) of  RAS, the 
description and processing of  signals and fields is 
carried out exclusively in the space of  a fractional 
measure using scaling hypotheses, non-Gaussian 
stable distributions with heavy tails and, if  possible, 
using the apparatus of  fractional integroderivatives 
[1,5,7,16,17,34-84 , 99,100,107-109,113,123-133].

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS
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The evolution of  the author's views and 
development at the moment in the IRE "fractal 
ideology" research is shown in Fig. 19 and 
Fig. 20, which also provides information about 
the moment of  their intensive deployment and 
open publications. All research is carried out by the 
author exclusively within the framework of  a new 
fundamental interdisciplinary scientific direction, 
briefly designated as "Fractal radiophysics and fractal 
radio electronics: Design of  fractal radio systems". 
In Fig. 19 introduced abbreviations: FNORS-fractal 
nonparametric detector of  radar signals, FOS - 
fractal detector of  signals.

Conventionally, three stages can be traced in these 
studies. At the first stage, the emphasis was placed 
on the experimental verification of  the fractality 
of  various natural and artificial formations, which 
made it possible to apply the concepts of  fractional 
dimension and scale invariance to them, and to 
start developing methods for fractal filtering of  
objects in various intense noises. The second stage was 
entirely devoted to the improvement of  the created 
original algorithms for fractal digital processing of  
signals and images, fractal methods of  detection, 
recognition, enhancement of  contrast, i.e. fractal 

generalized filtering. The third stage is characterized 
by a transition to the design of  a fractal element base 
and some fractal nodes, and in the future, fractal 
radio systems as a whole.

The analogy between the modern problems of  
radiophysics and radio electronics and the theory 
of  phase transitions and critical phenomena is 
acquiring great importance. As is known, the modern 
renormalization group theory of  phase transitions 
is based on an approach based on the scaling 
hypothesis, or scale invariance. On the basis of  a 
deep study of  this scientific direction, it was possible 
to form a similar approach for solving a large class 
of  radiophysical and radio engineering problems.

Note that the presence of  a fractional time 
derivative in the equations is interpreted as the 
presence of  memory or, in the case of  a stochastic 
process, non-Markovity.
3.2. fractal measures and siGnatures

Fractals belong to sets with an extremely irregular 
branched or indented structure. The theory of  
fractals considers fractional measures instead of  
integer measures and is based on new quantitative 
indicators in the form of  fractional dimensions 
D and corresponding fractal signatures. Fractal 
fractional dimensions D characterize not only the 
topology of  objects, but also reflect the processes 
of  evolution of  dynamical systems and are related to 
their properties.

The classification of  fractals developed by the 
author was approved in the USA in December 
2005 and adopted by B. Mandelbrot [43,58,62]; it is 
shown in Fig. 21, where the properties of  fractals 
are described, provided that D0 is the topological 
dimension of  the space in which a fractal with 
fractional dimension D is considered.

Fig. 19. Sketch for the development of  breakthrough 
technologies based on fractals, fractional operators and scaling 

effects for nonlinear physics and electronics.

Fig. 20. The author's concept of  fractal radio systems, 
sensors, devices and radioelements.



281

RENSIT | 2021 | Vol. 13 | No. 3

RADIOLOCATION

Based on the data in Fig. 21, one can give a 
mathematical definition of  a fractal.

A fractal is a functional mapping or set obtained 
by an infinite recursive process and having the 
following properties: 1) self-similarity or scale 
invariance (infinite scaling), that is, fractals on small 
scales look on average the same as on large ones; 2) 
fractional dimension (called Hausdorff  dimension) 
strictly greater than topological dimension; 3) 
nondifferentiability and operation of  fractional 
derivatives and integrals ”.

The physical definition of  a fractal is as follows:
"Fractals are geometrical objects (lines, surfaces, 

bodies) with a highly irregular structure and 
possessing the property of  self-similarity on a limited 
scale."

The introduction by the author into the 
practice of  measurements of  the concepts of  fractal 
signatures and fractal cepstras proved to be very fruitful 
[44,45,48,49,52-64,66-79,82,84,124-133]. The 
concept of  "cepstrum" historically comes from the 
permutation of  letters in the word "spectrum". The 
concept of  “fractal cepstrum” is determined by the 
fact that when calculating the fractal dimension D of  
the received multidimensional signal, it is necessary 

to take the logarithm of  the amplitudes averaged on 
different scales of  the received time/space samples. 
Fractal signatures and fractal cepstras reflect the 
property of  self-similarity of  real signals and 
electromagnetic fields. Thus, in fractal processing 
methods it is always necessary to take into account 
the scaling effects of  real radio signals and electromagnetic 
fields.
3.3. texture and fractal processinG of low-
contrast imaGes and ultra-weak siGnals in 
intense non-Gaussian interference and noise

In Fig. 22 shows the complete structure of  the 
author's research at the IRE of  Russian Academy of  
Sciences of  texture and fractal methods for processing 
low-contrast images and ultra-weak signals in intense 
non-Gaussian noise. The textural and fractal digital 
methods developed by the author make it possible 
to partially overcome the a priori uncertainty 
in radiophysical and radar problems using the 
geometry or topology of  the sample - one-dimensional or 
multidimensional [17,57,58,62,82,84].

In this case, the topological features of  the 
sample are of  great importance, rather than the 
averaged realizations, which often have a different 
character. In order to focus on taking these features 

Fig. 21. The author's classification of  fractal sets and 
signatures, approved by B. Mandelbrot.

Fig. 22. Classification of  texture and fractal methods for 
processing low-contrast images and ultra-weak signals.

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS
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into account, the term dimensional sclerosis of  physical 
signals, fields and their fractal signatures was specially 
introduced [57,58,82]. When describing non-Markov 
processes, as is known [88], the term asymptotic 
sclerosis is widely used to reveal the physical meaning 
of  fractional derivatives.

Texture is a matrix or fragment of  spatial 
properties of  image areas with homogeneous 
statistical characteristics [57,58]. Textural features 
(TP) are based on the statistical characteristics of  
the intensity levels of  image elements and refer to 
probabilistic features, the random values of  which 
are distributed over all classes of  natural objects. The 
decision on whether a texture belongs to a particular 
class can be made only on the basis of  specific values 
of  the features of  a given texture. In this case, it is 
customary to talk about the signature of  the texture.

Classic radar signatures include temporal, 
spectral and polarization features (features) of  the 
reflected signal. The term “signature” describes the 
distribution of  the general set of  measurements for 
a given texture in scenes of  the same type as this one 
[53]. In our experiments, we also optimized estimates 
of  the effect of  window size on the accuracy of  
determining texture features for images of  various 
types of  land cover. For a long time, the first works 
of  the author in the field of  research of  joint radar 
(RI) and optical images (including synthetic aperture 
radars - SAR) of  the earth covers using texture and 
fractal information, were actually the only ones in 
the USSR and Russia, and today they are also not 
lost relevance.

On the basis of  the results obtained by the 
author, the following unconventional and rather 
effective methods of  signal detection at small 
signal-to-background ratios were first proposed and 
implemented: 2

0q -the dispersion method, the detection 
method using linearly modeled standards, and the method with 
direct use of  the ensemble of  texture features [44].

We especially note that the developed fractal 
(topological) methods constitute an independent 
area of  research and are not directly related either 
to classical probability distributions of  mathematical 
statistics, or to the classical theory of  outliers, or 
to questions of  statistical topography of  random 
processes and fields.

If, in syntactic or structural recognition, the 
structure of  objects, its hierarchy and connections 

between them are investigated, then in fractal 
recognition, the topology of  the object and the 
background, displayed in one-dimensional 
and multidimensional received radar signals, 
is investigated. With the fractal approach, it is 
necessary to search, implement and use the rules 
that obey the fractional (complex) topology of  the 
images under consideration. Then the procedure of  
fractal recognition is a comparison with the dictionary 
of  fractal features [57,58,62,77,82].

In this case, we will highlight the "fractal primitives" 
- the elements of  the "fractal language". The question 
inevitably arises about the composition of  fractal 
primitives - fractal symbols, which are the smallest 
elements of  a fractal language. We will call the set 
of  fractal symbols used "fractal alphabet" or "fractal 
dictionary", denoted by the symbol Φ. On the basis 
of  the latter, one can compose "fractal strings" - finite 
sequences of  symbols included in the alphabet. The 
string can be any length. All possible strings of  the 
fractal alphabet form a universal set of  strings or a 
closure Φ. If  we introduce a set of  empty lines, then 
a finite or countable infinite subset of  the closure of  
the fractal alphabet Φ is a more precise definition 
of  the concept of  "fractal language". Separate fractal 
lines, composed of  its fractal symbols, we will call 
"fractal words".

Further, performing some logical operations on 
a fractal language, you can create a new language. 
The rules for creating, transforming and interacting 
fractal words will be determined by the "fractal 
grammar". For its construction, it is possible to use the 
ideas of  formal grammar developed in mathematical 
linguistics.
3.4. formal fractal Grammars

Formal grammar methods are characterized by 
two features [15]. First, they describe only a set of  
possible results and do not give direct instructions on 
how to get the result for a particular task. Secondly, 
in them all statements are formulated exclusively 
in terms of  a small number of  well-defined and 
elementary symbols and operations. Therefore, 
formal grammars are simple from the point of  view 
of  their logical construction.
A formal grammar can be defined by a generative 
grammar - the system

, , , ,t nG C C P A=  (155)
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consisting of  four parts: terminal (main) dictionary 
Ct, nonterminal (auxiliary) dictionary Cn, set of  
substitution rules P, initial symbol or initial axiom

( ).nA A C∈
Terminal (main) dictionary Ct is a set of  non-

derivative terminal elements or features from which 
the chains generated by the grammar are built. The 
choice of  non-derivative elements refers to the 
problem of  determining informative and stable 
features for recognition. Nonterminal (auxiliary) 
vocabulary Cn - a set of  symbols that denote classes 
of  source elements or chains of  source elements, 
as well as some special nonterminal or auxiliary 
elements. The initial symbol A is a distinguished 
nonterminal symbol denoting a collection or 
class of  all those linguistic objects for which this 
grammar is intended to describe (for example, 
in a grammar that generates sentences, the initial 
symbol is a symbol meaning a sentence, etc.). The 
set of  substitution rules P is a finite set of  rules 
of  the form φ → ψ , where φ and  are words in 
the dictionary (alphabet) n tC C∪  and "→" is a 
symbol that does not belong n tC C∪ . Generative 
grammar is not an algorithm because substitution 
rules are a collection of  solutions, not a sequence 
of  prescriptions.

Formal grammar is characterized by the following 
ratios:

, 0,n t n tC C C C C= ∪ ∩ =  (156)
where C is a dictionary.

The process of  creating a language begins with 
Axiom A, to which the substitution rules are applied 
one by one. Conjunction, disjunction, negation are 
used as operations on statements.

Let's consider an example of  the formation of  
some fractal primitives. In practice, to obtain a fractal 
grammar, it is necessary to derive it from a given 
ensemble of  learning objects. This procedure is 
similar to the learning problem in various recognition 
methods. Algorithms for fractal pattern recognition 
are based on the use of  the "target topology - its 
fractal dimension" paradigm. The a priori space of  
deterministic or probabilistic features is determined 
using a dynamic test.

The selection and preparation of  test material 
for experimental verification of  fractal recognition 
methods and verification of  the principles of  

constructing algorithms significantly affect the 
reliability of  the research results. In the vast majority 
of  problems arising in practice, the classical methods 
of  the theory of  statistical decisions are of  little use 
for recognizing radar targets. This is due to the fact 
that there are: severe restrictions on the analysis time, 
bandwidth of  information transmission channels; 
high level of  a priori uncertainty; the impact of  
various kinds of  interference, a wide variety of  
characteristics of  targets combined into one class, 
unknown target orientation; the simultaneous 
presence of  several targets, differing in orientation 
and size.

The formalization of  the problem under 
consideration classically presupposes the following 
stages: (i) - the initial a priori classification of  goals 
or their classes, i.e. compilation of  an alphabet of  
classes of  goals; (ii) - determination of  the required 
list of  features that characterize the goals (in this 
case, we are talking only about fractal features); 
(iii) - development of  a reference dictionary of  
fractal attributes of  goals or classes of  goals; (iv) 
- description of  the alphabet of  target classes in 
the language of  the ensemble of  fractal features 
of  the reference dictionary or their combinations; 
(v) - partition of  the space of  fractal features into 
regions corresponding to the original classes of  
the alphabet; (vi) - the choice of  a metric (decision 
rule) or recognition algorithms that ensure the 
assignment of  a recognized target to one or another 
class of  targets. When developing the first reference 
dictionary of  fractal features, the latter were selected: 
1) - the value of  the fractal (fractional) dimension D; 
2) - the type of  fractal signatures or fractal cepstras; 
3) - the type of  the spatial spectrum and the values   
of  spatial frequencies that characterize the texture 
of  the images [57,58,62,77,82].

It is proved that fractal cepstrum is, on the one 
hand, a convenient topological invariant - it does not 
require preliminary orientation/scaling, and on the 
other hand, it is insensitive to image contrast. Thus, 
the positions of  the characteristic points on fractal 
cepstras make it possible to determine the class of  
the target (according to some rule), its size, as well 
as the number of  targets. The relative change in the 
position of  the characteristic points makes it possible 
to solve the problem of  detecting a deterministic 
target even with very low contrast.

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS
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3.5. fractal radar siGnal detectors

Creation of  the first reference dictionary of  fractal 
features of  target classes and constant improvement 
of  algorithmic support were the main stages in the 
development and prototyping of  the first fractal 
nonparametric radar signal detector (FNORS) in the 
form of  a special processor [16,17,47,57,58,62,77,82- 
84]. The main types of  the proposed topological 
signal detectors are shown in Fig. 23.
3.6. adaptation of fractal detectors

The creation of  adaptive methods as applied to 
fractal information processing is of  great interest. As 
is known [87], an adaptive problem is characterized 
by a change in the parameters and / or structure of  
the system in accordance with external conditions. 
Some ways of  obtaining theoretical and technical 
solutions to the problem of  synthesis of  adaptive 
fractal detectors are shown below [42,46,57,58].

Working with signal sampling against the 
background of  noise and noise in the space of  
fractional measure, we inevitably come to algorithms 
(criteria) of  adaptive fractal filtering. The adaptation 
of  such nonlinear fractal filtering under conditions 
of  a priori uncertainty is provided, in particular, by 
the current estimate of  the Hurst exponent N. As 
noted above, the Hurst exponent, depending on 
its value relative to the value H = ½, characterizes 
either persistence (½) or antipersistence (0 < H < 
½) sampling.

In the first case, when 1/2 < H < 1, we observe a 
process that maintains the tendency of  an increase or 
decrease in instantaneous amplitudes in the sample, 

i.e. process with memory. In the second case, when 
0 < H < 1/2, an increase in the amplitudes of  the 
signal envelope in the “past” means a decrease in the 
“future”, and vice versa, i.e. a process that is more 
subject to change, often referred to as “return to the 
mean”.

Fixing the value of  H in terms of  [87] is a counter 
hypothesis that improves the quality of  adaptation 
to real conditions. In the general case, the device 
is a tracking system that adapts the values of  the 
Hurst exponent N to the interference situation or, 
conversely, to the useful signal. An example of  an 
adaptive procedure is the automatic control of  the 
receiver gain depending on the current estimate 
H = f(t). In another adaptive procedure, the detection 
threshold P is automatically adjusted according to 
the values H = f(t). This ensures the stabilization of  
the false alarm probability.
3.7. fractal scalinG or scale inVariant radar

The detection of  low-contrast objects against the 
background of  natural intense interference inevitably 
requires the calculation of  a fundamentally new 
characteristic, which differs from the functionals 
associated with interference and signal energy, and is 
determined only by the topology and dimension of  
the received signal. The introduction of  the concepts 
of  "deterministic chaos", "texture", "fractal" and 
"fractal dimension D" into the scientific use of  radar 
[17,36,57,58,62,77,82-84] allowed us for the first 
time in the world to propose, and then and apply new 
dimensional and topological (not energy!) features or 
invariants (Fig. 24), which are combined under the 
generalized concept of  "sample topology" ~ "fractal 
signature".

Fractal-scaling or scale-invariant radar 
[17,47,52,54,55,61,66-68,82-84,125,127,130,131] 
is based on three postulates: 1 – intelligent signal/
image processing based on fractional measure 
theory and scaling effects, for calculating the field of  
fractal dimensions; 2 – the sample of  the received 
signal in noise belongs to the class of  stable non-
Gaussian probability distributions D of  the signal; 
3 – maximum topology with minimum energy of  
the input random signal. These postulates open up 
fundamentally new possibilities for ensuring stable 
operation at short 2

0q  or increased ranges of  radars. 
Algorithms for detecting extended objects and 
targets on optical and radar images using texture 

Fig. 23. The main types of  the proposed fractal-scaling or 
topological signal detectors.

 



285

RENSIT | 2021 | Vol. 13 | No. 3

RADIOLOCATION

processing were created by us back in the 80s of  the 
XX century (see the left column in Fig. 24).
3.8. main results

As a result of  joint long-term field experiments 
with leading industry research institutes and design 
bureaus of  the USSR and Russia, a statistical analysis 
of  large arrays of  new data on the spatial and 
temporal characteristics of  earth cover scattering 
in the IIM and CMB ranges was carried out, taking 
into account their seasonal and angular variations in 
various meteorological conditions in order to assess 
boundaries of  radar contrasts, distribution laws of  
specific RCS, spectrum width, time and correlation 
interval of  intensity fluctuations of  reflected simple 
and complex phase-shift keyed signals in the IIM 
range and the structure of  reflected pulse signals, 
which makes it possible to take into account terrain 
features when designing various imaging systems.

A theory of  scattering of  millimeter radio waves 
by chaotic covers has been developed, using the first 
introduced functionals of  backscattering stochastic 
fields and frequency coherence functions (PFCs) 

taking into account the antenna directional pattern 
and correlation of  the slopes of  irregularities. The 
results of  this theory make it possible to determine 
the coherence bands of  space-time radio channels 
with variable parameters for the optimal choice of  
the width of  the sounding signal spectrum, frequency 
spacing in multifrequency systems and the base value 
of  complex sounding signals, characteristics of  
reflected signals, generalized uncertainty functions, 
potential accuracy of  estimates of  the flight altitude, 
and the characteristic dimensions of  the irregularities. 
Theoretical and experimental results were used in the 
synthesis of  reference digital radar maps of  the area.

For the first time, a new class of  informative 
features has been proposed, based on the fine 
structure of  reflected millimeter-wave radar signals, 
and allowing to improve the identification of  earth 
covers.

For the first time, complete ensembles of  
texture and spatial correlation-spectral features of  
optical and radar images of  real earth covers were 
investigated, followed by the selection of  clusters 
and the determination of  the most informative 
features for certain classes of  textures. It is proved 
that the area of  existence of  texture features of  
radar images is completely determined by the 
corresponding areas of  features of  optical images. 
The experiments carried out have demonstrated the 
efficiency and generality of  the proposed approach 
in the problems of  classification of  the earth's covers 
when integrating images at optical and millimeter 
waves. Image integration increases the efficiency of  
detection, recognition and classification based on an 
extended vector of  informative and stable features. 
Image processing results in detailed digital radar maps 
of  the area. Such maps make it possible to present 
radar information in a form convenient for further 
use in radio navigation of  aircraft and recognition 
of  various types of  ground objects. [Note that these 
studies had no analogues, both in the USSR and 
in Russia, and have not lost their relevance at the 
present time].

For the first time, a number of  texture methods 
have been developed (Fig. 22, Fig. 24) for detecting 
various objects and their contours on real optical 
and radar images of  the earth's surface at low signal 
/background ratios. A relationship is established 
between the size of  the object and the analyzed 

Fig. 24. New topological features and methods for detecting 
low-contrast objects against the background of  interference 
(TP - texture features, PFC - frequency coherence function).

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
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fragment of  optical and radar images of  a wide class 
of  earth covers in the case of  optimal detection. 
The possibility of  stochastic autoregressive synthesis 
of  optical and radar images of  earth covers with the 
operation of  converting brightness histograms has 
been theoretically substantiated and experimentally 
confirmed. The optimal sizes of  the brightness 
space and the order of  autoregressive series involved 
in forecasting for adequate synthesis of  images have 
been determined. With an increase in the order of  
correlation, the areas for determining the textural 
features of  synthesized images are narrowed. When 
comparing sections of  the original optical or radar 
image with the synthesized standard, it is shown 
that the final two-dimensional binary field of  cross-
correlation coefficients directly fixes the location 
of  the object in the original image. This allows you 
to form a motion map and the dynamics of  the 
detected object. It was established using various 
matching algorithms (classical correlation, pair 
function method, absolute difference method) that 
the physical reliability of  stochastic autoregressive 
synthesis reaches 90%.

A system approach to the formation of  an 
information-axiomatic model of  radar maps of  
heterogeneous terrain has been developed and 
implemented on the basis of  the above radiophysical 
studies. A generalized radiophysical model for the 
formation of  radar maps of  heterogeneous terrain 
has been created, which includes both methods of  
stochastic autoregressive synthesis of  images, and 
information about the field of  specific EPR of  
the earth's covers. The characteristic number of  
gradations of  the specific EPR of  the earth's surface 
has been established. Based on the analysis of  the 
system architecture to obtain a standard, an algorithm 
for the synthesis in the radio range of  contour and 
grayscale radar maps of  inhomogeneous terrain is 
implemented. It is shown that the destruction of  
the correlation maximum occurs for a contour radar 
map of  the area at a wavelength of  8.6 mm at an 
angle of  mutual rotation of  5°… 7°, and for a half-
tone radar map - at an angle within 14°… 17°. Then, 
fractal parameters were first introduced into the 
generalized radiophysical model of  the formation 
of  radar maps of  heterogeneous terrain, which 
increased the information content of  the synthesis.

The presence of  a strange attractor is predicted to 
control radar scatter from vegetation. Subsequently, 
the effect was discovered experimentally at a 
wavelength of  2.2 mm (2002). The results obtained 
confirmed the theoretical concepts of  the existence 
of  a chaos regime in a dynamical system that describes 
the nature of  the scattering of  electromagnetic waves 
by vegetation [81].

Reconstruction of  the attractor made it possible 
to determine its fractal dimension D, the maximum 
Lyapunov exponent, the dimension of  the 
embedding, and the prediction interval (time). The 
experimental characteristics of  the strange attractor 
formed the basis for a fundamentally new non-
Gaussian model of  radar scattering of  the IMV by 
vegetation covers based on the theory of  dynamical 
systems and stable distributions. It is shown that the 
interval (time) for predicting the intensity of  the 
reflected radar signal exceeds the classical correlation 
time by about an order of  magnitude. This made 
it possible to introduce into the theory of  radar a 
new essential characteristic, namely, the prediction 
interval (time), which expands the methods and 
circuitry of  radars.

A reliable physical substantiation of  the practical 
application of  fractal methods (Fig. 19 - Fig. 24) in 
modern fields of  radiophysics, radio electronics and 
information control systems is given.

In the mid 80s. XX century. A working model of  
a coherent compact digital solid-state radar (TsTR) 
based on parametrons with a probing wavelength of  
8.6 mm with a complex signal base> 106 and with 
processing of  an input subnoise signal at a carrier 
frequency was created jointly with the Almaz Central 
Design Bureau. With optimal processing, the energy 
potential of  the CTR increased by 50 dB. Then, a 
DTC was created at two sounding frequencies in the 
MMV and CMB bands with a fractal slot antenna 
(the first in the USSR); for the synthesis of  images, 
the Radon transform is used. In 1997, the first 
developed methods of  fractal modulation and fractal 
signals, including the first introduced by the author 
H-signals.

Together with representatives of  the Central 
Design Bureau "Almaz" A.A. Potapov was one 
of  the co-leaders of  the international project No. 
0847.2 through the ISTC (2000-2005) to create a 
multifunctional automated radio measuring system 
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with a complex signal at centimeter and millimeter 
waves, using fundamentally new patented circuitry 
and digital information processing technologies 
based on fractal and Radon algorithms in real time. 
Giving lectures on fractal and texture technologies 
developed by him at IRE RAS and reports on 
the ISTC project in 2000 and 2005 in the USA 
(Washington, New York, Huntsville, Atlanta, 
Franklin), in China (2011 to the present) time) and 
at numerous International conferences (England, 
USA, Canada, Holland, Austria, Germany, France, 
Spain, Italy, Hungary, Greece, Turkey, Scotland, 
Switzerland, Sweden, Mexico, China, Serbia, 
Montenegro, Bulgaria, Kazakhstan, Belarus, 
Ukraine) brought him wide fame in the circles of  the 
international scientific community.

In December 2005, American specialists (from 
the University of  Alabama and the Center for Space 
Plasma and Aerial Research of  the United States) 
in an official letter addressed to the Director of  
the IRE RAS Academician Yu.V. Gulyaev, it was 
noted that "... The seminars were extremely interesting and 
confirmed the high scientific qualifications of  Dr. A. Potapov. 
Radar technologies presented by Dr. A. Potapov are based on 
the theory of  fractals and are new. The importance of  these 
studies for the international community of  specialists and 
scientists is undeniable" – (Fig. 25).

At the same time, a significant and long-term 
scientific meeting of  A.A. Potapov with the founder 
of  fractal geometry B. Mandelbrot at his home in the 
USA, when he accepted and approved the definition 
of  fractals introduced by A.A. Potapov in his books 
and articles, and his work (Fig. 26).

For the first time, the effectiveness and prospects 
of  applying the theory of  fractional measures and 
scaling relations (for textures and fractals) in the 
case of  detection and recognition (generalized 
filtering) of  one-dimensional and multidimensional 
radar signals from low-contrast targets against the 
background of  intense non-Gaussian interference 
of  various kinds was discovered and proved. Thus, 
this is a fundamentally new radioengineering.

It has been proved that when collecting, 
transforming and storing information in modern 
complex systems for monitoring remote and mobile 
objects in conditions of  intense interference, the 
newest methods of  processing information flows 
and multidimensional signals, proposed by the 

author, are of  great importance. Typically, the 
features of  such complex systems are manifested at 
different spatio-temporal scales. The most adequate 
assessments of  the states of  the system under study 
and the dynamics of  changes in the state of  its 
subsystems are realized using the theory of  fractals 
and processing multidimensional signals in a space 
of  fractional dimension with the indispensable 
consideration of  the effects of  scaling, which was 
first proposed and developed by the author at the 
IRE RAS.

A new method of  measuring fractal dimension 
and corresponding fractal signatures of  signals, 
images and wave fields is proposed and substantiated. 
This method, as well as its effectiveness, has been 
confirmed in practice by numerous examples of  
appropriate digital processing of  optical and radar 
natural and synthesized images, including those 

 

Fig. 25. Letter from the US Space Plasma Center.

 

Fig. 26. B.B. Mandelbrot and A.A. Potapov. New York, 
USA, 2005

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS



288

No. 3 | Vol. 13 | 2021 | RENSIT

RADIOLOCATIONALEXANDER A. POTAPOV

with low-contrast objects. Texture and fractal digital 
methods (Fig. 19 and Fig. 22) make it possible to 
partially overcome the a priori uncertainty in radar 
problems using the geometry or topology of  the sample - 
one-dimensional or multidimensional. In this case, 
the topological features of  the sample are of  great 
importance, rather than the averaged realizations, 
which often have a different character.

Methods of  fractal classification, clustering and 
recognition of  many types of  natural and artificial 
objects have been studied for the first time on large 
arrays of  experimental data in the form of  optical 
and radar images of  real earth covers with surface 
and subsurface objects. The number of  areas around 
which the fractal dimension values are grouped 
depends on the parameters of  the algorithm and the 
measurement method. For example, with a small size 
of  the measuring window, we have a large number 
of  groups; increasing the size, we get a fixed number 
of  groups or clusters; and finally, with a very large 
window size, 2 - 3 groups remain (fractal objects - 
non-fractal objects - exclusion objects).

The study of  the type or topology of  sampling 
a one-dimensional (multidimensional) signal for 
tasks, for example, artificial intelligence, for the 
first time made it possible to create dictionaries of  
fractal features based on fractal primitives, which 
are elements of  a fractal language with fractal 
grammar. The data obtained were incorporated into 
the synthesis of  reference and current radar maps 
of  heterogeneous terrain, as well as into non-energy 
radar detectors.

The results (UAV, SAR, medicine, etc.) show 
that fractal processing methods increase the quality 
and detail of  objects and targets in passive and 
active modes by several times. These methods can 
be successfully applied to process information 
from space, aviation complexes, low-signature high-
altitude pseudo-satellites (HAPS) or the detection 
of  HAPS and UAV clusters, synthesized clusters of  
space antennas and space debris.

The fractal characteristics of  elves, jets and sprites 
- the most interesting types of  recently discovered 
high-altitude discharges in the ionosphere - are 
investigated.

Algorithms for detecting a moving distant 
object of  unknown shape (fractal or non-fractal) 
on a low-contrast image formed in optoelectronic 

systems have been synthesized with co-authors. 
Experimental results on images obtained in field 
conditions confirm the effectiveness of  the proposed 
processing methods.

For the first time, the fundamental possibility 
of  synthesizing new fractal functions and fractal 
functionals on the basis of  the theory of  fuzzy sets 
has been proved. Formalized the construction of  
new classes of  fractal and multifractal subsets on 
fuzzy sets. Any classic non-differentiable functions 
can be used as trial functions.

It is shown for the first time that the physical 
content of  the theory of  diffraction, containing 
multiscale surfaces, becomes clearer with the fractal 
approach and the separation of  the fractal dimension 
D or the fractal signature as a parameter. Taking into 
account fractality significantly brings the theoretical 
and experimental characteristics of  the scattering 
indicatrices of  the earth's covers closer together, 
which is important for the problems of  radar and 
remote sensing. For the first time in the world, an 
extensive catalog of  characteristic types of  more than 
70 fractal surfaces based on Weierstrass functions, 
as well as more than 70 three-dimensional scattering 
indicatrices and their cross sections calculated for 
wavelengths λ = 2.2 mm, λ = 8.6 mm and λ = 3 cm at 
different values of  fractal dimension D and varying 
scattering geometry.

Analogs of  Maxwell's equations with fractional 
Caputo derivatives are obtained. Gauge invariance 
is considered and a diffusion-wave equation for 
scalar and vector potentials is derived. A particular 
solution of  the diffusion-wave equation is found and 
analyzed [9,10].

A rigorous electrodynamic calculation of  
numerous types of  fractal antennas was carried 
out, the design principles of  which underlie fractal 
frequency-selective surfaces and volumes (fractal 
“sandwiches”).

A family of  broadband miniature fractal antennas 
is synthesized based on the topology of  fractal 
labyrinths. The author proposed to synthesize large 
stochastic robust antenna arrays using the properties 
of  fractal labyrinths. Combining several fractal 
labyrinth clusters with different fractal dimensions 
makes it possible to create adaptive broadband fractal 
antennas. For the first time, a model of  a “fractal” 
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capacitor as a fractal impedance is proposed and 
implemented.

Created, substantiated and applied fractal-scaling 
methods for radar problems and the formation of  the 
foundations of  a fractal element base, fractal sensors 
and fractal radio systems. A physical approach to 
modeling a fractal capacitor and fractal impedances 
has been developed. Promising elements of  fractal 
radio electronics are functional elements, the fractal 
impedances of  which are realized on the basis of  the 
fractal geometry of  conductors on the surface (fractal 
nanostructures) and in space (fractal antennas), fractal 
geometry of  the surface microrelief  of  materials, 
etc. The developed approaches can be extended 
to a wide class of  electrodynamic problems in the 
study of  fractal magnonic crystals, fractal resonators, 
fractal screens and barriers, as well as other fractal 
frequency-selective surfaces and volumes.

A new type and new method of  modern radar, 
namely, fractal-scaling or scale-invariant radar, has 
been discovered, proposed and substantiated. The 
efficiency of  functionals, which are determined by 
the topology, fractional dimension and texture of  the 
received multidimensional signal, for the synthesis 
of  fundamentally new non-energy detectors of  low-
contrast objects against the background of  noise has 
been proved (Fig. 19, Fig. 20, Fig. 23). An increase 
in the sensitivity of  the radio system (which is 
equivalent to an increase in the range) was confirmed 
when using fractal and texture features in topological 
detectors. This entails fundamental changes in the 
very structure of  theoretical radar, as well as in its 
mathematical apparatus.

Fractal radar is capable of  adequately describing 
and explaining a much broader class of  radar 
phenomena. The scientific direction created for 
the first time in Russia and in the world is based 
on the concept of  fractal radio systems and fractal 
radioelements, sampling topology and the global 
fractal-scaling method, proposed and created by 
the author at the V.A. Kotelnikov IRE of  RAS. The 
research carried out in the field of  theoretical radar 
makes it possible to effectively solve the problems of  
signal detection in conditions of  intense interference 
and create new fractal multifrequency MIMO 
systems

The postulates of  fractal scaling radar have been 
developed: 1 – intelligent signal/image processing 

based on the theory of  fractional measures and scaling 
effects for calculating the fractal dimension field; 2 – 
the sample of  the received signal in noise belongs 
to the class of  stable non-Gaussian probability 
distributions D of  the signal; 3 – maximum topology 
with minimum energy of  the input random signal 
(ie, maximum "deviation" from the energy of  the 
received signal).

These postulates open up new possibilities for 
ensuring stable operation at low signal / (noise + 
interference) ratios or increasing the range of  radars.

Theoretical issues of  fractal non-inertial relativistic 
radar and quantum cosmology in curved space-time 
of  negative fractal dimension have been significantly 
developed together with colleagues from Russia 
(Moscow, VNIIOFI) and Israel (Haifa, Technion). 
Example: on the basis of  the Schrödinger equation 
with the operator of  fractional calculus in spatial 
coordinates, the Feynman integral over trajectories 
is calculated for the generalized Lagrangian with the 
operator of  fractional differentiation in time. Note 
that at present in the United States this fundamental 
scientific direction has received the bright name 
“Fractal Cosmology” [34,35,82,99,108,123].

4. CONCLUSION
The results of  experimental and theoretical research 
obtained by the author and his students were 
introduced by the leading industry research institutes 
and design bureaus of  the USSR and Russia and 
were used in the design of  radio systems for various 
purposes, in the interpretation of  data from remote 
radiophysical studies of  the environment and in 
other applied problems in which optical and radar 
systems serve as information materials. images of  
the earth's surface.

On the basis of  many years of  research, new 
theoretical directions in the theory of  statistical 
decisions, statistical radio engineering and statistical 
radiophysics have been formulated and developed, 
for example, "Fractal analysis and its application in 
the theory of  statistical decisions and statistical radio 
engineering", "Statistical theory of  fractal radar", 
"Statistical fractal radio engineering", "Theoretical 
foundations of  fractal radar", etc.

The above results formed the basis of  the fractal 
paradigm and a single global idea of  fractal natural 
science [73, 82].

MATHEMATICAL FOUNDATIONS OF THE FRACTAL SCALING 
METHOD IN STATISTICAL RADIOPHYSICS AND APPLICATIONS
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The performed studies are a priority in the world 
and serve as a basis for further development and 
substantiation of  the practical application of  the 
fractal-scaling and texture methods created by the 
author in modern radiophysics and radar, as well 
as in the creation of  fundamentally new and more 
accurate topological fractal-texture methods for 
detecting and measuring parameters of  radio signals 
in spatio-temporal radar channel of  propagation of  
electromagnetic waves with scattering.

The radio engineering “fractal geometry” of  the 
transceiver or any information radio engineering, 
optoelectronic and acoustoelectronic systems, 
along with fractal modulation/demodulation and 
cryptographic resistance methods (fractal ultra-
wideband signals, fractal information compression 
[57,58]) are extremely promising measures for solving 
urgent problems of  traditional radio electronics, 
which since its inception is completely based on an 
integer measure.

These issues are relevant in solving the problems 
of  constructing and optimizing the characteristics 
of  modern and promising radio-physical intelligent 
sensing systems for detecting and recognizing various 
objects in difficult conditions using topological 
fractal and texture methods based on the previously 
proposed general principles of  fractal-scaling or 
scale-invariant radar [57, 58.82.84.125-132.137.138]. 
It should be noted that fractal radars are, in fact, a 
necessary intermediate stage on the path of  transition 
to cognitive radar and quantum radar. Note that our 
recent results with our Chinese colleagues on the 
effects of  microscale optoelectronics and photonics 
[107,139-145] will help open the way for controlling 
light scattering using magnetoelectric couplings and 
previously unknown wave phenomena in order to 
design new devices for processing multidimensional 
signals in such intelligent systems.

Based on the author's monographs, courses 
of  lectures on fractals in radiophysics and radio 
electronics have been delivered at various universities 
in Russia and neighboring countries, as well as in 
China. The author's priority in the above scientific 
areas is secured in the world by more than 1150 
scientific works, including 45 domestic and foreign 
monographs and individual chapters in them in 
Russian and English, and 2 patents (see, for example, 
[82,83,139]).
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1. INTRODUCTION
The parameters of  modern radar systems 
are determined by the design features and 
characteristics of  antennas and devices for 
generating emitted signals and their element base 
[1]. Of  no less importance for the operation of  
the radar is the processing of  the received signals 
reflected by the target. A very important role in 
this process belongs to the protective device 
for the radar receiver. The task of  the device 
is to protect the sensitive input stages of  the 
receiver from the impact of  a powerful pulse of  
transmitter (usually up to 10% of  the power of  
the emitted pulse is reflected from the antenna 

and enters the input of  the receiver), as well as 
from the targeted electromagnetic influence of  
extraneous electronic suppression means [2].

Over the past 20 years, cyclotron protective 
devices (CPD) have become quite widespread 
in new Russian developments of  microwave 
radars, as well as cyclotron-protected complexed 
amplifiers (CPCA), which are a combination of  a 
CPD with a low-noise transistor amplifier (LNA) 
and additional service devices. Radars with active 
phased antenna arrays are not considered in this 
case.

The main properties of  the CPD and their 
advantages over other types of  protective devices 
(gas-discharge, semiconductor and others) are as 
follows:
• CPD is an autonomous protector, i.e. passes 

from the signal transmission mode to the 
protection mode and back without a control 
signal;
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• there is no peak of  the microwave power 
leaking to the output in the CPD, which 
usually occurs in other types of  protectors at 
the moment of  the leading edge action of  a 
powerful input pulse;

• due to the specifics of  the interaction of  the 
CPD resonators and the electron beam the 
device performs the functions of  a frequency 
filter;

• CPDs are capable to operate with an input 
pulse power up to 10 kW and more, while 
the attenuation of  the input power in the 
protection mode is 60-80 dB and more;

• CPD recovery time after the end of  a 
powerful pulse at the input is 10-20 ns;

• CPDs have low noise figure (0.7-1.2 dB) in 
signal transmission mode;

• the upper limit of  the CPD linearity in the 
signal transmission mode with compression 
of  the transmission coefficient by 1 dB is 
0.5-3 mW, when the input power increases by 
3-5 dB more the device goes into protection 
mode.
Let us consider the basic principles of  the 

CPD operation.

2. DESIGN AND PRINCIPLES OF 
WORK
CPD is a vacuum electron beam low noise 
microwave device of  the O-type with transverse 
interaction, the operation of  one based on the 
excitation of  a fast cyclotron wave (FCW) in an 
electron beam [3-6]. CPD continues the line of  
low noise electron beam parametric amplifiers 
(EPA) and electrostatic amplifiers (ESA), 
developed in the 60-80s of  the 20th century. 
EPA also known as Adler tube. Relativistic 
effects during the operation of  the devices are 
negligible.

In Fig. 1 shows the functional diagram of  
the CPD in the transmission mode. The electron 
gun (1) forms a tape electron beam (2), which 
sequentially passes through the input resonator 
(4), the dividing section (5), the output resonator 

(6) and settles in the collector (7). The input and 
output resonators in the plane perpendicular 
to the beam axis are closed on both sides by 
disks (3). The input resonator, the dividing 
section, and the output resonator form the 
electrodynamic system of  the CPD is located in 
a longitudinal uniform magnetic field Bc, which 
provides cyclotron resonance of  electrons at the 
operating frequency.

The input and output resonators of  the CPD 
are resonators with an extended capacitive gap, 
the so called Cuccia resonators (Cuccia couplers) 
[7,8]. The transverse dimension of  the electronic 
gap is from 0.1 mm to 0.25 mm for the CPD 
of  various frequency ranges. The gap length is 
such that the electron makes several cyclotron 
revolutions in the cavity. A tape electron beam 
is emitted by an oxide microcathode with an 
emission surface of  0.02 mm by 0.7 mm; the 
beam current is from 150 μA to 250 μA. The 
CPD uses a shielded-type magnet system with 
a samarium-cobalt permanent magnets and 
thermal stabilization based on thermomagnetic 
shunts.

CPD in the transmission mode works as 
follows: FCW is excited in the beam in the input 
resonator due to the signal energy (transverse 
oscillations of  electrons with added energy 
at the cyclotron frequency) and transferred 
by the beam to the output resonator, where 
it is removed from the beam and transmits to 

Fig. 1. Functional schema of  the CPD in the transmission 
mode.
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the output of  the CPD. When a signal wave is 
excited, electron bunches do not appear in the 
beam; for this reason, the signal transmission is 
linear up to the input power level (~1 mW), at 
which the deposition of  electrons begins on the 
walls of  the electron gap due to an increase in 
the amplitude of  transverse oscillations.

Since the operation of  the device is based on 
interaction with a fast wave of  an electron beam, 
this makes it possible to remove thermal noise 
from the signal wave in a passive coupler (input 
resonator) simultaneously with the introduction 
of  the signal power into the FCW. This 
mechanism allows you to achieve a fairly low 
intrinsic noise figure (0.7 ... 1.2 dB). The working 
frequency band of  the CPD is determined by 
the band in which the conditions of  complex-
conjugate matching of  the conductivities of  
the electron beam, the resonator itself, and the 
external load are fulfilled at an acceptable level.

When the input microwave power increases 
to a level above several mW, the electron beam 
destroys in the input cavity. The input and 
output resonators will be separated from each 
other by a dividing section, while the power 
from the input resonator to the output one can 
only be transmitted through the electron beam 
opening in the dividing section with significant 
attenuation.

As is known, classic autonomous protective 
device is a high frequency line connecting the 
input and output, which includes gas discharge, 
semiconductor (pin-diode) or other devices, 
the impedance of  which decreases sharply and 
significantly with an increase in the transmitted 
power to a certain level (see Fig.  2).

In Fig. 2, numbers indicate: 1 – gas discharge 
protection element, 2 and 3 - pin-diode stages of  
the protector. With a sufficiently steep leading 
edge of  a high level power pulse falling on the 
protector, at the initial moment of  time, until the 
gas discharge in the element (1) ignites and the 
pin-diodes (2) and (3) open, the input microwave 
power is supplied to the output of  the protector. 
In this case, a peak of  leakage power forms at 
the output of  the device.

There is no single high frequency line 
connecting the input and output in the CPD. 
At the moment the CPD transits from the 
transmission mode to the protection mode, 
the peak power at the output of  the device 
corresponds to the maximum energy capacity of  
the electron beam on the verge of  its destruction.

In the protection mode, the input resonator 
is not loaded with an electron beam and is 
mismatched with the input line (VSWR of  CPD 
input ≈30), for this reason up to 90% of  the 
microwave input power reflects from the CPD 
input. The remaining power dissipates in the 
input line and the input resonator as heat.

3. ELECTRICAL PARAMETERS
The working frequency band of  the CPD as 
well as the frequency parameters of  filtering the 
input signals (see Fig. 3) are determined by the 
active and reactive conductivities of  the electron 
beam in the gap of  the Cuccia resonator near 
the cyclotron frequency [4,8] and the degree of  
their matching with the conductivities of  the 
resonator and external loads as above.

Fig. 2. Functional schema of  a classic microwave hybrid 
protector.

Fig. 3. An example of  the transmission coefficient of  a 
CPD in a wide frequency band.
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Dips in the transfer coefficient (Fig. 3) 
correspond to the frequencies of  detuning from 
cyclotron resonance in the angle of  flight of  
electrons in the resonator gap by 2πn, where n 
= ±1, ±2,… [4,8]. Physically, this is explained by 
the fact that the longitudinal axis of  the electron 
beam (the axis on which the centers of  mass 
of  electrons in each cross section of  the beam 
are located), upon excitation of  the FCW at 
frequencies other than the cyclotron frequency, 
takes the form of  a weakly twisted spiral. At 
the frequencies of  the transmission coefficient 
dips, the indicated "spiral" of  the electron beam 
axis along the length of  the resonator has an 
integer number of  turnovers; for this reason, the 
cyclotron rotation of  the beam in the resonator 
gap does not induce a current in it (for each 
electron there is another electron within the 
resonator oscillating in antiphase with it).

The filtering properties of  the CPD play an 
important role in suppressing side reception 
channels in the radar receiving devices [9].

The transition of  the CPD from the 
transmission mode to the protection mode is 
associated with an increase in the input microwave 
power, an increase in the radius of  rotation of  
the beam electrons and their settling on the walls 
of  the electron gap in the input resonator. As 
the input power increases, the edge electrons of  
the beam first begin to settle, the transmission 
coefficient of  the CPD decreases, the linearity 
of  the transmission coefficient violates, and the 
beam current reaching the collector decreases 
[10].

The total power received from the field by all 
beam electrons located in the cavity gap can be 
obtained from the expression:

2 20 ,
2(e/ m) c

IP Rω=  (1)

where I0 is the beam current, ωc is the circular 
cyclotron frequency (corresponds to the center 
frequency of  the operating frequency band), R is 
the radius of  the cyclotron rotation of  electrons, 
e is the charge and m is the electron mass. Based 

on (1), it is possible to estimate the power at 
which the edge electrons of  the beam begin to 
settle: Plim ≈ – 4 dBm (frequency is 9 GHz, beam 
current is 200 μA, gap between the beam and the 
gap wall is 15 μm), which is in good agreement 
with the experimental data in the Fig. 4. The 
decrease in the current passing to the collector 
by a factor of  1.26 (corresponds to –1 dB) 
coincides with the input power, at which there 
is a compression of  the CPD transmission by 1 
dB: P–1dB ≈ 3 dBm. The input power attenuation 
in protection mode is ≈ 75 dB.

The maximum power supplied to the 
output of  the CPD during the transition to the 
protection mode does not exceed 4-5 mW, for 
higher frequency CPDs – 8-10 mW, for low 
frequency CPDs – 1 mW.

One of  the main advantages of  a CPD is a 
short recovery time. Taking into account the high 
mobility of  electrons in vacuum, the recovery 
time of  the CPD is determined by the time of  
decreasing the amplitude of  electromagnetic 
oscillations in the low-Q input resonator caused 
by the action of  the input power pulse, and the 
time of  flight of  the electron beam between the 
input and output resonators. At the initial stage 
(stage 1) of  restoring the signal transmission, 
the resonator is loaded with an external load and 
its own losses (typical resonator Q-factor Q1 ≈ 
25). At the next stage (stage 2), the passage of  
the beam in the gap restores and, accordingly, 
the Q factor of  the resonator decreases from 

Fig. 4. Linearity boundary and transition to the protection 
mode of  the CPD for a wavelength range of  3 cm.

SERGEY V. BYKOVSKIY RADIOELECTRONICS



301

RENSIT | 2021 | Vol. 13 | No. 3

the level Q1 to the maximum loaded level Q3 ≈ 
8 (stage 3 – the passage of  the beam and the 
signal is restored). The figure of  merit averaged 
over the transient stage 2 can be assumed to be 
Q2 ≈ 16.

As known, the time of  decreasing the 
amplitude of  oscillations in a circuit with a 
quality factor Q from the power level P1 to the 
level P2 determines by the expression:

1

2

ln ,
2

PQt
f Pπ

=  (2)

where t is the time of  decreasing the amplitude 
of  oscillations, f is the frequency of  oscillations.

For a wavelength range of  3 cm, estimates 
from expression (2) at typical power levels shown 
in Fig. 4 give the following values: the duration 
of  stage 1 is t1 ≈ 4 ns for an input pulse power 
of  1 kW and t1 ≈ 5 ns for an input pulse power 
of  10 kW (90% of  the microwave input power is 
reflected from the mismatched resonator). The 
duration of  stage 2 is t2 = 0.6 ns.

With a typical time of  flight of  electrons 
between the centers of  the input and output 
cavities of  2-4 ns, the recovery time of  the CPD 
in the 3 cm wavelength range will be tr ≈ 10 ns. 
In the wavelength range of  10 cm, the recovery 
time of  the CPD is tr ≈ 22-26 ns.

For an additional time from 3 to 10 ns (the 
duration of  stage 3, depending on the frequency 
range), the maximum sensitivity in the CPD 
corresponding to a noise figure of  1-1.5 dB is 
restored.

In the present estimates of  the recovery time 
it is assumed the ideal trailing edge with zero 
duration of  a powerful input microwave pulse.

As noted above, most of  the high level 
input microwave power reflects from the 
mismatched resonator. To ensure an extremely 
short recovery time of  the device the reflected 
power should be directed into the load for 
prevent its re-reflection from the elements of  
the antenna-CPD path and the input of  the 
CPD. Fig. 5 shows the oscillograms of  the 
microwave energy reduce at the CPD output 

at the end of  an input pulse with a power of  
23 dBm with a cutoff  duration (trailing edge) 
of  a pulse of  0.5 ns. Fig. 5a - the duration 
of  the reduction process of  20.2 ns is due 
to the propagation of  the power reflected 
from the CPD input to the generator of  a 
powerful signal, followed by reflection of  the 
power from the output of  the generator and 
its re-entry to the input of  the CPD with the 
length of  the connecting cable 0.9 m. The 
swelling on the oscillogram to the left of  the 
20.2 ns time interval is due to the passage 
of  the input pulse cutoff  through the CPD 
(the left border of  the 20.2 ns time interval 
on the oscillogram separates the modes of  
operation of  the CPD: on the left – the mode 
of  protection against the input pulse, on the 
right – the transmission mode in the absence 
of  an input pulse. Figure 5b – similarly for 4.2 
ns interval).

The use of  a ferrite valve directly at the input 
of  CPD (Fig. 5b) makes it possible to exclude 
the re-reflection of  the microwave power in the 
path generator-CPD and to observe the proper 
recovery time of  the CPD, in this case 4.2 ns.

a)

b)

Fig. 5. Oscillograms of  the recovery time of  the CPD in 
the wavelength range of  3 cm: a) without a ferrite valve at the 
input, the length of  the connecting cable between the generator 
and the input of  the CPD is 0.9 m; b) a ferrite valve is 

connected to the CPD input.
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4. CONCLUSION
CPD is a very attractive device for use in radar 
receivers due to the physical principles on which 
its work is based:
• interaction with the fast wave of  the electron 

beam allows to remove thermal noise from 
the beam in the coupling resonator and 
achieve a low noise figure;

• interaction with a transverse (cyclotron) wave 
does not lead to the formation of  electron 
charge bunches in the beam and provides a 
high linearity of  the device;

• work with an electron beam in a vacuum – 
the use of  charged particles with maximum 
mobility – allows to achieve an ultra-short 
recovery time of  the protective device;

• connection of  the input and output of  the 
CPD in the transmission mode through 
an electron beam ensures the absence of  a 
leakage peak power.
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1. INTRODUCTION
“Impossible” radiationless and low-energy 
nuclear reactions were discovered at the end 
of  the last century, in 1989-1992: cold nuclear 
fusion reactions and low-energy transmutation 
reactions [1-3].

It turned out that nuclear reactions with the 
transformation of  some chemical elements into 
other chemical elements can occur in weakly 
excited condensed matter with a low, only ~ 
1 eV/atom, excitation energy in the reaction 
region. This phenomenon has received the name: 
low-energy transmutation of  chemical elements 
(hereinafter- transmutation). The methods of  
experiments on the transmutation are extremely 
diverse and fundamentally different from the 
methods of  nuclear physics. Transmutation 
reactions were discovered and subsequently 
reproduced in a glowing gas discharge [4-6]; in 
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industrial electronic zone melting of  zirconium 
ingots in a vacuum furnace [7]; during explosions 
of  metal targets irradiated by a powerful pulse 
of  electrons [8,9]; during explosions in liquid 
dielectric media of  metal foils, through which 
a powerful pulse of  electric current was passed 
[10,11]; when exposed to a pulsed current on a 
melt of  lead with copper [12]; during the passage 
of  electric current in water-mineral media [3]; 
during ultrasonic treatment of  aqueous saline 
solutions [13]; when irradiating condensed gases 
with braking gamma quanta [14-16]; in growing 
biological structures [17-19] and in many others 
[1-3]. The results of  transmutation experiments, 
despite their variety, are qualitatively similar to 
each other.

Transmutation reactions are carried out for 
all chemical elements, starting with hydrogen, 
and they usually occur with the participation of  
a large number of  atomic nuclei. Transmutation 
reactions include both fusion and decay of  nuclei. 
Experiments show that practically all chemical 
elements can be synthesized in transmutation 
reactions: from hydrogen and, so far, to actinium 
[15]. In this case, the reaction products, which 
are isotopes of  chemical elements are obtained 
as stable isotopes, i.e. non-radioactive isotopes.

The synthesis of  chemical elements with a 
nuclear charge Z greater than that of  iron nuclei 
(Z = 26) led to the conclusion that multinuclear 
reactions take place in transmutation reactions. 
Multinuclear transmutation reactions must be 
introduced to explain the production of  heavy 
chemical elements in a medium consisting of  
light elements in many experiments. Such heavy 
elements cannot be obtained in paired reactions 
that occur between light elements of  the medium.

Transmutation reactions occur only as a result 
of  external influence on the condensed matter. 
In most experiments, transmutation reactions 
occur due to action of  electrons on the medium 
by means of  powerful pulses of  electrons or 
powerful currents. So, for example, the book [3] 
“discusses the transformation of  some chemical 

elements into others under electromagnetic 
influences. Five methods of  exposure are 
shown that give qualitatively similar results. The 
transformation processes are accompanied by 
energy release. The general nature of  the impact 
by various ways is associated with large pulse 
currents and pulse fields. Basically, there are two 
types of  media that are exposed: metal melts and 
aqueous media”.

The above considerations and numerous 
experiments show that transmutation reactions 
take place in liquids, in solutions, in melts and in 
gases under high pressure, i.e. on free atoms, the 
density of  which is close to the density of  a solid 
state, and during the passage of  directed flows 
of  electrons through these media.

The theory that explains transmutation 
reactions is connected, firstly, with the discovery 
of  the fundamental resonant interference 
exchange interaction. RIEX-interaction occurs 
between nuclei that have common resonance 
states [20,21]. Such nuclei form nuclear molecules, 
including multinuclear molecules. Strong-
weak, electromagnetic and inertial-gravitational 
interactions are realized simultaneously in RIEX-
interactions between nuclei. And, secondly, the 
theory of  transmutation is associated with the 
creation of  the theory of  pairing of  atomic 
electrons into orthobosons with a total spin equal 
to one S = 1ћ. This pairing of  electrons occurs 
in strong magnetic fields > 30 T. Orthobosons 
form electron Bose-Einstein condensate in 
the atom. Such atoms are called Transatoms. 
Transatoms have external and internal ultra-
strong magnetic fields. Internal magnetic fields 
that interact with the orbital and spin magnetic 
moments of  nucleons in nuclei, transform them 
into Transnuclei. External magnetic fields allow 
transatoms to be attracted to each other. When 
transatoms approach each other, their electronic 
Bose-Einstein condensates are combined into 
one, common Bose-Einstein condensate and, 
thus, form binuclear, and then, multinuclear 
molecules.
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Atomic electrons, in a strong magnetic 
field, inevitably pair into orthobosons. Atoms 
transform into Transatoms. Transatoms 
automatically enter into low-energy 
transmutation reactions.

The question arises, how strong magnetic 
fields are created in a condensed matter? This 
paper makes an assumption about the mechanism 
that creates such magnetic fields.

2. TRANSMUTATION OF CHEMICAL 
ELEMENTS
First, we present several experiments on low-
energy transmutation of  chemical elements in 
order the readers can get acquainted with it.
2.1. transmutation of elements in 
electric discharGe

Work on the transmutation of  elements in an 
electric discharge in liquid media was carried 
out by A.V. Vachaev and N.I. Ivanov [3]. The 
installation consisted of  two tubular electrodes 
with an inner diameter of  6 to 50 mm located 
opposite each other at a distance of  1–1.5 
mm of  their diameter. Between the electrodes, 
inside which the liquid moved, a specific electric 
discharge was created, and plasma appeared. 
The electrodes were inside a coil that creates 
a magnetic field. The plasma was ignited by 
a pulsed discharge of  additional electrodes 
located across the liquid jet between the tubular 
electrodes. The plasma between the tubular 
electrodes was an electrically conductive film that 
formed a multidimensional figure of  the type of  
revolution hyperboloid with a pinch 0.1–0.2 mm 
in diameter. The discharge proceeded almost 
noiselessly with a minimum release of  heat and 
gas phase. The magnitude of  the current that 
passed through the tubular electrodes varied 
within 0.1-100 A, but the current was 20-40 A 
in most cases.

As a result of  the work of  the installation, a 
stable process of  transformation of  the initial 
material of  the medium into new elements 
and their compounds, in the gaseous, liquid 
(dissolved in the medium) and solid state, arose 

in it. All works were carried out in a mode with 
a maximum solid phase yield, up to 300 g/L on 
the average. The installation was able to work 
for many days. In the experiments, various 
liquid media were supplied to the inlet of  the 
installation: water (distilled, drinking, river water), 
water-mineral mixtures, effluents from various 
production facilities, water-carbon, organic 
mixtures. Fig. 1 shows, by way of  example, the 
yields of  “extraneous” elements for the cases of  
distilled water treatment (Fig. 1a) and domestic 
wastewater treatment (Fig. 1b).

2.2. experiments on meltinG zirconium 
with an electron beam

The paper by M.I. Solin [7] describes the results 
of  experiments on zone melting of  zirconium 
ingots by an electron beam. The experiments 
were carried out in industrial vacuum furnaces 
with heating of  the ingot by means of  an 
electron beam. The accelerating voltage in the 
electron gun was maintained at a level of  30 keV. 
The density of  the power supplied to the surface 
of  liquid zirconium was 0.38 - 0.4 kW/cm2.

After melting, microstructures or, as the author 
calls them, nugget products, were discovered in 
the zirconium ingot. The elemental composition 
of  those nugget products significantly differed 
from the initial material. The minimum size of  
microstructures was 0.1–1 µm. Fig. 2a shows 
a typical mass spectrum of  zirconium blanks, 
and Fig. 2b shows mass spectrum of  the nugget 
product formed in the ingot. As can be seen, Li, 
Be, B, Ba and rare earth metals - elements that 
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were absent in the original ingot - were formed 
in the nugget product. In addition, the content 
of  elements such as Na, Mg, Al, Si, K, Ca, Ti, Cr, 
Mn, Fe was increased by 2-3 orders of  magnitude 
in the nugget. The content of  these elements in 
individual nuggets ranged from 2 to 45 weight 
percent. By means of  X-ray microanalysis and 
Auger spectroscopy, a high content of  carbon, 
nitrogen and oxygen was found in nuggets.

In the experiments, a significant increase in 
the melting rate of  zirconium by a factor of  6-8 
was noted with a constant input energy of  the 
electron beam, and for some modes of  heating 
the ingot, the rate of  its melting would increase 
by a factor of  50. Thus, the melting process was 
accompanied by significant energy release. The 
author points out that the mass of  the metal is 
a critical parameter for the onset of  anomalous 
processes.
2.3. ultrasound element transmutation

The works of  A.F. Kladov [13] noted the 
transmutation of  atomic nuclei of  chemical 
compounds in the process of  ultrasonic 
treatment of  their aqueous solutions. The 
experimental installation was a hydrodynamic 
rotor-type generator of  ultrasonic vibrations. 
The main parameters of  the installation are as 
follows: sound intensity >106 W/m2, frequency 
(fundamental tone) – 5.9·103 Hz, operating 
pressure in the activator – 106 Pa, working 
volume – 6.3 liters, active zone volume – 0.25 
liters.

The author worked with stable and 
radioactive isotopes. Fig. 3 shows the spectra 
of  the elements obtained at different times of  
treatment of  solutions of  LiCl and CsCl salts. 
The LiCl solution was treated for 2, 8, 24 hours, 
and the CsCl solution – for 360 hours. The 
histograms show that over time, the amount of  
“extraneous” elements in the solution increases - 
from boron to lead (Fig. 3a-c). Unfortunately, the 
author did not give, in his paper, the elemental 
composition of  a solution of  LiCl and CsCl 
salts before ultrasonic activation. However, 
an indirect assessment of  the intensity of  the 
appearance of  foreign elements can be made 
by comparing the spectra of  LiCl after 2 and 24 
hours of  treatment.

The paper also describes experiments with 
radioactive isotopes: 60Co, 137Cs, 40K, 126Sn, 188Pt, 
197Hg. It turned out that during the operation 
of  the installation, the number of  radioactive 
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nuclei changes, i.e. there is a transformation of  
radioactive isotopes into stable isotopes. Also, 
A. Kladov discovered a significant, twofold, 
decrease in the activity of  the plutonium-
beryllium neutron source after the activator was 
in operation. The source was located at a distance 
of  2.4 m from the activator. The correctness 
of  the measurements has been confirmed by 
repeated checks.

During the operation of  the installation, 
the volume of  the solution decreased with 
the guaranteed tightness of  the activator. The 
average rate of  solution decrease was 28 ml/
hour. This fact means that water molecules are 
involved in transmutation reactions.

A. Kladov believes that the main operating 
factor in the presented technological process is 
cavitation.
2.4. exposure of Gases to brakinG Gamma 
radiation

In the experiments of  A.Yu. Didyk, R. 
Wisnievsky and others [14-16], high-pressure 
gases hydrogen, deuterium, helium and xenon 
were irradiated with braking gamma quanta with 
a maximum energy of  10 MeV for tens of  hours. 
After irradiation, solid-state micro-objects in 
the form of  crystalline and amorphous micro-
particles, filaments, nodules and inclusions were 
found on the inner surfaces of  the reaction 
chambers. The sizes of  microobjects were 
from 0.5 μm to 1 mm. Studies of  the elemental 
composition of  the revealed structures, carried 
out using X-ray microprobe analysis, showed 
the presence of  chemical elements in them that 
were absent in the reaction chambers before 
irradiation. Chemical elements were recorded in 
the range from carbon to actinium (Z = 89).

The most impressive result in the experiment 
on the irradiation of  helium at a pressure of  
1.1 kbar for 28 hours was the detection of  
thin, cylindrical, black foils of  considerable size 
in the inner part of  the chamber (Fig. 4) [14]. 
The internal dimensions of  the chamber were 
15 mm long, 8 mm in diameter, and 0.75 сm2 

in volume. The foils consisted predominantly 
of  carbon and left oily marks on the paper. The 
latter indicates the presence of  liquid oils on the 
foils in the form of  hydrocarbons and synthesis 
of  hydrogen. Fig. 5 shows the total elemental 
composition of  foils and other solid-state 
microparticles formed as a result of  irradiation, 
averaged over 11 measurements [15].

In three experiments on braking gamma 
quanta irradiation of  xenon 54Xe at pressures of  
250, 270, and 550 bar and with a duration of  
60–70 hours, reaction chambers with an inner 
diameter of  1 cm, a length of  5.8 cm, and a 
volume of  4.5 см3 were used [15]. As a result 
of  irradiation in all three experiments, after their 
completion, newly formed objects were found in 
the chambers: microparticles with a size of  0.5 μm 
to 1 mm, and anomalous solid-state structures on 
the walls of  the reaction chambers. The resulting 
objects mainly contained “extraneous” elements 

Fig. 4. Pictures of  black foils.
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ranging from carbon to bismuth. Elements were 
registered in the experiments that do not have 
stable isotopes: technetium, francium, actinium. 
Fig. 6 shows the concentrations of  chemical 
elements averaged over three experiments P = 
250, 270, 550 bar. 289 measurements were used 
in this distribution. Based on the totality of  the 
data of  these experiments, it can be argued that 
“practically all elements” of  the Periodic Table 
are synthesized in xenon as a result of  prolonged 
exposure of  condensed xenon to braking gamma 
quanta.

The first two experiments in the presented 
experiments on transmutation are associated 
with electronic action on liquid media: electric 
current and electron beam. Transmutation in 
the third experiment is caused by the collapse 
of  cavitation bubbles, in which electrons in the 
near-surface layer move towards the centers 
of  the bubbles. The directional movement of  
electrons in experiments with high-pressure 
gases is created by unidirectional gamma quanta 
that ionize the gases.

The production of  graphite foils in weighed 
amounts in the experiment with helium 2.4 is 
explained by the production of  orthohelium 
atoms. Orthohelium is obtained as a result of  
ionization, by gamma radiation, of  gas atoms 
with subsequent recombination of  their ions 
[22]. The orthohelium atom, in which electron 
spins and, accordingly, their magnetic moments 
are parallel to each other, has magnetic fields: ~ 

400 T at the center of  the atom, in the region of  
the nucleus and ~70 T at its diameter ~1.75·10-10 

m. Therefore, orthohelium atoms are attracted 
to each other, combine and create multinuclear 
molecules, in which transmutation reactions take 
place.

The production, in experiment 2.1, of  a huge 
amount of  “extraneous” chemical elements 
up to 300 g/L during the treatment of  liquid 
media in an electric discharge, is associated with 
the creation of  a continuous specific electron 
current, through which a liquid flow inevitably 
flows. It is obvious that it is in the plasma film 
of  a specific electric discharge that low-energy 
transmutation reactions take place. A strong 
magnetic field is formed inside the discharge 
film, and that field creates conditions for these 
reactions.

In experiments: with zone melting of  
zirconium, with ultrasonic cavitation and with 
gamma quanta irradiation of  xenon, no gram 
amounts of  “extraneous” chemical elements in 
transmutation products were registered. This 
is due to the fact that transmutation processes 
occur in local areas of  condensed matter in these 
experiments. An important feature of  these local 
areas is the presence of  strong magnetic fields 
inside them.

3. ELECTRONS IN EXCITED LIQUIDS
By liquids, we will also mean metal melts and 
gases at a pressure of  ~1 kbar in this paper.

Since in most experiments the transmutation 
reactions are carried out not in the entire volume 
of  the excited matter, it is logical to assume that 
some local regions –“capsules” are formed in 
the matter, which contain a large number of  
atoms and in which transmutation reactions take 
place. In addition, the large variety of  physical 
experiments on transmutation requires the 
existence of  some one-type object, characteristic 
of  all these experiments. Such an object of  the 
same type is a "capsule". "Capsules", according to 
the author, are plasma formations with a strong 
electromagnetic field inside. Since the diameters 
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of  atoms are in the range (0.1-0.4) nm, and the 
distances between them in liquids, in melts and 
in gases at a pressure of  ~1 kbar are ~ (0.3-0.5) 
nm, then, to accommodate several atoms in such 
“capsules”, simple geometric considerations 
should give their minimum linear dimensions 
~1-2 nm.

Numerous experiments have shown that 
transmutation reactions are carried out from 
room temperature of  a condensed matter 
[23] to temperatures of  ~2000°С. One of  
the characteristic temperatures favorable 
for triggering transmutation reactions is the 
temperature range of  300-400°С. Nanoclusters 
with a diameter of  6-7 nm are formed near 
metal surfaces at such temperatures [24]. Such 
nanocluster size makes it possible to achieve 
300% of  the concentration of  hydrogen or 
deuterium atoms per cluster atom [25]. This 
concentration allows us to start cold fusion 
reactions. I.S. Filimonenko created a hydrolysis 
installation designed to generate energy in the 
reaction of  “warm” nuclear fusion of  helium 
from deuterium, which works at a temperature of  
1150°С [26]. A. Smits and A. Karssen obtained 
mercury by passing an electric current through 
thoroughly purified molten lead at a temperature 
of  T = 800°С [27]. V.A.Krivitsky also carried out 
transmutation reactions, when passing a pulsed 
current of  ~ 7.5 kA through the melt of  metals: 
Pb, Cu and Na2O, at a temperature of  T = 
1100°С [12]. A. Rossi [28] and A.G. Parkhomov 
reactors of  [29] operate at temperatures of  1200-
1400°С and even at a temperature of  1800°С. 
Cold fusion reactions were carried out in their 
reactors followed by the launch of  low-energy 
transmutation reactions.

The average electron energy at room 
temperature 300 K is 0.025 eV, and it is 0.2 
eV at 2300 K. Correspondingly, the de Broglie 
wavelength λ = h/p (p is electron momentum) 
for the specified temperature range varies from 
7.8 nm to 2.7 nm. Correlations can arise between 
electrons at such distances. Correlations between 

electrons can also be realized along their 
coherence length.

The de Broglie wavelength of  electrons 
at a temperature of  T ~3 K has a value of  
~80 nm, while it is known from the theory 
of  superconductivity that the “size” of  a 
Cooper pair or coherence length is ξ ~2000 
nm, ξ ~ ћpF/mekT, where 2 ,F e Fp m ε=  – the 
Fermi momentum, εF is Fermi energy, k is the 
Boltzmann constant, me is the electron mass. At a 
temperature T~2300 K, the coherence length for 
electrons will be ξ~3 nm, which is commensurate 
with their de Broglie wavelength. The coherence 
length can be increased by changing the effective 

Fermi energy 
2/32

23 .
2F

e

N
m V

ε π∗  =  
 

  To do this, it is 
necessary to increase the density of  free electrons 
by increasing the density of  electron current j = 
eρv, where V is the volume of  the metal, N is 
the total number of  free electrons in it, e is the 
electron charge, ρ is the density of  free electrons, 
v is the speed of  their directed motion.

Correlation between electrons (or other 
objects) arises from an additional interaction. 
This interaction does always exist between 
electrons, but it can be suppressed. Additional 
interaction begins to manifest itself  only when 
certain conditions are created.

The electron-phonon interaction in metals at 
extremely low temperatures, at several degrees 
Kelvin begins to manifest itself, and it transforms 
metals into a state of  superconductivity [30]. 
In a pairwise electronic interaction that occurs 
through phonon exchange, electrons are 
attracted to each other. In the case when their 
total momentum is equal to zero P1е = –P2е, 
correlated electrons pair and form a Cooper pair 
with oppositely directed spins S = 0ћ.

Electrons are attracted to each other in an 
atom that is in a strong magnetic field. This 
attraction is provided by an additional exchange 
Coulomb interaction when the electron spins 
are parallel [31]. Exchange interaction appears 
between identical particles when their wave 
functions overlap. The more the wave functions 
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of  identical particles overlap, the greater is 
the exchange interaction (Fig. 7). Due to the 
exchange interaction, atomic electrons combine 
into orthobosons – into pairs with S = 1ћ. The 
fulfillment of  the Pauli principle and the equality 
to zero of  the total momentum of  electrons in 
the orthoboson are ensured by the appearance 
of  oscillations of  electrons around their 
orbitals. Electrons in the orthoboson oscillate in 
antiphase, P1е = –P2е [32].

Most transmutation experiments occur, as 
already mentioned in the introduction, due to 
the electronic impact on condensed matter 
with a high electron density: with the help 
of  powerful pulses of  electrons or powerful 
currents. Condensed matter, weakly excited 
for transmutation reactions, are ionized liquid 
matter in which, to create strong magnetic fields,
• firstly, there are free electrons and ions not 

bound into atoms, in sufficient quantities, 
with a density of  ρ ≥ 1021 сm-3;

• secondly, all or most of  the electrons move 
in liquid matter in the same direction. These 
electrons make up an ensemble of  electrons 
of  volume W.
It is known that the directed motion of  

electrons creates a magnetic field both due to the 
transfer of  electric charges of  electrons e− and 
due to the transfer of  their magnetic moments 
μe. The magnetic moments of  electrons, which 
move in one direction, are directed, due to 
the property of  helicity, in one direction, in 
the direction of  their momenta. The spins of  
electrons are directed against the momenta 

- they have a left-handed helicity. The electron 
magnetic moment is directed against the spin. 
The magnetic field Bμ created by the magnetic 
moments is described by the Landau equation 
[33]:

0 3

3 ( ) ,i e i e

i ir
µ µ ⋅ −
= ∑ n nB µ µ  (1)

where μ0 = 1.26·10-6 H/m is magnetic constant; 
μe = 9.29·10-24 J/T= 5.79·10-5 eV/T, r – is the 
distance from the electron to the point at which 
the field Bμ is calculated; ni is a unit vector in 
the direction ri, i is the number of  electrons with 
parallel spins. It follows from formula (1) that 
the magnetic moment of  an electron μe creates 
a magnetic field equal to 30 T at a distance of  
0.092 nanometers along its direction axis (the 
diameter of  a hydrogen atom is 0.106 nm).

Thus, a directionally moving ensemble of  
electrons generates a seed magnetic field Bμ0 (1) 
in a condensed matter, which averaged direction 
coincides with the direction of  electron motion. 
Therefore, the electrons, in addition to moving 
predominantly in one direction, additionally 
rotate around the lines of  the magnetic field 
created by them. In this case, the rotation of  all 
electrons in the ensemble is also unidirectional 
– clockwise, if  you look in the direction of  
electron motion. In an ionized liquid, as different 
from a solid state, singly charged ions also move 
directionally towards the electrons. Therefore, 
electrons also revolve around ions. Moreover, 
due to the regular change in the distance between 
ions and electrons, as a result of  the Coulomb 
interaction between them, the electrons begin 
to oscillate both along and across the direction 
of  their motion. Due to the thermal motion of  
electrons and because of  their constant collision 
both with each other with a frequency of  (2-
7)·1014 с-1 and with atoms-ions, the rotation and 
oscillations of  an individual electron can be 
spoken of  as of  trends in motion in the general 
field created by the ensemble of  electrons. 
However, the combined motion of  all electrons 
in the ensemble forms both a local vortex motion 

Fig. 7. Overlap of  wave functions of  identical particles.
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of  matter in a liquid medium and oscillations of  
matter inside the vortex.

The electron spins are oriented in the seed 
magnetic field Bμ0 either along the field or 
against it. Due to its nature, the magnetic field 
Bμ0 created by the sum of  magnetic moments 
of  electrons, is spatially inhomogeneous and 
anisotropic. Therefore, electrons which move 
in a changing field ∂Bμ0/∂t and which have a 
field-antiparallel orientation of  the magnetic 
moments Bμ0↑↓μe, will change the direction of  
the magnetic moments μe. Thus, the number of  
free electrons in a state with magnetic moments 
parallel to the field increases, up to the moment 
when most electrons would pass into this state. 
Consequently, the seed magnetic field increases 
up to saturation Bμ. Accordingly, the spins of  
these electrons will also become parallel. Spin 
plasma is formed.

4. PAIRING OF ELECTRONS IN LIQUIDS
4.1. stronG maGnetic fields

At a temperature of  molten metals T ~2300 K 
(0.2 eV), the density of  electrons is ρ ~(1-3)·1022 
см-3, which corresponds to the average distance 
between them ~(5-3)∙10-8 сm. The volume of  
a sphere with a radius equal to the de Broglie 
wavelength or the coherence length λ ≈ ξ 
~30∙10-8 сm contains ~(1-3)·103 electrons. At a 
density of  ρ ~1021 см-3, the volume of  such a 
sphere contains ~ 100 electrons.

In an ensemble of  unidirectionally moving 
electrons with the number n and volume W, 
both spins and magnetic moments are parallel. 
Parallel magnetic moments of  electrons generate 
a collective, magnetic field Bμ.

Electrons with parallel spins are attracted to 
each other due to the exchange interaction. Each 
electron attracts electrons in itself, which are in 
the volume of  the correlation sphere with a radius 
λ ≈ ξ. The volume of  the electrons ensemble W 
can be larger than the volume of  the correlation 
sphere; however, all electrons that make up 
the ensemble are cross-attracted to each other. 
Therefore, the ensemble of  electrons forms, due 

to the exchange interaction, a collective exchange 
field in its micro- and more than microvolume 
W. The energy of  one electron εi with a wave 
function φi can be determined using the Hartree-
Fock self-consistent field method from the 
equation:
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The curly brace gives the sum of  the operators 
of  the kinetic energy of  an electron and its 
potential interaction energy with all ions ZA. We 
can assume that ZA =1. The first square bracket 
shows the operator of  the energy of  the usual, 
interelectronic Coulomb repulsion – the Hartree 
contribution, the operator of  the interelectron 
exchange Coulomb attraction energy – the Fock 
contribution – is given in the second bracket.

The contribution of  Hartree (EH) to the 
self-consistent field can be neglected, since 
the repulsion of  electrons is compensated at 
densities of  ~1021 сm-3 by their attraction to 
positively charged ions, because Debye radius 
− the distance over which the action of  the 
electric field of  a separate charge in a quasi-
neutral medium extends, has the size of  an atom 

80
2 69 10 ,D

kT Tr cm
e

−= = =
ε
ρ ρ  where ε0 = 8.8∙10−12 F/m 

is electric constant.
Therefore, a self-consistent field is formed 

only due to the Fock contribution (EF), which 
is determined by the multi-exchange Coulomb 
attraction between electrons with parallel spins. 
The Hartree-Fock equation takes the following 
form:
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Strictly speaking, the Fock contribution to the 
self-consistent field potential must be larger than 
the Hartree contribution for electron pairing 
in liquids, EF > EH. The exchange attraction 
between electrons associated with the overlap 
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of  their wave functions decreases exponentially 
with an increasing distance between electrons 
(Fig. 7). Therefore, since the net interelectronic 
repulsion is much greater than the interelectronic 
exchange attraction, and to satisfy the condition 
EF > EH, in a liquid plasma it is necessary that λ 
>> rD.

0
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At temperatures of  liquids of  300-2300 K, 
the last ratio is fulfilled at electron densities above 
1018-1020 сm-3 respectively. The densities of  
electrons in liquids with values of  21 310 cmρ −≥
are important for the formation of  seed magnetic 
and exchange fields in them.

Since the electrons in the ensemble W are 
attracted to each other, then, consequently, the 
first Cooper condition on their pairing is satisfied 
[30]. According to L. Cooper condition for 
pairing electrons, the attraction between them 
can be arbitrarily small. It is important in our 
case that the exchange potential is greater than 
the energy of  the thermal motion of  electrons. 
Then, the continuous spectrum of  electronic 
states in the negative field potential of  volume 
W will transform into a discrete spectrum 
with their na, ℓ, m, nb – quantum numbers that 
satisfy the Pauli principle. It is noteworthy 
that the exchange field generated by electrons 
with parallel spins affects them only. Since all 
electrons in the exchange field have parallel 
spins, then practically the only way to fulfill the 
Pauli principle is the pairing of  electrons into 
orthobosons S = 1ћ. This pairing is carried out 
due to the fact that electrons in a magnetic field 
acquire new, oscillatory quantum numbers nb 
[20]. The electrons that make up the orthoboson 
have oscillations, which are correlated in the 
pulses P1е = –P2е — this is the second condition 
for electron pairing [30]. Due to the fulfillment 
of  the condition P1е = –P2е, the oscillatory 

quantum numbers of  paired electrons are equal 
to each other in absolute value, but opposite in 
sign 1 2 ,b bn n= −  nb = 1,2,3… The Pauli principle 
is satisfied.

Consequently, pairing of  electrons into 
orthobosons will be carried out automatically 
in local regions of  weakly excited liquids, in 
which electrons move unidirectionally and have 
a density ≥ 1021 cm-3.

The trajectories of  motion of  electrons in 
the orthoboson can be represented as closed 
spirals nested into each other, located on 
the toroid surface. An orthobosonic pair is a 
toroidal ring current with a radius (Fig. 8a). 
In contrast to the atom, in which the atomic 
nucleus with charge Z is always in the center, the 
counter flux of  positive ions in the orthopair in 
its “center” can be not only different, but it also 
changes in time.

According to Bohr's theory, the radius of  
the electron orbital in a hydrogen-like atom 
with a nuclear charge Z and a principal quantum 
number nа is equal to:

2
20

2

4 .Z a
e

r n
m Ze
πε

=


 (2)

The electron velocity on the orbital is equal 
to: / .Z a e ZV n m r=   The ring current of  the 
orthoboson 2e– is equal to:

2
32 / 2 / .Z Z Z a ZI eV r en m r= = π π  (3)

Fig. 8. a – orthoboson; b - dependence of  the electric Ee and 
magnetic B2μ fields in relative units along the C axis.
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Let us assume that the correlation between 
the electrons, which make up the orthoboson 
arises from the minimum average distance 
between free electrons in metal melts to the 
minimum size of  “capsules” 0.3–1 nm (rZ = 
0.15–0.5 nm). Then, the magnetic field formed 
by the parallel magnetic moments μe by a pair of  
electrons in the center between them according 
to (1) 3

2 0 2 / ,e Zrµ µ= − µB : varies in the range from 
7 to 0.2 T. The average effective ion charges 
for electron correlations at such distances 
according to formula (2) for the principal 
quantum number nа = 1 are, respectively, Z 
= 0.35-0.1. The physical meaning of  such 
values is that the ions are not constantly in the 
center of  the orthobosonic pair, since they and 
electrons move towards each other. In addition, 
the Coulomb field of  the ions is screened by 
the field of  other, uncorrelated electrons.

It is known from [20] that the radius of  
the orthoboson decreases by a factor of  
three compared to the initial radius at which 
the correlation arises. This is due to the fact 
that electronic oscillations generate additional 
binding energy of  electrons with ions. And since 
the energy of  rotation of  electrons around ions 
and the energy of  oscillations depend on each 
other, then an additional energy connection 
of  electrons with ions arises. In addition, 
the exchange Coulomb attraction between 
electrons in an orthobosonic pair completely 
compensates for their Coulomb repulsion: 
electrons in an orthoboson interact only with 
ions. Because of  this, the orthoboson radii rZ 
decrease threefold and become equal to ~0.05-
0.15 rZ, and the magnetic fields at the center of  
the orthoboson increase, respectively, up to B2μ 
~ (190–7) T.

The ring current of  the orthoboson (2e-) 
also forms the magnetic field Be. In the center: 
Be = μ0IZ/2rZ. We substitute the value of  the 
ring current (3) for nа = 1 in the formula, we 
obtain, 3

0 / ,   ( e / 2m ).e e Z e erµ π= − = µ µB  The 
magnetic field at the center of  the ring current 

is 2π times less than the field created by the 
magnetic moments of  the electrons μe.

Thus, electrons move in an ionized liquid 
in one direction and have a density of  ≥ 1021 
cm-3, a seed magnetic field Bμ0 is generated. The 
saturation magnetic field Bμ and the exchange 
field of  electrons with parallel spins produce 
orthobosons S = 1ћ, each of  which is formed 
from a pair of  correlated electrons. Orthobosons 
create a strong magnetic field B2μ in the liquid. 
A “spontaneous” magnetization of  the liquid 
occurs [34].
4.2. “capsules”, unknown particles and 
hiGh-temperature superconductiVity

The ring current of  radius rZ with charge e 
creates electric and magnetic fields on the C axis, 
respectively: Eе = (eс/4πε0)·(rZ

2 + с2)-3/2 and Bе = 
μ0(I·rZ

2/2)·(rZ
2 + с2)-3/2, where I is the ring current 

[35]. The joint solution of  these equations gives 
a potential well on the C axis at a distance / 2Zr  
from the center of  the ring (Fig. 8).

The magnetic field B2μ generated by the 
magnetic moments of  the orthoboson, has a 
maximum value in the center. In this case, the 
magnetic induction vector B2μ is directed against 
the direction of  the magnetic moments of  the 
electrons μe. The magnetic field becomes zero 
on the C axis, at a distance / 2Zc r=  from the 
center of  the ring. The direction of  the field 
changes sign at this point. Further, it coincides 
with the direction of  the magnetic moments. 
The maximum of  the external field is located 
at a distance 3 / 2Zr  from the center of  the 
orthoboson. And its value is five times less than 
the maximum value of  the field in the center. 
In accordance with the values calculated in the 
previous chapter, the maximum values of  external 
magnetic fields will be 40−1.5 T. Further, the 
magnetic field decreases with increasing distance 
c as 4μ0μe/с3 (1), (Fig. 8b). The C-axis distance is 
given in rz units in Fig. 8b.

Orthobosons are attracted to each other 
due to their external magnetic fields. In this 
case, magnetic self-focusing is carried out and 
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an orthoboson “solenoid” is formed with equal 
distances / 2Zr  between the centers of  the 
orthobosons. Since the flux of  positive ions 
inside the orthobosonic “solenoid” are the same 
for all orthobosonic pairs, their diameters will be 
equal to each other (Fig. 9). The orthobosons 
of  the “solenoid” do not form a single Bose-
Einstein condensate, since each orthoboson has 
no constant central positive charge. Positive ions 
which pass inside the orthobosons constantly 
change their location from one orthoboson to 
another, neighboring orthoboson. Therefore, 
there is no directional Coulomb attraction of  
neighboring orthobosons to neighboring ions. 
Unlike transatoms, which have Bose-Einstein 
orthobosonic condensates and have central, 
positively charged atomic transnuclei. Therefore, 
Bose-Einstein condensates of  transatoms are 
combined into one, common condensate. With 
such a combination, a nuclear transmolecule 
is formed, in which transnuclei enter into 
low-energy nuclear reactions. Fig. 10, as an 

example, shows the formation of  the sodium 
transmolecule 11NaM from the transatoms of  
boron 5B

T and carbon 6C
T.

The orthobosonic “solenoid” is the very 
“capsule” that was discussed at the beginning 
of  chapter 3. The number of  orthobosons 
in “capsules” can be different. It depends 
on the state of  a weakly excited liquid, on its 
temperature, on its chemical composition, and 
on the density of  the electron flux.

Although the orthobosons of  the “solenoid” 
do not create a united Bose-Einstein condensate, 
when they join into a “capsule”, they nevertheless 
form a common condensate distributed in 
space. All electrons in the “capsule” have equal 
energies, and the orthobosons have additional 
binding energy due to the exchange interaction, 
but this time due to exchange interaction of  
bosons with each other. This relation makes the 
“capsule” resistant to both external and internal 
influences. “Capsules” will exist as long as there 
is a sufficient amount of  free electrons in the 
condensed matter, which are formed as a result 
of  external influence or due to transmutation 
reactions.

It is obvious that inside the orthobosonic 
“solenoid” magnetic fields multiply increase, 
thus creating conditions for the transformation 
of  atoms into transatoms and triggering low-
energy transmutation reactions. Despite the 
fact that nuclear transmutation reactions take 
place inside the “capsules”, as mentioned above, 
“capsules” are stable objects. Low-energy nuclear 
transmutation reactions are non-radiation 
reactions. Energy is released in these reactions in 
the form of  kinetic energy of  multiply charged 
ions. The scattering positive multiply charged 
ions will pull with them a separate orthoboson 
or the entire orthoboson “solenoid” and can pull 
it out of  the liquid.

It is known that the process of  transmutation 
is accompanied by the emission of  rare, 
unknown particles, which leave “strange” traces 
in photographic emulsions, on thin sections 

Fig. 9. “Capsule” − orthoboson “solenoid”.

Fig. 10. The formation of  sodium transmolecule from boron 
and carbon transatoms.
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of  metals and which, when interacting with a 
substance, change its structure and chemical 
composition. It is the “capsules”, which generate 
in a condensed matter, move inside and outside 
it, are that exact “strange” radiation that is 
recorded in many experiments [6,7,10,36,37]. 
“Capsules” possess strong electric and magnetic 
fields. If  the “capsules” together with the 
interacting transatoms inside them move along 
the surface of  the “detectors”, then they create 
bizarre patterns on them, which are observed in 
experiments.

It was emphasized in [38] that the higher the 
energy density of  the excited matter, the more 
atoms can be involved in the input channel of  
the transmutation reaction. This means that the 
size of  the “capsule” changes, and the higher the 
density of  electrons moving in one direction in 
the liquid, the more orthobosons are formed in it 
and the larger is the linear size of  the orthoboson 
“capsule”.

The “capsule” has strong, symmetrical 
magnetic and electric fields at its ends and it will 
draw in itself, along its axis, positively charged 
ions. The number of  ions drawn in will be as 
much as is necessary to maintain the size of  the 
diameters of  the orthobosons in the “capsule”. 
Moreover, these electromagnetic fields separate 
the energies of  free electrons that surround the 
“capsule” and capture them in orbitals of  large 
radii with different principal quantum numbers 
according to formula (2). After being captured in 
the orbital, electrons will carry out transitions to 
lower electronic levels, as happens in atoms. The 
transitions will be accompanied by the emission 
of  photons. And since electrons rotate on 
orbitals, and additionally oscillate around them, 
the electrons begin to pair into orthobosons and 
join the “capsule”. Consequently, a “capsule” in 
a condensed matter saturated with free electrons 
will stimulate the formation of  orthobosons 
and, thus, will automatically increase its size. 
Formation of  a “capsule” can begin with one 
orthoboson.

The maximum size of  the orthoboson 
“capsule”, in the case of  the passage of  electrons 
through the liquid, can be from the cathode 
to the anode. Orthobosons form continuous, 
unbreakable “filaments” from one electrode 
to another. It is this orthoboson current, in 
the form of  a specific electric discharge that 
was observed in A.V. Vachaev and N.I. Ivanov 
installation (see 2.1) [3]. The orthobosonic 
current has the property of  superconductivity, 
since it is impossible to destroy it due to the 
energy of  the thermal motion of  the atoms of  
the medium. Consequently, high-temperature 
superconductivity can, under certain conditions, 
be realized in weakly excited liquids.

5. CONCLUSION
Numerous experiments on low-energy 
transmutation reactions have shown that 
nuclear reactions occur at low energies in weakly 
excited condensed matter. The properties 
of  transmutation reactions contradict the 
properties of  conventional nuclear reactions. 
This circumstance allows us to assert that, the 
process of  paradigm change in science starts at 
present [21].

The analysis of  the experiments on 
transmutation revealed the conditions under 
which they occur. The main condition is the 
presence of  regions with a strong magnetic 
field in the excited matter, more than 30 T. It 
turned out that atoms pass into another, altered 
state, into transatoms in such fields. Transatoms 
combine into one common transatom, and their 
transnuclei form multinuclear molecules and 
enter into transmutation reactions.

It follows from the proposed model of  the 
emergence of  strong magnetic fields in excited 
liquids, that there must be free electrons and 
free ions in it with a concentration of  ≥ 1021 

сm-3. It is also necessary that all or some of  
the electrons move predominantly in the same 
direction. Unidirectionally moving electrons 
have parallel spins and, accordingly, parallel 
magnetic moments. Parallel magnetic moments 
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of  electrons generate a common seed magnetic 
field. Electrons with parallel spins, due to the 
exchange interaction, create a collective self-
consistent field with a negative potential. Under 
such conditions, correlations arise between pairs 
of  electrons, and they form orthobosons with 
S = 1ћ. Orthobosons, in turn, are attracted to 
each other and create an orthoboson “solenoid” 
− “capsule” with a strong magnetic field. 
Transmutation reactions take place inside such 
“capsules”.

To enhance pairing of  electrons, the excited 
liquid can be placed in an external magnetic field, 
which direction coincides with the direction of  
motion of  electrons [3,12]. It is also helpful to 
create directional vortex flows in the fluid. A 
natural process that increases the density of  
electrons and ions in orthobosonic liquids is 
low-energy reactions, the products of  which, 
due to their ionization losses, generate additional 
free electrons and ions in the matter. The largest 
ionization losses correspond to high-energy 
ions: protons, alpha particles, fragments from 
uranium fission and other multicharged ions. 
This property of  ions can be used to generate 
“capsules”.

It should be remembered that spontaneous 
orthobosonic electron pairing can occur in liquid 
and solid-state, melted-down industrial fuel cells. 
Such pairing will lead to transmutation reactions, 
to additional uncontrolled energy release and, 
possibly, to explosive destruction of  energy 
generators!

It is worth paying attention to the fact that:
- the Coulomb repulsion between electrons, 
in an ordinary atom, is many times greater 
than the interelectron exchange Coulomb 
attraction;
- but already in orthobosones of  transatoms, 
the energy of  exchange attraction between 
two electrons is exactly equal to the energy 
of  Coulomb repulsion between them;
- and, finally, the exchange attraction between 
free electrons completely dominates over 

their electron-electron Coulomb repulsion in 
a spin plasma.
A well-known, useful rule follows from the 

above: If  unequal forces act on an object under 
normal conditions, then there must exist such 
conditions, that when the object is placed into 
them, the ratio of  the forces that act on it will 
not only change, but some of  the forces can 
be significantly suppressed, i.e. the ratio of  the 
forces that act on an object depends on the 
conditions in which it is located.

Due to exchange forces in weakly excited 
condensed matter [39], ordinary liquids turn 
into quantum liquids, and their theoretical and 
experimental studies will make it possible to 
control low-energy nuclear reactions, and not 
just that.
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1. INTRODUCTION
The work of  the authors of  the 2018 [1] led 
to the understanding that the reactions that 
are responsible for the "excess" energy release 
in LENR reactors go with the formation 
of  a special form of  substance, which was 
called "dark hydrogen". Experiments on 
the detection of  soft and hard X-rays with 
energies of  28 keV and 260±30 keV at a 20 
kV discharge in a water-air droplet medium 
are described in [2-3], and a model of  a "dark 
hydrogen" particle is constructed. In [2], 
the sign Ĥ2 was introduced to denote "dark 
hydrogen".

In [3], a model of  Ĥ2 is constructed that 
allows analyzing the unique physical and 
chemical properties of  Ĥ2, which requires 
the development of  special methods for 
its registration and research. One of  the 
properties of  "dark hydrogen", which is 
noted in [3], is the ability to form a compound 
with the atoms (nuclei) of  particles of  the 
surrounding matter. In this reaction of  Ĥ2 
with the surrounding matter, an energy of  
several hundred keV is released per single 

act. It is this property of  "dark hydrogen" 
that helps the formation of  tracks and craters 
in the substance located near its source. 
"Dark hydrogen" of  10-13 m in size can be 
the basis for constructing objects of  10-10 
m or more in size. In this range of  sizes lies 
a gigantic variety of  "unknown particles" of  
new matter.

In many studies, the formation of  craters 
and tracks in the surrounding matter was 
recorded during experiments with electric 
discharges [3], and with a nickel-hydrogen 
reactor [4].

In this paper, it is experimentally shown 
that tracks and craters (derivatives of  "dark 
hydrogen") are formed in many other processes: 
near a gas burner, in the exhaust of  a car, when 
charging a smartphone. These experiments, 
made using CD disks as detectors, suggest a 
more significant role for "dark hydrogen" in 
nature.

With the help of  CD disks, the convective 
transfer of  "dark hydrogen" from the 
discharge zone along the path of  the water-
air medium movement was registered, when 
CD disks were located along the path of  
movement.

In this paper, the registration of  "dark 
hydrogen" was carried out by three other 
fundamentally new, less time-consuming 
methods than the analysis of  tracks on 
CD: (1) measurement of  the charge of  a 
copper box with an electroscope when 
it is irradiated with "dark hydrogen", 
(2) measurement of  the pressure in a 
closed volume when irradiated with "dark 
hydrogen", (3) use of  a torsion balance with 
a Ni plate with magnets when irradiated 
with "dark hydrogen".

Experimental methods for detecting "dark 
hydrogen" (1)-(3) were developed on the 
basis of  a theoretical model. The successful 
implementation of  these methods confirms the 
validity of  the theoretical model.
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2. REGISTRATION OF UNKNOWN 
PARTICLES USING CD
Perhaps one of  the first researchers who 
described the use of  a CD disk for recording 
unknown radiation from a reactor was paper 
[5]. Before him, X-ray films were used to record 
traces of  unknown radiation [4]. Other works 
describe traces of  unknown radiation recorded 
on glass, smooth metal surfaces [6], and on 
сcarbon paper.

Almost all the photos presented in this paper 
are reduced to a uniform scale, at which the 
width of  the photo corresponds to 2 mm of  
the field of  observation in the microscope. The 
multi-colored triangle at the top of  the photos 
is due to the side illumination, which is done to 
visualize the traces of  unknown particles.

The CD surface, which, when registering 
traces of  unknown radiation, turns to the source 
of  unknown radiation, has the appearance of  
a smooth surface with an aluminum sheen. 
But this is not an aluminum surface, as can 
be seen from the left part of  Fig. 1a, but a 
surface of  optically transparent polycarbonate 
with a thickness of  0.3 mm. The aluminum 
layer is located deeper. Thus, the unknown 
particles that are detected by CD leave their 
traces in the surface layer and in the depth of  
the polycarbonate deposited on the aluminum 
layer. It is also possible for unknown parts to 
adhere to the CD surface. The right side (b) of  
Fig. 1 shows the recording surface of  the CD 
before placing it in the vicinity of  the reactor. 
It can be seen that the recording surface is 

smooth and has no noticeable craters, tracks, or 
stuck particles.

3. THE UNIFIED NATURE OF 
UNKNOWN PARTICLES ARISING 
FROM THE OPERATION OF VARIOUS 
REACTORS
We believe that the nature of  the "unknown 
particles" that are detected near: a) nickel-
hydrogen heat generators, b) during the 
electric explosion of  a metal foil, c) during 
a discharge in a heterogeneous water-air 
environment, are of  a similar nature and 
are traces formed by the reaction of  "dark 
hydrogen" or "dark hydrogen" compounds 
with the usual substance of  the CD surface 
material. The basis for this statement is the 
registration of  X-ray radiation of  28 keV and 
260 keV, characteristic of  "dark hydrogen", 
during the discharge in the water-air medium, 
and the coincidence of  the nature of  the 
traces on the CD in the vicinity of  the nickel-
hydrogen reactor and near the discharge in 
the water-air medium.

The two photographs in Fig. 2 compare 
the traces in such experiments. Photo in Fig. 
2a the surface of  the CD located next to the 
nickel-hydrogen reactor from the article [5]. 
Photo Fig. 2b the surface of  a CD located near 
a high-voltage electric discharge in a water-
air environment (this work). It can be seen 
that the characteristic features of  the traces 
in the two experiments coincide. There are 
usually different types of  tracks on a CD. We 
specifically chose a zone with tracks similar to 
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Fig. 1. (a) - a photo of  the CD cut under a microscope, (b) 
a recording surface of  a fresh CD under a microscope with an 

x40 magnification.

                                    a                                 b
Fig. 2. Traces of  unknown particles on the surface of  
the CD: (a) - nickel-hydrogen reactor [5], (b) - this work, 

discharge in a heterogeneous water-air environment.

                     a                                      b
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the tracks registered in [5]. These are relatively 
short club-shaped tracks. It can be seen that 
not only the shape of  the tracks, but also their 
length in photo (a) and (b), taking into account 
the scale, are close to each other. It can also 
be seen that both in photo (a) and photo (b) 
there are point traces scattered around the 
observation area.

The coincidence of  the shape of  the traces 
suggests a similar mechanism of  their formation, 
despite the completely different types of  reactors 
that generated unknown particles.

4. UNKNOWN PARTICLES ARE THE 
PRODUCT OF THE INTERACTION 
OF "DARK HYDROGEN" Ĥ2 WITH 
ATOMIC MATTER
The question arises as to how the tracks 
appear on the CD. Some researchers believe 
that the traces are the conversion of  the 
kinetic energy of  an" unknown " particle into 
heat, which leads to the evaporation of  the 
polycarbonate covering the disk. But if  we 
take into account the fact that there are three 
types of  traces-tracks, craters and "adhered" 
particles, and the craters have a complex 
shape and are completely different from the 
craters from the impact, then it seems more 
natural to assume that the traces are the result 
of  the transformation of  the energy of  the 
electromagnetic interaction of  an unknown 
particle and the polycarbonate molecules of  
the disk. Moreover, this interaction involves 
not only electrostatic potential forces, but 
also the forces of  magnetic interaction.

To answer this question, we consider 
it appropriate to use the ideas about" dark 
hydrogen " developed in [1-3]. There are a lot 
of  questions about the interaction of  "dark 
hydrogen" Ĥ2 with atomic matter. We are just 
beginning to explore this topic. In fact, we are 
talking about creating an independent science, 
which can be called "High-energy Chemistry". 
But we can already say something about the 
reaction (1)

Ĥ2 + А → (Ĥ2*A) + q,         (1)
where one of  the atoms that make up 
substance A (most likely oxygen) interacts with 
a particle of  "dark hydrogen" Ĥ2, (Ĥ2*A) is the 
quasimolecule formed, q is the heat released. 
The value of  q can reach several MeV, which 
will lead to melting and evaporation of  the 
substance in the vicinity of  the quasimolecule 
(Ĥ2*A). This quasimolecule has a magnetic 
moment and causes polyatomic structures to 
form from neighboring carbonate atoms. This 
polyatomic structure is perceived as a "adhered" 
particle located in the crater.

5. REGISTRATION OF "ADHERED" 
UNKNOWN PARTICLES. MAGNETIC 
PROPERTIES OF UNKNOWN 
PARTICLES
As an example of  particles stuck to the 
surface, you can give the photo in Fig. 3. 
Photos (a) and (b) show a trace of  a beautiful 
shape in the form of  a "pearl pendant". In 
photo (a), the scale is such that the width 
shows 2 mm of  the observation area. The 
size of  the large footprint in the center of  
photo (a) is approximately 17 microns. In the 
enlarged photo (b) Fig. 3 you can see that a 
bluish particle is embedded in the large trace. 
It is possible that this is an adherent particle 
formed as a result of  the adhesion of  the 
polycarbonate substance due to the magnetic 
properties of  the atom (Ĥ2*A).

Reconstruction of  the crater on the 
Amphora microscope in [7] Fig. 4b, confirms 
that "adhered" spherical particles are formed in 
the crater.

Very often, craters form circular structures 
that are clearly similar to the behavior of  
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                        a                                       b
Fig. 3. Example of  particles adhering to the CD surface.
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particles with magnetic properties. The 
presence of  magnetic properties in the traces 
of  particles of  unknown radiation is easily 
explained if  we assume that the particle is 
constructed with the participation of  "dark 
hydrogen", which has a noticeable magnetic 
moment. In the left part of  Fig. 5, two circular 
tracks are clearly visible, which are made up 
of  spherical tracks.

Fig. 5 shows a more complex trace on the 
CD, around which small craters are visible, 
forming a circular structure, which also confirms 
the considerations about the magnetic property 
of  the particles forming the craters.

6. TRANSFER OF "DARK HYDROGEN" 
BY ATOMIC MATTER
One of  the sections of  research on the 
interaction of  "dark hydrogen" and atomic 
matter is the question of  whether or not "dark 
hydrogen" Ĥ2 is transferred by atomic matter. In 
experiments on the transfer of  "dark hydrogen", 
we used the previously approved [2-3] method 
of  generating" dark hydrogen " in a high-voltage 
electric discharge in a finely dispersed water-air 
mixture.

Fig. 6 shows a humidifier that creates a flow 
of  fine-dispersed water-air medium using high-
frequency vibrations of  a ceramic piezoelectric. 
From the humidifier, the flow is directed through 
a dielectric hose with a diameter of  12 mm and 
a length of  1.5 m at a speed of  approximately 
1m/s to the Discharge chamber I. In the I-size 
discharge chamber 12×12×13 cm, made of  10 
mm Plexiglass, two electrodes are inserted. The 
pointed electrodes are made of  copper, tungsten 
and nickel-plated steel. The distance between 
the electrodes is 2-3 cm. A high voltage with an 
amplitude of  15-20 kV is applied to the electrodes 
from the source. The electrodes are arranged in 
such a way that the electric current generated in 
the flow of  the air-water medium of  the electric 
discharge flows along the flow. The pressure in 
the discharge chamber is slightly higher than 
atmospheric pressure, so the water-air mixture 
that has passed through the discharge flows 
through a dielectric tube from the Discharge 
Chamber I to the tightly closed plastic Chamber 
II and Chamber III located downstream. The 
distance between the Discharge chamber I, 
Chamber II and Chamber III is about 7 cm. The 
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a

b
Fig. 4. An example of  "unknown particles" (balls) and pits 
(shown by red arrows) on a golden surface (a) from [7], their 
three-dimensional reconstruction only for the area in the white 
square (b), an example of  a large ball against a background 
of  small ones (c). These measurements were carried out on an 

AMPHORA microscope.

Fig. 5. The magnetic properties of  unknown particles are 
manifested in the formation of  circular traces.

Fig. 6. The layout of  the stand for the study of  the transport 
of  "dark hydrogen".
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length of  Camera II and Camera III is 14 cm. 
After Chamber III, the water-air mixture enters 
the exhaust system.

All chambers contain CD disks: in the 
Discharge chamber I – CDI, in the Chamber II-
CDII, in the Chamber III-CDIII. In addition, 
a CDIV disk is located above the Bit Chamber 
I. CD disks are used by many researchers to 
record traces of  unknown particles emitted 
from cold fusion reactors. In this work, the CD 
was always placed either in a plastic or paper 
envelope to get rid of  dust sticking to the 
surface of  the CD.

Comparison of  traces on CD Fig. 7 (in the 
Discharge chamber I) and Fig. 8 (Chamber 
III) shows that they are very similar. This 
confirms the thesis that "dark hydrogen", 
as a source of  traces of  unknown radiation, 
is transported along the path together with 
the movement of  the water-air medium. 
Interestingly, there are fewer traces registered 
on the disk located in Chamber II than in 
Chamber III, located further along the path 
from the Discharge Chamber I.

7. PROCESSES IN WHICH "DARK 
HYDROGEN" IS GENERATED
In this work, and the works of  other authors, 
it is shown that the source of  unknown 
particles (according to our ideas, this is 
"dark hydrogen") can be metals saturated 
with hydrogen and an electric discharge 
in a medium containing hydrogen. Thanks 
to our experiments, the range of  sources 
of  "dark hydrogen" can be significantly 
expanded.
7.1. Generation of "dark hydroGen" by 
burninG propane in a Gas burner

Fig. 9 shows a layout of  the experiment with a 
gas burner and a CD disc located behind a non-
flammable screen. After 3 hours of  exposure, a 
lot of  traces appeared on a clean disk in a plastic 
package (Fig. 10).
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Fig. 7. Traces on two sections of  CD (a) and (b) from 
"unknown" radiation in the Discharge chamber I.

                        a                                       b

Fig. 8. Traces on two CD sections (a) and (b) from 
"unknown" radiation in Chamber III.

Fig. 9. The scheme of  the experiment with a gas burner.

Fig. 10. Traces on the CD after 3 hours of  exposure near 
the gas burner.

                   a                                       b

7.2. "dark hydroGen" in the exhaust Gases 
of the car

Fig. 11 shows a layout of  the experiment with 
the exhaust pipe of  a car engine working and 
a CD. After 20 minutes of  exposure, a lot of  
traces appeared in the exhaust gas stream of  the 
working car on a clean disk placed in a plastic 
bag, Fig. 12.



325

RENSIT | 2021 | Vol. 13 | No. 3

7.3. Generation of "dark hydroGen" when 
charGinG the smartphone

Fig. 13 shows a layout of  the experience of  
registering traces on a CD located next to 
smartphones during charging. After 2 hours of  
exposure, many traces appeared on a clean disk 
located in a plastic bag, Fig. 14.

CONDENSED MATTER PHYSICS

8. NEW METHODS FOR DETECTING 
“DARK HYDROGEN”
8.1. electroscope

The question of  the exit of  penetrating charged 
particles from the discharge zone arose in 
connection with two circumstances. The first is 
the observation of  traces of  an unknown nature 
outside the discharge zone behind dielectric 
barriers. And the second is that a particle ("dark 
hydrogen" [1-3]) with two relativistic electrons, 
despite its quasi-neutrality, creates an electric 
field in the surrounding space, which is perceived 
by the surrounding charges as the presence of  
a charge in Ĥ2. This charge, or more precisely 
the sum of  these charges, we measured using an 
electroscope.

It was assumed, given some experience of  
numerous failures of  electronics, that the “dark 
hydrogen” particles relatively easily seep through 
the dielectric medium and get stuck in metals. In 
this case, the metal object is charged. A copper 
foil box was used as a charge storage device. 
It was separated from the discharge zone by a 
dielectric stand made of  thick cardboard. The 
box was connected by a copper wire 1700 mm 
long with an electroscope (Fig. 15). The electrical 
capacitance of  the box-wire-electroscope system 
was measured. It turned out to be equal to ~3·10-

9 F. Test tests of  the electroscope showed that 
the supply of  a voltage of  1.8 kV to the copper 
box leads to a displacement of  its dielectric lobes 
by 1.5 mm. This displacement of  the lobes is 
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Fig. 11. The layout of  the experiment with the exhaust gases 
of  a gasoline-powered engine.

Fig. 12. Traces on the disc after a 20-minute exposure near 
the exhaust pipe.

Fig. 13. Layout of  the experience with a smartphone while 
charging.

Fig. 14. Traces on the disk after a 2-hour exposure near the 
smartphone.

Fig. 15. Layout of  an experiment on charging a copper foil 
box with "dark hydrogen".
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caused by the charge q = C·U = 3·10-9·1.8·103 = 
5.4·10-6 C. A similar divergence of  the lobes in the 
experiment occurs in 10 seconds of  operation 
of  the discharge chamber with the supply of  a 
water-air mixture. This means that in 10 seconds, 
N particles of  "dark hydrogen" Ĥ2 were stuck in 
the box, each with an electric field equivalent to 
~10 units of  electron charge:
N = 5.4·10-6 Кл/(100·1.6·10-19Кл) = 3·1010 

particles per 10 sec.
The difference in the effect of  the control 

voltage of  1.8 kV and the charge from "dark 
hydrogen" on the electroscope was manifested 
in the discharge rate of  the electroscope. 
The discharge rate for "dark hydrogen" is an 
order of  magnitude slower, which is quite 
understandable, given the large mass of  the 
particles of" dark hydrogen", with the substance 
associated with it. This observation is still a very 
convincing confirmation of  the validity of  our 
theoretical model. It should be noted that when 
the discharge is operated without the supply of  
a water-air mixture, the charge accumulation on 
the electroscope does not occur.
8.2. measurement of pressure in a closed 
Volume (plastic bottle)
The charge-neutral "dark hydrogen" creates 
a strong electric field around itself  and is 
able to collect dipole molecules from the air, 
primarily oxygen molecules. A decrease in the 
number of  particles in a closed volume at a 
fixed temperature leads to a drop in pressure. 
Thus, the penetration of" dark hydrogen 
"through the walls into a closed vessel and 
the subsequent reaction of  "dark hydrogen" 
with air molecules should lead to a drop in 
pressure.

Fig. 16 shows a layout of  an experiment with 
measuring the pressure in a closed volume in the 
vicinity of  a source of  "dark hydrogen".

The pressure in the area near the discharge 
is stable when the steam-air mixture supply 
is switched off, Fig. 17. When the air-water 
mixture is supplied, the pressure in the vessel 

begins to drop. The pressure dropped by 
0.02 kPa (0.02%) in 10 seconds (Fig. 18). In 
total, there are 13.4·1021 air molecules in the 
vessel, and in 10 seconds "dark hydrogen" 
bound 0.02% (27·1017) air molecules. If  
we assume that 1010 particles of  "dark 
hydrogen" got into the vessel (the vessel 
is similar in size to the foil box from the 

Fig. 16. Layout of  an experiment to measure the air pressure 
drop in a vessel irradiated with "dark hydrogen". From the 

discharge to the plastic container 5 cm.

Fig. 17. Pressure in the vessel during discharge without a 
water-air medium.

Fig. 18. Pressure in a closed vessel located near the discharge 
zone when a water-air medium is supplied to the discharge zone.
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previous experiment), then we can conclude 
that one particle of  "dark hydrogen" bound 
about 108 air molecules.

The pressure drop in two vessels located 
at different distances from the discharge 
was measured, Fig. 19. It can be seen that 
at large distances (30 cm), the pressure drop 
in the vessel is practically not observed. This 
is consistent with the data of  [5], where it 
was found that "unknown particles" are 1-2 
orders of  magnitude less detected by CD 
disks at distances greater than 20 cm from 
the reactor.
8.3. torsion balance with nickel plate and 
maGnets

A torsion scale with a nickel plate and magnets, 
Fig. 20, begins to rotate counterclockwise near 
a cold fusion reactor containing hydrogenated 

nickel (see Fig. 1). This is explained by the 
flow of  "dark hydrogen" that escapes from the 
reactor, gains mass in the paraffin block (6 cm 
thick) and spins the torsion balance.

9. CONCLUSION
1. It is shown that the substance that forms 

tracks and craters on CD disks is transported 
along the path with a water-air mixture.

2. It is shown that the substance that forms 
tracks and craters on CD disks is formed 
while a) burning hydrocarbon, b) into an 
internal combustion engine, c) charging a 
smartphone.

3. New objective methods for the diagnosis of  
"dark hydrogen" have been developed, taking 
into account its physical properties. The 
application of  these methods shows that at 
least 1011 particles per second formed by "dark 
hydrogen" fly out of  the discharge zone in the 
presence of  a water-air mixture. Each particle 
can bind up to 108 oxygen molecules.
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1. INTRODUCTION
Low-energy nuclear reactions (LENR) as the 
research topic have a long pre-history, 30-year "new" 
history (since 1989) and a promising future. Despite 
the rich experimental material and many theories 
claiming to explain this phenomenon, so far it is just 
a phenomenon, without a generally accepted theory 
that would satisfy the scientific community.

CONDENSED MATTER PHYSICS

Another less known phenomenon is also 
without a satisfactory explanation, called "strange 
radiation", and which has been studied for 20 years. 
Twenty years for research on a certain phenomenon 
is a long time. For 20 years, nuclear physics was 
formed and the structure of  the atom became clear 
at the beginning of  the 20th century. During the 
same first 20 years of  the last century, two scientific 
revolutions took place that turned our ideas about 
the world upside down. Why didn't this happen 
with LENR and strange radiation? The fact that for 
many years there has been no progress in finding the 
mechanisms of  low-energy nuclear reactions could 
be explained by the inapplicability of  traditional 
approaches of  nuclear physics to work with this 
phenomenon. However, the history of  physics and 
steady progress in experimental technology say that 
if  a phenomenon exists and physicists are willing to 
investigate it, progress will sooner or later follow. 
Another thing is that this progress may require a 
new scientific revolution. Is physics ready for it? 
However, the social reasons for the inhibition of  
some areas of  research are not the subject of  this 
article.
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If  there is a suspicion that the price of  progress 
is a rethinking of  the scientific picture of  the world, 
then it makes sense to pay attention to the strangest 
features of  the studied phenomena, if, of  course, 
they are reliably fixed. Many researchers, working 
in the field of  LENR, are familiar with strange 
radiation tracks. This is definitely a rather strange 
phenomenon. But is there a relation between this 
phenomenon and LENR? What is this relation? 
Can we use strange radiation as reliable marker 
of  low energy nuclear reactions like well-known 
nuclear radiation is an unmistakable marker of  
conventional nuclear reactions?

This article attempts to answer these questions. 
The first part of  the article is a review of  key 
publications that investigate the phenomenon of  
strange radiation. The second part presents the 
results of  experiments carried out in the KIT 
laboratory in 2017-2019 to answer the question 
whether the operation of  LENR reactors is 
associated with the appearance of  tracks of  strange 
radiation.

2. OVERVIEW
The first work in which the term “strange 
radiation” was introduced into scientific use was an 
article by L.I. Urutskoyev and colleagues [1]. In it, 
"strange" tracks on photographic emulsions were 
a concomitant factor for anomalous processes 
occurring during the electric explosion of  titanium 
foil in water. The consequences of  such processes 
were excess energy release, the appearance of  
new elements after an electric explosion, and a 
distortion of  the natural isotopic composition of  
Ti (Fig. 1).

The accompanying radiation was indeed strange. 
It did not resemble any known type of  radioactivity, 
it was biologically active (see below), and it generated 
tracks of  a certain shape on the photoemulsion 
(Fig.  2).

These tracks are reminiscent of  a tractor track 
- they have often periodic shape. In Urutskoyev's 
experiments, the tracks went in a plane perpendicular 
to the direction to the foil explosion site (in this case, 
apparently, they "slid" strictly in the plane of  the 
emulsion).

Another interesting property of  this radiation 
was its ability to accumulate in matter. During one 
of  the experiments after the explosion of  the foil, 

water and the remains of  the foil were poured into 
a Petri dish and a photographic film was placed at 
a distance of  10 cm. After an 18-hour exposure on 
the film, the same tracks were observed as from the 
electric explosion itself  (Fig. 3).

The magnetic field affected the tracks - a form 
of  tracks in a magnetic field is obtained comet-
shaped. This made Urutskoyev assume that these 
tracks belong to electrically neutral particles with 
a magnetic charge (magnetic monopoles). Light 
monopoles were predicted by the French theorist 
George Lochak back in the 1980s as a development 
of  Dirac's ideas about the magnetic monopole. 
According to Lochak's theory, a magnetic monopole 
is a massless magnetically excited neutrino. To test 
this hypothesis, traps made of  a 57Fe isotope foil 

Fig. 1. (a) Urutskoyev's explosive cell, (b) the appearance 
of  new elements, (c) distortion of  the isotopic composition [1].

Fig. 2. Tracks on photographic film from an electric explosion 
in the experiments of  Urutskoyev [1].

ba

с
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placed at the S and N poles of  a magnet were used 
[2]. The experiment showed that when the foils 
were exposed to "strange radiation", the foil at 
the S-pole showed a Mössbauer deviation in the 
spectrum in one direction, and at the N-pole in the 
other:

"The results of  the measurements showed that in the 
foils placed at the N-pole, the absolute value of  the hyperfine 
magnetic field increased by 0.24 kG. On the other foil (S), 
it decreased by about the same value 0.29 kG. Measurement 
error 0.012 kG."

The authors explain this by the bound state of  
the Lochak’s monopoles with the iron nucleus.

Urutskoev conducted many other experiments 
to study this phenomenon, in particular, when 
testing high-voltage industrial electrical equipment 
in an abnormal short circuit mode [3]. It was 
shown that, in this case, the tracks of  monopoles 
are also recorded (Fig. 4). Moreover, as in the case 
of  electric explosion of  foils in water, the isotopic 
composition of  titanium in varistors was distorted. 
The conditions for the experiment were as follows: 
"A short circuit on the buses in a complete switchgear 
(KRU) is carried out by installing jumpers from a wire of  
any metal with a diameter of  no more than 0.5 mm on 

the current-carrying buses, the main task of  the wire being 
installed is to initiate an arc, which is then maintained by 
the power of  the source for a given period of  time. The value 
of  the supplied short-circuit current has a range from 1 to 
40 kA, the voltage of  the no-load circuit is 8-10 kV. A 
characteristic feature of  the traces is that they are mainly 
located in the surface layer of  the photoemulsion of  the 
detectors. Traces differ markedly from each other in size. 
Transverse dimensions 5-30 microns, length from 100 
microns to several millimeters. As a result of  experiments, 
it was found that the further from the test site is the detector, 
the narrower the track width. So, traces with transverse 
dimensions 30 microns  are observed on detectors located at a 
distance  L: 0.5 m < L <1 m, and tracks with dimensions 
of  5-10 microns - at a distance L > 2 m from the test 
site. If  the tests were carried out at currents I ~ 1-2 kA, 
then no traces were found on the detectors. On the contrary, 
if  the tests were carried out at a current of  I ~ 40 kA, 
then many different traces were recorded. When testing 
vacuum interrupters, not a single trace of  "radiation" was 
recorded, although 15 experiments were carried out, in which 
more than 20 photodetectors were installed. This confirms 
the results of  laboratory studies, in which the tracks were 
observed only in an electric discharge in a medium".

N.G. Ivoilov (Kazan University) in [2] together 
with L.I. Urutskoev studied the Mössbauer spectra 
of  an iron foil exposed to "strange radiation".

Further Ivoilov’s  experiments  were devoted to 
the study of  the properties of  particles that form 
"strange" tracks, and their interaction with matter 
[4]. Double-sided photographic films were used as 
detectors, and the author made "sandwiches" from 
photographic film and various materials, and also used 
an external magnetic field. The work can be roughly 
divided into two parts. In the first, experiments are 
carried out with radiation from a spark discharge 
in a liquid with graphite electrodes (Fig. 5). The 

STRANGE RADIATION AND LENR: WHAT'S THE RELATION?

Fig. 3. Experiment with "aftereffect": (a) - placement of  
photographic material; (b) - tracks on the photographic emulsion [1].

Fig. 4. Tests of  electrical equipment (current ~ 40 kA) and 
tracks on photodetectors [3].

a b

Fig. 5. (a) - Scheme of  the Ivoilov setup: 1 and 2 –X-ray 
photoplates, М1 and М2 –the material ivestigated. 3 –the thin wall 
plastic vessel, 4 – Helmholtz induction coils. S →N – direction of  

magnetic field; (b) - example of  tracks, step is 1 mm [4].
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current did not exceed 40 A , the voltage was about 
80 V. As a result, in addition to confirming the 
results of  Urutskoyev, very interesting new results 
were obtained. Ivoilov was able to detect paired 
tracks of  monopoles with mirror symmetry when 
the recording film was placed close to the reflecting 
material. Mirror tracks were obtained from different 
sides of  the film - one from the side of  the radiation 
source, the other from the side of  the reflecting 
material (Fig. 6). Ivoilov assumes that mirror pairs 
are S and N monopoles.

As for the interaction with matter, it turned out 
that magnetic particles are completely absorbed 
by ferromagnets (Fe and Ni films were used), 
aluminum shows itself  as a weakly reflecting and 
weakly absorbing substance, and glass and single-
crystal germanium and silicon turned out to be well 
reflecting materials.

In passing to the second part, the author uses 
a beta-radioactive source in a strong magnetic 
field to test the new hypothesis, i.e. abandons the 
original method of  obtaining monopoles in a spark 
discharge. What is this hypothesis? Ivoilov suggests 
that, since the Lochak monopole is a magnetically 
excited neutrino, then it should arise from the cosmic 
neutrino component, as well as from the neutrino 
component of  beta decay of  local sources in the 
presence of  a magnetic field. The experimental 
results support this hypothesis. Here is what the 
author writes: “When working with photographic films, as 
a rule, together with the irradiated films, control films were 
processed that passed all stages of  preparation, except for 
irradiation. As the control films in this experiment, we used 
photographic films that were kept during the supposed time 
of  the experiment (10 min) in a constant magnetic field with 
strength of  20 kOe. After developing in control films are 
detected the same characteristic tracks which occur during the 
combustion of  the electric arc in the fluid. These tracks we 

called the background. In the case of  the films location near 
the source in the absence of  a magnetic field background is not 
detected. When a neutrino source (90Sr) was introduced into 
the magnetic field, the number of  tracks recorded during the 
same time almost doubled in comparison with the background, 
and some of  the tracks had a clearly radial direction from 
the center where the radioactive source was located. A similar 
result was obtained with the 137Cs source."

The author writes in his conclusions: “1) During 
an electric explosion and an electric discharge in a liquid, 
the flowing current, compacted by the liquid, is a source of  
large magnetic fields, in which magnetically excited neutrinos 
(magnetic monopoles) are born during the beta decay of  cosmic 
particles. 2) The component of  cosmic radiation, which has 
not yet been clarified, is a necessary factor in the production 
of  magnetic monopoles in the beta decay of  unstable nuclei in 
a magnetic field. 3) S- and N-magnetic monopoles are born 
in pairs."

As we can see, in the works of  Urutskoyev and 
Ivoilov, the relation between the tracks of  strange 
radiation and nuclear transformations is considered 
from different positions.

The LENR topic has been actively studied by 
the Proton-21 laboratory in Kiev. There, under the 
leadership of  S.V. Adamenko obtained experimental 
evidence of  the nuclear transformation of  a metal 
under the influence of  coherent electron beams [5,6]. 
Since 2000, thousands of  experiments ("shots") 
have been carried out on cylindrical targets of  small 
(about a millimeter) diameter. The inner part of  the 
target explodes, and the explosion products contain 
almost the entire stable part of  the periodic table in 
macroscopic quantities, as well as superheavy stable 
elements.

What is the Adamenko installation? Experimenters 
call it a high-current vacuum diode. The target itself  
is the anode - as a rule, it is a copper wire with a 
diameter of  about half  a millimeter with a rounded 
end. The electron beam from the cathode strikes its 
surface coaxially, as a result of  which the central part 
of  the anode explodes (Fig. 7). Explosion products 
are deposited on storage screens (disks about 10 mm 
in diameter with a hole in the center), made, as a rule, 
of  the same material as the target. The widest range 
of  methods available in a modern laboratory is used 
to study explosion products.

If  we briefly describe the processes occurring 
with the substance in the target, then, according to 
the researchers from Proton-21, there is a process of  

Fig. 6. (a) - Paired tracks in Ivoilov's experiments, (b) - 
behaviour of  particles flying in opposite directions along radial 

fluctuating magnetic field [4].

ba
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collapse of  the substance, triggered by the impact of  
an electron beam on the surface of  the metal anode, 
and leading to the formation of  a "nucleon plasma", 
followed by the creation from it of  the widest range 
of  elements, as well as superheavy elements, with 
atomic masses of  thousands of  AU. This process is 
similar to supernova explosions, and the spectrum 
of  X-ray radiation is very strongly correlated with the 
spectra of  cosmic X-ray and gamma-ray bursts. The 
known elements resulting from the explosion are 
stable, i.e. the reaction products are non-radioactive. 
In addition, experiments with explosion radioactive 
targets (60Co) show a substantial decrease of  their 
radioactivity. About 30% of  the original target 
material undergoes nuclear transformation. The 
amount of  released energy is orders of  magnitude 
greater than the amount of  energy supplied.

The same team, while studying the properties of  
hot spot radiation at the facility of  the Proton-21 
laboratory, investigated some related phenomena. 
One of  them is the tracks of  magnetically charged 
particles in a multilayer MOS structure (metal-
oxide-semiconductor). In the structure, which 
usually serves as the basis for the production of  
microcircuits, "layered cake" Al-SiO2-Si, tracks were 
found that appear when such a structure is exposed 
under the influence of  explosion [7] . Such particles 
behave like a needle in a sewing machine shuttle - 
they periodically pierce through a layer of  aluminum 

with a small constant pitch (60 µm), leaving a fused, 
winding hollow tunnel about one micron wide in its 
path (Fig. 8).

In the work "Experimental detection and 
modeling of  the orientational motion of  hypothetical 
magnetically charged particles on a multilayer 
surface" [7], the authors V.I. Vysotsky and S.V. 
Adamenko give an estimate of  the energy release 
during the passage of  such particles through a metal 
- it turns out to be about 106 GeV/cm. These tracks 
run perpendicular to the direction from the hot spot, 
parallel to the surface of  the MOS structure. The 
authors calculated that the most plausible hypothesis 
explaining this behavior of  the particle is the 
hypothesis of  a magnetically charged particle, which 
moves through the paramagnetic layer in an external 
magnetic field (which is directed approximately 
parallel to the surface).

Further, the authors point out that simple 
deceleration of  particles is not capable of  
generating such a volume of  energy at a practically 
nondecreasing particle velocity in the track, and they 
assume that such particles are capable of  magnetic 
catalysis of  energetically beneficial nuclear reactions. 
Monopoles should stimulate nuclear reactions due to 
the fact that when they move, they greatly distort 
the electronic shells of  atoms that they come across 
along the way, and thereby increase the likelihood 
of  nuclear tunneling and their fusion. Getting into 
aluminum (paramagnet) as in a potential well, a 
magnetically charged particle stimulates nuclear 

Fig. 7. (a) - Schematic of  self- focusing of  an electron beam 
on the surface of  the concentrator anode, which excites a 
soliton-like density pulse in its near-surface layer converging 
to the axis of  symmetry (illustration from [5]). (b) - copper 
target after the experiment with traces of  solidified silver-
white "lava" on its petals, pouring out from the center of  the 

exploded target (illustration from [5]).

a

b

Fig. 8. (a) - general view of  the MIR-structure with a track; 
(b) - a fragment of  the track panorama containing all types of  
repeating elements; (c) - highlighted zones demonstrate silicon 
emissions onto the aluminum surface (illustration from [7]).

a b c
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reactions with the release of  energy. By melting the 
aluminum layer , the particle changes its magnetic 
properties (it becomes a diamagnet) and, as a result, 
tends to "jump" out of  this layer. Coming out of  the 
aluminum, and passing a certain distance along the 
surface, the particle is again attracted by the potential 
well of  the paramagnet, and the whole process is 
repeated.

The authors suggest that the external magnetic 
field is essential for this behavior of  the particle. An 
estimate of  the velocity of  the observed monopoles, 
which was calculated on the basis of  their trajectory 
and experimental conditions, shows that this velocity 
should be more than 200 km/s - just so fast the 
particle should fly so that the magnetic field does 
not have time to change significantly during its flight. 
This is important for the hypothesis explaining the 
behavior of  a magnetic particle, since the step on the 
tracks remains constant throughout the entire track, 
and, therefore, the entire track (2 mm long) should 
be produced in a time significantly less than 30-50 ns 
(this is how long the current pulse lasts).

M.I. Solin (Yekaterinburg) obtained results back 
in the 1980s that also indicate the joint occurrence 
of  LENR reactions and the manifestation of  strange 
radiation.

Reactor of  M.I. Solin is a vacuum melting 
furnace where zirconium was melted by an electron 
beam with an accelerating voltage of  30 kV [8]. At a 
certain mass of  liquid metal, reactions began, which 
were accompanied by anomalous electromagnetic 
effects, the release of  energy exceeding the supplied 
one, and after analyzing samples of  the newly 
solidified metal, “foreign” chemical elements and 
strange structural formations were found there. The 
author writes: “In the melting zone, long-range propagating 
volumetric forces appear, which significantly affect the 
distribution of  the pressure force vectors in the liquid phase, 
change the shape of  its free surface and cause the transition 
of  the substance mass from the state of  stable equilibrium of  
the system to the state of  ordered and accelerated motion. In 
the center of  liquid mass, although the input of  the energy of  
the magnetic field by the known methods was not performed, 
the formation of  dynamic perturbations in the form of  wave 
ripples on its surface occurs, and then spontaneous curvature 
and displacement of  the interface between the liquid phase 
surface and the vacuum space of  the melting chamber. The 
relatively large mass of  the liquid phase in this process 
regularly accumulates in the area of  exposure to an electron 

beam and accelerates upward in the form of  a traveling 
solitary wave, acquiring the shape of  a cone and a bright 
white glow, which is clearly distinguished by its shade from the 
glow of  liquid zirconium (Fig. 9)".

As a result of  some strange phenomena, the 
molten metal begins to behave like Lem’s Solaris, 
periodically blowing up, forming pits, ripples and 
standing waves. Vortexes are formed in the liquid, 
as well as solitary stable waves (solitons). In some 
modes, these processes are accelerated, and the 
amount of  released energy becomes so great that it 
is necessary to stop the process by turning off  the 
electron beam: "According to estimated calculations, taking 
into account the above-described anomalous hydrodynamic, 
shock-sound and explosive effects occurring in the volume of  
a liquid phase with a large mass, the total amount of  energy 
released in it is 1000 or more times greater than the initial 
input energy of  the electron beam."

The usual process of  melting metal billets has 
nothing to do with such processes: usually the liquid 
remains calm, with a smooth horizontal surface, with 
a visible trace of  an electron beam. This is exactly 
how the melt behaves at the beginning of  melting, 
until the critical mass of  liquid zirconium is reached. 
And the fact of  excessive energy release is checked 
extremely simply - by a sharp increase in the melting 
rate of  the billets. After the liquid mass set solid, 
anomalous formations are observed in it - hollow 
spheres and cylinders, winding "wormholes", nugget 
inclusions, and the structure of  the metal itself  
differs significantly from the structure of  ordinary 
zirconium. “One group of  defects is represented by extended 
tubular channels of  various configurations. They show the 

Fig. 9. A solitary wave in zirconium during the formation 
of  a bulge (illustration from [8]).



335

RENSIT | 2021 | Vol. 13 | No. 3

CONDENSED MATTER PHYSICS

appearance of  cavities in the solidified metal in the form of  
interconnected sinusoidal wave and rectilinear holes, a hollow 
triangular wave loop-chain, consisting of  regularly repeating 
semicircular links. These channels are also concentric annular 
holes. In addition, their configuration contains elements of  a 
meander shape and regularly repeating symmetrical geometric 
shapes (Fig. 10)".

"Studies by the method of  secondary ion mass 
spectrometry showed the presence of  lithium, beryllium, 
boron, barium and elements of  a number of  lanthanides 
in the discovered products-nuggets. These elements are not 
present in the starting material (in the remelted zirconium). 
As shown by the results of  the analysis of  the chemical 
composition, in the products found in nuggets, in contrast to 
the initial zirconium is significantly higher (by 2-3 orders 
of  magnitude) of  sodium, magnesium, aluminum, silicon, 
potassium, calcium, titanium, chromium, manganese and 
iron. By means of  X-ray spectral microanalysis and Auger 
spectrometry, the enrichment of  the above-named chemical 
elements, as well as carbon, nitrogen and oxygen, of  the 
material of  cylindrical and spherical shells and the above-
mentioned products has been established."

Experiments with the generation of  radiation 
leaving the same recognizable tracks and possessing 
biological activity were carried out by I.M. 
Shakhparonov (Fig. 11). After the action of  an 
electromagnetic pulse generator [9] on diamagnetic 
materials (including graphite, polymers, glass, 

ceramics), they acquired paramagnetic properties 
[10,11]. The author points out that substances with 
the highest oxygen content, which is a paramagnet, 
lend themselves to the greatest magnetization. 
Shakhparonov called the stream from the emitter of  
his design “Kozyrev-Dirac radiation”. The results of  
the effect of  this radiation on radioactive isotopes 
show an increase in the rate of  the beta decay process 
(in the patent "Method for the decontamination of  
radioactive materials" experimental confirmation for 
131I is mentioned [12]). The impact of  radiation on 
oil samples showed a complex picture of  change in 
the content of  various elements depending on the 
time of  irradiation [13].

Biological studies of  radiation (in mice) show 
that it is biologically active, reduces blood clotting, 
leads to a decrease in blood glucose, at the same 
time, it can increase immunity, as well as increase 
resistance to gamma radiation [14].

Similar results on biological effects were 
obtained by E.A. Pryakhin and coworkers 
(Chelyabinsk). They investigated the biological 
effects on laboratory mice of  "strange radiation" 
from Urutskoyev’s setup [15]. They showed that 
radiation enhances cell division in bone tissue. 
In experiments where mice were exposed to 
"strange radiation" (at a distance of  1 meter from 
the installation) before exposure to hard gamma 
radiation, an increased resistance to gamma 
radiation was noted. The authors suggested that 
this radiation can affect human health.

Recently, studies of  the biological effect of  
strange radiation from an electric explosion were 
continued by E.A. Pryakhin and colleagues [16]. 
The influence of  the factors of  electric explosion 
of  a tungsten wire in a vacuum on damage to 
nuclear DNA in leukocytes of  human peripheral 
blood, the frequency of  chromosomal aberrations 
in dividing cells of  onion root, the growth rate of  
green unicellular algae, germination and growth rate 

Fig. 10. Tubular channels in a zirconium ingot: (a) and (b) 
- in the form of  sinusoidal holes, (c) - in the form of  a hollow 
triangular wave loop, (d) - in the form of  concentric annular 

holes (illustration from [8]).

a b

c d

Fig. 11. Tracks of  strange radiation from the Shakhparonov’s 
installation.

STRANGE RADIATION AND LENR: WHAT'S THE RELATION?
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of  plant seeds was studied (Fig. 12). The authors 
separated the effects from various factors of  electric 
explosion: strange radiation, light exposure, pulsed 
magnetic field. Among the results is a reduction 
in the level of  DNA damage caused by strange 
radiation. It also turned out that the biological effect 
of  strange radiation depends on the material through 
which this radiation passes: "The level of  damage to 
nuclear DNA increased depending on the atomic mass of  the 
shielding material with a coefficient of  0.557 ± 0.031 per 
atomic mass unit."

A.L. Shishkin et al. investigated the radiation 
called "magnetotoroelectric" (in other publications, 
the authors call the radiation "neutrino-cluster") 
[17,18]. In addition to extended tracks, microcraters 
on the surface of  an X-ray photographic film with 
a diameter of  up to several microns were studied, 
and formations of  the order of  millimeters in 
size - blackening in the form of  "birds" were also 
observed (Fig. 13). The effects of  the following 
processes were studied: water treatment in a 
cavitation device, rotation of  cones made of  various 
materials, irradiation of  materials with a gamma 
source, a high-voltage pulse in a flat capacitor. The 
study included measuring the diameters of  many 

microcraters and finding patterns in the appearance 
of  microcraters of  different diameters. The authors 
argue that the diameter of  the microcraters is 
proportional to the atomic weight of  the elements 
through which the radiation passes. For example, a 
diameter of  0.9 μm corresponds to carbon (atomic 
weight 12), 1.1 μm to nitrogen (atomic weight 14), 
1.3 μm to oxygen (atomic weight 16). Aluminum 
(atomic weight 27) corresponds to a crater diameter 
of  2.4 μm etc. [17]. 

Similar structures ("birds", spots) on 
photographic films were observed in the studies 
of  V.V. Evmenenko et al [19]. The scheme for 
obtaining strange radiation from this group was as 
follows: water was placed in a magnetic field of  ~ 
0.5 T, then, after removing the magnetic field, this 
water was shone through with a low-power laser. 
A photographic material with protection from 
the optical component of  the laser was placed 
in the path of  the laser. In addition to traces on 
photographic films (Fig. 14), this method of  
producing strange radiation was accompanied 
by other phenomena: a change in the weight of  
ampoules with water, "reactive" effects from such 
ampoules, when a light raft with an ampoule of  
water through which a laser was shone through, 
began to move towards laser, magnetization 
of  non-magnetic materials. These results are 
described in the review [20].

In this review, it is impossible to describe 
in detail all the results of  studies of  strange 
radiation. Let us briefly mention the results of  
B.U. Rodionov and I.B. Savvatimova (Fig. 15) 
- the appearance of  tracks during a glow 
discharge. The tracks were formed both on the 
surface of  the electrodes inside the chamber 
and on photographic films outside the discharge 
chamber [21]. D.S. Baranov, V.N. Zatelepin et 
al. investigated tracks on CD-disks from various 

Fig. 12. Tracks from electric explosion of  a tungsten wire in 
vacuum in the study [16].

Fig. 13. Traces of  strange radiation on photographic film in 
Shishkin's experiments [17].

Fig. 14. "Bird" on photographic film and its "fine structure" 
in the experiments of  V.V. Evmenenko and others [19].
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sources (high-voltage electric discharge in an air-
water mixture, combustion of  propane, charging a 
smartphone, etc.); they observed extended tracks, 
craters and spherical particles [22]. Review and 
results of  original experiments are presented in 
the paper of  K.A. Fredericks [23]. A replication 
of  experiments with an electric explosion in 
water and typical tracks of  strange radiation is 
presented in [24] by C. Daviau et al.

Even a quick glance at the photographs of  
the tracks suggests that different researchers in 
different experimental conditions observed the 
same phenomenon. Some of  the works were clearly 
related to the LENR theme, some were not. To the 
question posed in the title of  this article, the joint 
consideration of  many experiments does not give an 
unambiguous answer: perhaps LENR and strange 
radiation are just two phenomena that are noticed 
by researchers together. After all, in the presence 
of  one anomalous effect, experimenters often pay 
attention to others at the same time. But does strange 
radiation always accompany low-energy reactions? 
Can strange radiation be considered as a marker of  
LENR? Is LENR the only reason for the strange 
radiation?

The next section of  the article describes 
experiments that purposefully answered the question: 
is the appearance of  tracks of  strange radiation 
related to the operation of  LENR reactors.

3. TRACK STATISTICS FROM OPERATING 
LENR REACTORS
In order to answer the question of  whether there 
is an unambiguous connection between the 
operation of  LENR reactors and strange radiation, 
it was necessary to estimate the intensity of  strange 
radiation near and far from operating reactors. This 

required the creation of  a technique for measuring 
the total track length, as well as the accumulation of  
statistics in the near and far zones from the reactors 
[25].
3.1. materials and methods

Reactors of  two types were used as devices in which 
LENR processes take place. The first device is a Ni 
- H reactor operating in the mode of  continuous 
generation of  excess heat (Fig. 16a). This reactor 
operated nonstop for 225 days at an average excess 
heat release power of  200 W [26]. The second 
reactor is a plasma electrolysis cell in water with 
movable electrodes “Woodpecker” [27] (Fig. 16b). 
The upper electrode periodically comes into contact 
with the lower one, which leads to the appearance of  
plasma in the discharge gap. Used electrodes from 
graphite, copper, tungsten. In contrast to the Ni-H 
reactor, which operated in a relatively stable mode, 
the water reactor operated in various modes with a 
power consumption of  100–400 W.

To identify the tracks from the reactors, the 
method of  sequential and parallel control was 
used. Previously, before the exposure at the 
reactors, the samples of  the sensitive material 
were photographed using an optical microscope at 
low magnification (x55), then, after the exposure, 
photography of  the entire sample was repeated. For 
further comparison, photographs of  transparent 
materials were taken using a coordinate grid in the 
background with a positioning accuracy of  3 mm. 
Sequential control consisted in the fact that the 
analysis took into account only those tracks that 
were absent in the preliminary photos, but appeared 
in the samples after exposure near the reactors. 
Parallel control consisted in the fact that in parallel 
with the exposure at the reactors, the same samples 
were exposed in other places far from the reactors. 
The control samples were processed in the same 
way as the main ones.

Fig. 15. Tracks in the study of  Rodionov and Savvatimova [21].

Fig. 16. Reactor Ni-H (a) and reactor for plasma electrolysis 
in water (b).

a b
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Various materials were tested to accumulate 
tracks. Initially, rolls of  b/w photographic films and 
sheet X-ray films were used. However, photographic 
films turned out to be an inconvenient material for 
the purposes of  this study, since the task was to 
estimate the rate of  appearance of  strange radiation 
tracks as reliably as possible, and not to study the 
types of  tracks, which has been mainly done by 
researchers so far.

After it was found that tracks are formed on 
almost any smooth surfaces, we refused to use 
photographic materials that require rather complex 
processing, introducing artifacts that are difficult to 
control.

Convenient detectors for recording tracks that 
can be placed near a hot reactor are microscope 
slides.

In addition, muscovite mica with a thickness of  
~15...30 µm and a size of  50×50 mm was tested. The 
accumulation rate of  tracks on mica in preliminary 
studies turned out to be higher than on glass, with 
equal processing convenience, but this material was 
available only in small quantities.

The most convenient material turned out to 
be standard DVD-R disks made of  polycarbonate. 
One side of  the disk is very smooth and free from 
defects. The inner Al layer is a reflective surface. This 
is useful when analyzing tracks under a microscope. 
At the same time, DVD-R disks have a marked 
system of  tracks, which creates a diffraction pattern, 
which can somewhat interfere with shooting and 
analyzing tracks at some surface illumination angles. 
The main results of  a set of  statistics were obtained 
on a DVD-R . Only the smooth side of  the disks 
(polycarbonate) was analyzed.

The method of  numerical estimation of  the 
intensity of  tracks consists in calculating the total 
length of  the tracks and comparing the obtained 
values of  the experimental samples with the 
control. For this, the photographs of  the captured 
areas of  the samples were first opened in a graphic 
editor and the tracks of  strange radiation were 
outlined with a pencil tool of  a fixed color and a 
fixed thickness. Then the total length of  the lines 
of  a given color was programmatically calculated 
from a group of  photographs. Thus, the intensity 
estimation technique contains both a manual part 
(outlining tracks) and an automatic part (calculating 
the total length). The counting method does not 

imply the calculation of  the average length of  the 
tracks.
3.2. examples of tracks

In order to acquaint readers with the main object of  
this study - extended tracks of  strange radiation, we 
will show several characteristic photos. Fig. 17 shows 
a photo of  the mica areas - before the exposure at 
the reactors (a, b) and after (c, d). It can be seen that 
the original mica is either clean of  tracks (a) or has 
a small number of  tracks (b), the source of  which 
is unknown (judging by the date of  manufacture on 
the pack, the mica was stored after manufacture for 
about 30 years). There are many more tracks after 
exposure. Groups of  narrow lines, usually curved, 
several mm long, visible under lateral illumination 
appeared (these tracks are especially clearly visible 
under dark-field microscopy).

Tracks are usually grouped in areas of  the order 
of  1 cm2. A typical group of  tracks on mica is shown 
in Fig. 18. Tracks within a group are often identical 
in shape (for example, "boomerang" in Fig. 18). Twin 

Fig 17. Photo of  mica before exposure (a, b) and after (c, d). 
Water reactor, distance 5 cm.

Fig. 18. Twin tracks on mica: the "boomerang" shape is 
repeated many times. Ni-H reactor, distance 5 cm.

  

a      b 

 

c      d 
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tracks are localized within one group. Tracks in other 
groups have a different shape.

Similar track features are found on DVDs. In 
Fig. 19 for comparison shows a photo of  the disks 
of  control (a) and experiment (b). Here, too, a large 
number of  tracks are in a group with an area of  
the order of  1 cm2. They are mostly parallel tracks 
several mm long. A more detailed analysis of  the 
track structure is presented in [25], but here we 
present just one illustration concerning the structure 
of  periodic tracks.

Fig. 20-21 show fragments of  a periodic track on 
DVD at different magnifications. The constancy of  
the step of  such tracks has already been indicated by 
other authors, we can confirm such observations. But 
a surprise was the complete repetition of  the track 
structure from period to period, with an accuracy 
up to the resolution of  an electron microscope (tens 
of  nanometers). Periodic traces are repeated down 
to the smallest detail (Fig. 21). It is impossible to 
explain such a picture by anything other than rolling 
on the surface of  a micron-sized solid particle. The 
ratio of  the track width and period length in Fig. 20 
roughly corresponds to 2π. Similar periodic traces 
were observed on glass , while on mica the nature of  
surface destruction was different [25].

3.3.track statistics

This section presents the main results of  analyzing 
the statistics of  the total track length. Exposure 
conditions and summary results are presented in 
Table I.

Analysis of  the data shows that the total track 
length increases significantly near the reactors.

Results for mica and DVDs obtained near and 
far from the reactors are shown in Fig. 22. Further 
these areas are referred to as "near zone" (up to 
20 cm) and "far zone" (more than 20 cm). Control 
exposures with parallel control are also included in 
the far zone.

Sequential control showed that the total length 
of  tracks on mica before exposures corresponds, 
on average, to parallel control, i.e. far zone. Analysis 
of  the initial surface condition of   DVD (before 
exposure) showed complete absence of  tracks.

The average total length of  tracks on mica for 
distances of  5 cm from the reactors (948 mm per 
sample) exceeds by more than an order of  magnitude 
the average total length for large distances (37 mm 

Fig. 19. Photo of  the surface of  DVD disks. (a) - control 
(fume hood 2 m from the water reactor), (b) - 10 cm from the 

water reactor.

Fig. 20. Optical and SEM image of  a fragment of  a track 
on DVD.

Fig. 21. Detailed SEM image of  a fragment of  a track on 
DVD (increased contrast). Explanations in the text.

Fig. 22. Average value of  total track lengths for mica and 
DVD, depending on proximity to the reactor. (a) - for mica 
at a distance of  5 cm (5 exposures) and at distances from 
30 cm (10 exposures); (b) - for DVD at distances <20 cm 
(49 exposures) and at distances> 20 cm (30 exposures). The 

intervals show the average deviations.

a b

 

a      b 
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per sample). At the same time, there is a large scatter 
of  values (the figure shows the average deviation1). 
A large scatter is also observed in the far zone, but 
large values of  the sums of  track lengths (> 500 mm 
per sample) are completely absent in exposures in 
the far zone.

The results on the DVD are similar to those 
obtained for mica: an average of  980 mm per 
sample for the near field (up to 20 cm from the 
reactors) and 54 mm per sample for the far field 
(over 20 cm). There is also a large scatter of  the 
values obtained both in the near zone and in the 
far zone, and the absence of  large values for the 
far zone.

To illustrate the large scatter of  data, Fig. 23 
shows the total track lengths for various DVD 
images, separately for the near and far zones on the 
same scale.

Note that the shown in Fig. 22 data on the 
total track lengths for mica and for disks were 
obtained for different areas of  the detectors. The 
area of  the mica sheet is 25 cm2, the working 
1Due to the large scatter of  values, the intervals in the 
graphs show the mean of  the absolute values of  the de-
viations of  the data points from the mean, rather than the 
standard deviations, which are about 2 times greater.

area of  the disk is 100 cm2. The average total 
length of  tracks in the near zone turned out to 
be approximately the same, but the density of  
tracks (total length per 1 cm2) for mica is 4 times 
higher. There may be several reasons for this 
difference. First, the susceptibility of  different 
materials to strange radiation is possible. Second: 
for mica, it is possible to accumulate tracks on 
both sides, while for DVD, tracks were analyzed 
only on one side, not covered with paint. Third, 
the effectiveness of  the track counting technique 
for transparent material (mica) and material with 
a mirror-like interior (DVD) can be different.

To assess the character of  the dependence of  
the track intensity on the distance, an experiment 
was carried out, the results of  which are shown 

Table 1
Summary results of track statistics by exposure conditions.

Number of 
samples, 

pcs.

Total track 
length, 

mm

Exposure 
hours

Hours of 
operation 

of the 
reactor

Average 
total 

length, 
mm

Density 
of tracks, 
mm/cm2

Track 
accumu-

lation rate 
per exposure, 

mm/cm2/h

Track 
accumu-
lation rate 

during 
reactor 

operation, 
mm/cm2/h

Mica 50x50 mm
5 cm to Ni- H reactor 4 4096 1344 1344 1024 41.0 0.1219 0.1219

5 cm to the water reactor 1 642 120 2 642 25.7 0.2140 12.8400

30 cm from Ni-H reactor 2 117 336 336 58.5 2.3 0.0139 0.0139

Fume hood (>2 m from 
reactors)

4 107 672 0 26.75 1.1 0.0064

In an adjacent room (> 5 m 
from reactors)

2 109 336 0 54.5 2.2 0.0130

Exposure in oven 200C 2 38 6 0 19 0.8 0.2533

DVD-R
5-13 cm from Ni- H reactor 7 3928 1440 1440 561 5.6 0.0272 0.0272

20-30 cm from Ni- H reactor 3 247 528 528 82 0.8 0.0047 0.0046

Up to 20 cm from the water 
reactor

42 44089 7240 194 1050 10.5 0.0609 2.2726

20-60 cm from water reactor 15 513 2520 45 34 0.3 0.0020 0.1140

1 m from water reactor 5 757 512 27 151 1.5 0.0148 0.2804

Fume hood (>2 m from reactors) 7 116 595 0 17 0.2 0.0020

Fig. 23. Total lengths of  tracks on DVD by exposure: (a) 
- for the near zone, (b) - for the far zone.

a b



341

RENSIT | 2021 | Vol. 13 | No. 3

CONDENSED MATTER PHYSICS

in Fig. 24. Seven disks were placed at different 
distances from the water reactor. The disks, which 
were at a distance of  5 and 10 cm, showed a 
large number of  tracks; at a greater distance, the 
number of  tracks drops by more than an order of  
magnitude.

Another feature of  the results obtained is as 
follows. The exposure time of  the samples in 
the continuously operating Ni-H reactor was, on 
average, one week. The exposure time at the water 
reactor can be calculated in different ways. The 
total time of  its active work per one exposition 
usually amounted to several hours, while the 
samples themselves stood continuously at the 
reactor and during the hours when the reactor 
was not working (calendar time on average is also 
one week). Table I summarizes both continuous 
exposure times and reactor operation times. If  
we calculate separately the average track density 
from Ni-H and water reactors in the near zone 
(the sum of  the track lengths, divided by the total 
area of  the samples), we obtain similar values: 
10.0 mm/cm2 for Ni-H reactor and 10.6 mm/cm2 

for a water reactor. However, if  we divide them 
by the time of  active operation and obtain the rate 
of  track accumulation during the active operation 
of  the reactors, it turns out that a water reactor 
produces an order of  magnitude more tracks per 
hour of  operation (0.0540 mm/cm2/h for a water 
reactor, 0.0036 mm/cm2/h for Ni-H reactor). 
Thus, a variant is possible when strange radiation 
accumulates in the water during the operation 
of  the reactor and gradually comes out of  it [1]. 
To clarify the situation, additional studies were 
carried out.

3.4. experiments with aftereffect

Separate exposures were carried out during the 
operation of  the reactor and after shutdown, 
but with the preservation of  the geometry of  the 
arrangement of  the disks and the reactor [28].
Test 1
The pulsed plasma electrolysis reactor described in 
[29] was used as a source of  strange radiation. The 
reactor was turned on for 5 minutes. During his 
work, disks W1 and W2 were located next to it (10 
cm). After turning it off  disks were removed to a 
distance of  > 3 m, and instead placed disks A1.1 and 
A1.2. They stood for one day next to the shutdown 
reactor. Then they were removed to a distance of  > 
3 m, and instead of  them disks A2.1 and A2.2 were 
placed for two days. Then they were also removed 
and instead of  them A3.1 and A3.2 were placed - for 
three days next to the shutdown reactor. In addition 
to these disks, at a distance from the reactors there 
were two control disks C1 and C2, which were placed 
for one day.

In Fig. 25a shows the results in absolute values; 
Fig. 25b - track accumulation rate (mm/h) by disk 
group. It can be seen, on the one hand, that the tracks 
are mainly collected already with the reactor turned 
off, and, on the other hand, the rate of  collection is 
maximum when the reactor is on. The rate of  track 
accumulation after shutdown gradually decreases 
with time and approaches control on 4-6 days.
Test 2
The accumulation experiment was repeated one more 
time. In the second experiment, one disk was used 
during a short turn-on (5 minutes) of  the same reactor 
(W20.02), and one disk each for aftereffect on the first 
day after shutdown (A20.02), on the second day after 
shutdown (A21.02), 3-5th days after shutdown (A22.02), 
as well as the sixth (A25.02) and seventh (A26.02) days 
after shutdown. There were also two control disks 
(C27.02a, C27.02b).

Fig. 24. Results of  the experiment with different distances of  
the disks from the water reactor.

Fig. 25. Experiment 1 with aftereffect . (a) - total track 
lengths by disks (mm), (b) - accumulation rate of  total track 

lengths by disk groups (mm/h).

a b
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Unfortunately, the results of  the experiment 
revealed the previously noted variability of  the track 
intensity: the total intensity of  experiment 2 was an 
order of  magnitude less than for the first experiment 
with accumulation. There were one disks in each 
exposure, that is, two times less than in the first 
experiment. The results are shown in Fig. 26.

A noticeable number of  tracks appeared only 
on the disk, which was exposed within three days 
after the operation of  the reactor. The rest of  the 
disks, including "working" showed near-zero track 
intensities. However, these results do not contradict 
those shown in the first accumulation experiment, 
taking into account the variability of  the number of  
tracks from time to time.

There was also an attempt at a third experiment 
in order to find out what exactly in the reactor 
accumulates the strange radiation - the vessel or 
the electrolyte. But practically zero intensities were 
obtained in it in all disks. On this, experiments to 
study the aftereffect were discontinued.

At least the results of  two experiments indicate 
that after shutting down the reactor for several 
days, the reactor itself  and/or the environment 
around it operates as a source of  strange radiation 
tracks. This must be taken into account by LENR 
experimenters.
3.5. impact of disk orientation

Experiments were also carried out with different 
orientations of  the disks against the water reactor in 
the near zone. A diagram of  the total track lengths 
was plotted for three experiments with the same 
conditions for placing 4 disks around the reactor. The 
orientation of  the disks and the distance from the 
core to the centers of  the disks in each experiment 
are shown in Fig. 27. The sensitive side of  the disks 
at a distance of  2 and 4 cm was directed towards the 
discharge.

The values from the total track lengths are shown 
in Fig. 28. If  we analyze the dependence on the 
distance, we can see that the average for the sum 
of  the track lengths is approximately the same 
- about 600 mm per disk for three distances 
(2, 4, 9 cm) with a large scatter. Also, there is 
no regularity in the accumulation of  tracks by 
disks, depending on their orientation (for a 
distance of  9 cm, vertical (v) and horizontal (h) 
orientations are shown). The operating time of  
the reactor in two repetitions is 3 hours, in the 
third - 4 hours.
3.6. shieldinG issues

Initially, we believed that the penetrating power 
of  the strange radiation was extremely high, and 
for some of  the exposures, DVDs were wrapped 
in foil. Surprisingly, there were no tracks in any of  
the expositions where the disks were wrapped in 
foil. Therefore, we continued our experiments in 
this direction purposefully.

Fig. 26. Experiment 2 with aftereffect. (a) - total lengths 
of  tracks on disks (mm), (b) - rate of  accumulation of  total 

lengths of  tracks on disks (mm/h).
Fig. 27. The orientation of  the disks and the distance to the 

centers of  the disks from the discharge.

Fig. 28. Three repetitions of  experiments with different 
orientations of  the disks. Diamonds - first repeat, squares - 
second repeat, triangles - third. The letters "v" and "h" show 
the vertical and horizontal orientations of  the disks for a 

distance of  9 cm.
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For illustration, we present the results of  one 
of  the experiments with screening [28]. Seven 
disks were exposed near the "Woodpecker" plasma 
discharge in water reactor (Fig. 29) at a distance of  
5...10 cm from the reactor, and 2 control disks in 
one meter from the reactor. The reactor was located 
in the fume hood. The three disks were stacked, 
in a row, with the sensitive side to the reactor, in 
the order of  DVD90 - DVD89 - DVD88 from the 
reactor. The other two disks were each wrapped 
in 10 µm aluminum foil (DVD92, DVD93). Two 
more disks were unshielded - DVD94, DVD95, the 
sensitive side to the reactor. The active operation 
time of  the reactor is 8 hours, the continuous 
exposure time is 6 days.

The results are shown in Fig. 30. It can be 
seen that in a stack of  3 disks, the closest one 
received many times more tracks than those that 
he obscured. Disks in foil showed a relatively 
small number of  tracks. Unshielded disks DVD94, 
DVD95 show a large number of  tracks for first 

one, the second had a small number, at the level 
of  shielded disks.

The control disks showed no tracks. One of  the 
control disks was opened (DVD96), the other was 
wrapped in foil (DVD91).

Other experiments confirm the results of  the 
described experiment [28]. Disks in a stack protect 
each other from tracks. Disks located in a plastic box 
closed on all sides are also protected from tracks of  
strange radiation.

However, these results turn out to be 
paradoxical if  we take into account that part of  
the exposures from the hot Ni-H reactor was 
performed in the following scheme: an aluminum 
foil shutter covered the DVD disks from the 
thermal radiation of  the reactor (Fig. 31). This 
shutter did not form a continuous envelope 
around the disk, and was spaced from the disk at 
a distance of  several cm. In this case, the disks 
gained a significant number of  tracks, in contrast 
to the control disks located at a distance from the 
reactor. The track protection works, therefore, 
only in the case of  a solid screen, or a screen 
covering a large solid angle around the protected 
object.

4. DISCUSSION
Returning to the question in the title of  the article 
- what is the relation between strange radiation 
and LENR, let's try to draw conclusions from 
the experiments carried out. The statistics of  the 
appearance of  tracks indicates that a large number 
of  tracks appear in the near zone of  operating 
reactors, and continues to appear for several days 

Fig. 29. Experiment 1 with screening. The layout of  the 
disks near the "Woodpecker" reactor.

Fig. 30. Results of  experiment 1 with screening.

Fig. 31. Scheme that did not interfere with the formation of  
tracks on DVD.

STRANGE RADIATION AND LENR: WHAT'S THE RELATION?
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after the reactor is turned off. In addition, there 
is a strange background radiation - its source is 
unknown, and its intensity is one or two orders of  
magnitude less.

However, if  we refine the question of  whether 
the appearance of  tracks is connected with LENR 
reactions inside reactors (let's call it a strong 
hypothesis), then the results of  the experimental part 
of  this work, although they do not contradict this 
hypothesis, nevertheless, do not rigorously prove 
it. To prove this hypothesis, it is necessary to study 
the possibility of  the appearance of  tracks from 
other factors involved in the operation of  LENR 
reactors (electric current, electromagnetic fields, high 
temperature, sorption/desorption, phase changes, 
etc.), as well as to test the reactors in regimes without 
nuclear reactions, but with the participation of  these 
factors.

So, the first conclusion is that strange radiation 
accompanies the operation of  LENR reactors. 
However, the discovered large variability of  strange 
radiation does not allow drawing a direct analogy 
with ordinary nuclear reactions and ordinary ionizing 
radiation (alpha, beta, gamma radiation, neutrons), 
which are usually considered as a marker of  nuclear 
reactions. Strange radiation appears sporadically near 
a stably operating reactor: with equal geometry and 
exposure time, sometimes a lot of  tracks appear near 
the reactor, sometimes there are none at all. This 
raises the question of  both the nature of  the strange 
radiation and the development of  methods for 
measuring its intensity. Perhaps the movements of  the 
particles that cause the tracks are irregular and occur 
in random directions, and it is necessary to collect 
the tracks in the entire solid angle. Perhaps we are at 
such an early stage in the study of  the phenomenon 
that we see only distant and minor consequences of  
something that generates strange radiation. It may 
also turn out that the cause of  the strange radiation 
is some elusive third factor, which is also the cause 
of  LENR, but it is still in the shadows and has not 
been investigated at all. By jointly studying LENR 
and strange radiation, we can reach their common 
cause, and then these two phenomena will receive a 
common explanation.

One of  the possible explanatory schemes is that 
the particles themselves, forming the tracks, directly 
cause low-energy nuclear reactions. In our studies, 
using the energy-dispersive method, there were 

attempts to see traces of  nuclear transformations 
along the tracks, as a consequence of  hypothetical 
nuclear catalysis [25]. Unfortunately, we did not find 
extraneous elements within the error of  the method, 
in contrast to the studies [7,8].

Summarizing many publications, we can see that 
strange radiation appears as a result of  quite different 
processes:
• Discharge in vacuum
• Discharge in water
• Glow discharge
• Arc discharge
• Pulsed electric field of  a capacitor
• Heating system Ni-H
• Electrolysis
• Laser radiation
• Rotating objects

So far, it cannot be said that all these processes 
also lead to LENR. In addition, in biological 
transmutation [30], traces of  strange radiation in the 
form of  tracks have not yet been noticed. At least 
some of  the processes may not generate strange 
radiation, but "release" the accumulated radiation 
from the substance - the aftereffect gives rise to such 
a hypothesis. Therefore, it is premature to conclude 
that LENR is necessary and sufficient for the strange 
radiation to occur.

The results obtained raise new questions. The 
structure of  the tracks, studied by optical, electron, 
and atomic force microscopy, directly indicates 
that the tracks are formed by micron-sized solid 
particles that are harder than a sensitive surface, 
including mica, glass, plastic, and aluminum [25,28]. 
If  the source of  such particles are LENR reactors, 
how do these particles pass through a solid reactor 
vessel, especially multilayer ones? What forces are 
used to press these particles against the surface of  
sensitive materials over the course of  millimeters 
and centimeters of  their movement over the surface? 
Why are they grouped and move as a whole group as 
a whole, forming a kind of  solid frame? What causes 
the abrupt changes in the direction of  movement of  
these grouped particles? At what speed do they move 
and what is the very nature of  these particles? All 
these questions must be answered not speculatively, 
but experimentally.

Many researchers, in an attempt to explain 
the observed tracks, have argued in favor of  the 
hypothesis of  magnetic monopoles. There is no 
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reason to believe that the periodic tracks in our study 
are of  any other nature compared to the recognizable 
tracks in the publications of  Urutskoyev, Ivoilov, 
Adamenko and Vysotsky, Shakhparonov and others. 
However, the mechanism of  periodic motion of  
magnetically charged particles in the MOS-structure 
proposed by Adamenko and Vysotsky cannot explain 
the detailed picture of  periodic tracks, where clearly 
there are traces of  a micron-sized solid. Especially if  
we take into account the appearance of  similar tracks 
on different homogeneous materials, and periodic 
tracks are only a small part of  all tracks. It is in no way 
the movement of  individual elementary particles, to 
which nuclear physicists are accustomed to analyzing 
the tracks of  radioactive radiation. Track photos like 
Fig. 21 sharply narrow down the range of  possible 
hypotheses.

Another note concerns possible replications. The 
author began his experiments with strange radiation 
[31, 32] with an attempt to repeat the results of  
the Evmenenko group [19]. Replication was rather 
unsuccessful - when statistics were accumulated, 
the number of  tracks in the experiment was equal 
with the number of  tracks in the control. The 
study, however, was useful - it became clear that 
there was a background component of  the strange 
radiation, the first numerical method for estimating 
the intensity of  tracks was applied, the author was 
faced for the first time with a large variability of  
the intensity. But the example of  this replication 
clearly shows that due to a lack of  understanding of  
the strange radiation nature, researchers often find 
themselves in the position of  looking for a black cat 
in a black room. Worse, they don't even suspect that 
the cat itself  is somewhere - they look through the 
microscope only the scratches from its claws. But 
we must eventually find a way to turn on the light 
in this room.

And, since the picture of  the phenomenon really 
turns out to be unusual, it is worth taking a closer look 
at adjacent anomalous phenomena. For example, if  
particles forming tracks of  strange radiation exert 
a force on the surface, it is necessary to pay close 
attention to the behavior of  sensitive detectors with 
a moving mechanical part: experimenters have long 
noticed the strange behavior of  torsional balance 
from various factors, for example, from moving 
water nearby [33,34,35]. If  in two studies that are 
completely different in design, experimenters noticed 

that strange radiation, passing through various 
substances, changes its properties (the diameter of  
microcraters in [17] and the biological effect in [16]), 
then one should pay attention to publications in 
which such the effect is also noticed, for example, 
from the radiation of  torsion generators, see, for 
example, [36,37].

Finally, the development of  research on strange 
radiation and LENR could create a new scientific 
revolution that integrates many anomalous results 
and requires bold hypotheses to explain them, 
which in turn will need to be tested. This will require 
the mobilization of  not only researchers of  this 
narrow topic, but a significant part of  the scientific 
community. But is the scientific community ready 
for such a mobilization?

5. SUMMARY
1. Many experimenters have noticed that tracks of  

strange radiation accompany low-energy nuclear 
reactions in completely different experimental 
design.

2. The investigated LENR reactors of  two types 
(Ni-H and plasma electrolysis in water) are 
sources of  strange radiation tracks.

3. The intensity of  tracks in the zone closer than 20 
cm from the reactors is an order of  magnitude 
or two higher than at a greater distance.

4. Besides tracks from reactors, there are 
background tracks from unknown sources.

5. Tracks appear unevenly both in time and in 
spatial arrangement on samples. Tracks that are 
copies of  each other are usually localized in areas 
of  the order of  1 cm2.

6. Tracks are formed when solid microparticles 
with a size of  the order of  microns moving 
along the surface. The nature of  the particles 
and the force pressing them to the surface 
remain unknown.

7. Tracks of  strange radiation are screened by 
various solid surfaces - plastic, foil. One closely 
spaced surface can provide good track protection 
for the other. The continuous screens protect 
well.

8. Strange radiation, although it has operating 
LENR reactors as one of  its sources, can be 
accumulated in the substance and leave the 
substance within several days after the reactors 
are turned off.

STRANGE RADIATION AND LENR: WHAT'S THE RELATION?



346

No. 3 | Vol. 13 | 2021 | RENSIT

VLADISLAV A. ZHIGALOV CONDENSED MATTER PHYSICS

9. The nature of  the strange radiation, in our 
opinion, remains undisclosed; many of  its 
paradoxical properties are still unexplained.

6. CONCLUSION
At this stage, strange radiation is inconvenient to use 
as a reliable marker of  LENR: the large variability of  
track lengths does not yet allow practical use of  tracks 
as reliable evidence of  the occurrence of  LENR 
reactions in reactors. Apparently, without disclosing 
the nature of  strange radiation, we will not be able 
to make either its reliable detectors, or understand its 
relation with low-energy nuclear reactions, the nature 
of  which is also still unclear. But progress in this area 
is possible only in attempts to create new methods 
of  detection and in new experiment designs. New 
intensive targeted experiments are needed, and bold 
research programs in related fields are needed. The 
race is got by running.
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1. INTRODUCTION
The structure of  boron nitride crystals can be 
different and similar to the structure of  graphite 
or diamond [1-3]. In addition, there are boron 
nitride analogs of  carbon nanostructures - 
nanotubes and graphene layers [4,5]. Crystals of  
hexagonal boron nitride, like graphite crystals, 
consist of  BN monolayers, the structure of  which 
is similar to the structure of  graphene layers [6, 
7]. The relevance of  studying monatomic layers 

of  graphene and boron nitride is associated with 
the possibility of  their use in electronics for 
the synthesis of  heterostructures with variable 
properties. The electronic properties of  graphene 
monolayers can change significantly for different 
structural types [8-10]. It is theoretically predicted 
that the existence of  four main polymorphic 
varieties of  graphene such as L6, L4-8, L3-12 
and L4-6-12, in which all atoms are in the same 
structural positions, are possible [8]. Studies of  
BN polymorphs with a structure similar to the 
structure of  these graphene polymorphs have 
shown the possibility of  their stable existence, 
as well as a significant change in their electronic 
properties [11,12]. In addition to the main 
polymorphic varieties of  graphene, there can 
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be many other structural types in which carbon 
atoms are located in two, three, four, or more 
different structural positions [9,10]. The range of  
changes in the properties of  these polymorphic 
graphene varieties is much larger than for the 
four main ones - for example, there may be 
structural types of  graphene, the conductive 
properties of  which are semiconducting rather 
than metallic. Apparently, the existence of  
monolayers of  boron nitride with a structure 
similar to the structure of  minor graphene 
polymorphs is possible. Studies of  the possibility 
of  the existence of  boron nitride analogs of  
these compounds have not yet been carried out. 
Therefore, in this work, we performed model 
studies of  structural analogs of  boron nitride, 
similar to graphene layers, consisting of  carbon 
atoms in two different structural positions.

2. MATERIALS AND METHODS
The graphene layers L4-6-8a, L4-6-8b, L4-10, and L4-12 
described in [10] were taken as the initial structures 
for modeling BN layers. In these layers, carbon 
atoms are in two different structural states. 
The construction of  the primary structure of  
boron nitride layers was carried out by replacing 
carbon atoms with boron and nitrogen atoms, 
so that each atom of  one type has neighboring 
atoms with which it forms covalent bonds were 
of  a different type. As a result, the number 
of  different structural positions in boron 
nitride layers doubles - there are four of  them 
- two unique structural positions for boron 
and nitrogen atoms. Model calculations were 
performed using the Quantum ESPRESSO 
software package [13]. Geometrically optimized 
structures of  BN layers were found by the 
density functional theory (DFT) method [14]. 
The structure of  three-dimensional crystals was 
calculated, consisting of  graphene layers packed 
in stacks, so that the distance between the layers 
was 10 Å. In this case, the distance between 
the layers and the interaction between them is 
negligible, and it can be assumed that the layers 
in such crystals are identical to isolated layers. In 
the calculations, we used the generalized gradient 

approximation (GGA) [15], a 12×12×12 k-point 
grid, a temperature of  0.01 K, and a cutoff  
energy in the plane wave basis of  70 Rydberg. 
The lengths of  the vectors of  elementary 
translations (a, b), the lengths of  interatomic 
bonds (Å), and the angles between them (°) 
were calculated as parameters characterizing the 
structure of  the layers. Interatomic bonds and 
angles were determined for each of  two unique 
structural states. Since boron and nitrogen atoms 
were in different structural positions, the number 
of  unique states where measurements were 
performed was four. As an integral parameter 
characterizing the deformation of  the layer 
structure in comparison with the ideal structure 
of  the hexagonal graphene layer, we calculated 
the deformation parameter (Def), which is equal 
to the sum of  the moduli of  the differences 
between the bond angles and the angle of  
120°, characteristic of  hexagonal graphene. In 
addition, for the structural states, the values of  
the Wells ring parameter (Rngi) were determined, 
which symbolically shows the number of  units 
in the rings from the minimum number of  
interatomic covalent bonds passing through 
the atom in the corresponding structural state. 
Energy characteristics of  BN layers (total bond 
energy Etotal, sublimation energy Esub) and their 
electronic properties (band structure, density of  
electronic states, Fermi energy EF, band gap) by 
the DFT-GGA method.

3. RESULTS AND DISCUSSION
As a result of  DFT-GGA model calculations, 
geometric optimization of  the structure of  the 
original BN layers was performed. The structure 
of  one of  the studied layers, BN-L4-12, turned out 
to be unstable, and as a result of  optimization it 
was transformed into the structure of  the BN-
L4-6-8 layer. The new layer obtained as a result 
of  geometric optimization consists of  atoms 
in six structural positions, which exceeds the 
number of  structural positions in other layers 
studied. Compounds with a minimum number 
of  structural positions should have the highest 
stability. In this work, we considered only boron 
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nitride layers with four structural positions; 
therefore, the new BN-L4-6-8 layer obtained by 
transforming the original BN-L4-12 layer was not 
considered further. The remaining three layers: 
BN-L4-6-8a, BN-L4-6-8b and BN-L4-10 - have a stable 
structure, and their images are shown in Fig. 1. 
In this figure, the unit cells of  the layers are 

highlighted. The BN-L4-6-8a and BN-L4-6-8b layers 
have rectangular unit cells containing 12 and 16 
atoms, respectively (Table 1). The lengths of  
the vectors of  elementary translations are a = 
7.67 Å, b = 4.56 Å and a = 10.19 Å, b = 4.49 Å 
for the boron nitride layers BN-L4-6-8a and BN-
L4-6-8b, respectively. The word density of  new 
polymorphic varieties varies from a minimum 
value of  0.6339 g/cm2 for the BN-L4-10 layer to 
a maximum value of  0.7204 g/cm2 for the BN-
L4-6-8b layer (Table 1).

The crystal lattice of  the BN-L4-10 layer 
belongs to the oblique Bravais lattices. The 
elementary translation vectors of  the unit cell 
of  this layer are 4.64 Å, the angle between the 
vectors is 115.12°, and the number of  atoms in 
the unit cell is 6. Atomic positions in the BN 
layers are characterized by Wells ring parameters 
(Rng). The BN-L4-6-8a layer is characterized 
by two different values of  the parameter Rng 
416181 and 6182, in the BN-L4-6-8b layer Rng of  
the first atomic position 416181 and the second 
- 6281, and in the BN-L4-10 layer the values of  
the ring parameter 41102 and 42101 for each 
of  two different atomic positions. The ratio of  
the number of  atomic positions of  the first and 
second types in boron nitride monolayers is 2:1, 
1:1, and 2:1 for the BN-L4-6-8a, BN-L4-6-8b, and 
BN-L4-10 layers, respectively. Polygons 4, 6, 8, 10, 

 
a

 

b

 
c

Fig. 1. Layer structure and unit cells of  polymorphic species of  
boron nitride geometrically optimized as a result of  DFT-GGA 
calculations: (a) BN-L4-6-8a; (b) BN-L4-6-8b; (c) BN-L4-10.

Table 1
Properties and structural parameters of polymorphic 

varieties of boron nitride
Layer BN-L4-6-8a BN-L4-6-8b BN-L4-10

a, Å 7.6686 10.1945 4.6395

b, Å 4.5600 4.4891 10.000

c, Å 10.000 10.000 4.6375
β, ° 115.12

RngI 416181 416181 41102

RngII 6182 6281 42101

N, atom 12 16 6

ρ, g/cm2 0.7071 0.7204 0.6339

Etotal,eV(e.n.) -21.1647 -2823.23 -1055.88

Etotal,eV(BN) -352.75 -352.90 -351.96

Esubl,eV(BN) 17.45 17.61 16.67

∆, eV 3.156 3.896 3.166

EF, eV -3.9967 -3.9399 -4.0960
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of  which the layers are formally not ideal and 
significantly deformed (Fig. 1). This is due to the 
nonequivalence of  the atomic positions in which 
the boron and nitrogen atoms are located. The 
coordinates of  atoms in the unit cells of  boron 
nitride polymorphs are shown in Table 2.

As parameters characterizing the structure of  
the layers, the lengths of  interatomic distances in 
the boron nitride layers and the angles between 
the bonds were also determined, the values of  
which are given in Table 3. The structure of  
boron nitride BN-L4-10 is characterized by the 
lengths of  three types of  bonds for each atomic 
position and varies in range from 1.4059 Å to 
1.5318 Å, and the angles between bonds vary in 
the range from 82.22° to 165.98°. The maximum 
and minimum bond lengths are observed for 
the BN-L4-10 monolayer, which indicates strong 
deformations of  the structure of  this layer. 
To assess the degree of  deformation of  the 
layer structure, the values of  the deformation 
parameters were calculated, which were found 
as the sum of  the moduli of  the differences in 

the angles between bonds and the equilibrium 
value of  the angle of  120° in an ideal hexagonal 
structure. The range of  variation of  the 
deformation parameters (Def(I) and Def(II)) 
of  various atomic positions is from 45.94° to 
120.00°. The maximum average value of  the 
deformation parameters (Def) equal to 82.62° is 
observed for the BN-L4-10 layer, for the remaining 
layers the deformation is more than two times 
less (Table 3). This indicates that layers BN-L4-6-

8a and BN-L4-6-8b have a less deformed structure 
and should be more stable compared to layer 
BN-L4-10. This is confirmed by the fact that the 
calculated value of  the sublimation energy Esub 
for the BN-L4-10 layer is minimal and amounts 

Table2
Coordinates of atoms in unit cells of layered polymorphic 

varieties of boron nitride
Num-
ber

Atom X,Å Y,Å Num-
ber

Atom X,Å Y,Å

BN-L4-6-8a

1 B 0.7309 0.6651 7 N 4.5591 0.8222

2 N 0.7258 3.7388 8 B 4.5654 3.8959

3 N 1.9373 1.4759 9 B 5.7508 1.6222

4 B 1.9176 2.9384 10 N 5.7511 3.0847

5 B 3.1029 0.6647 11 N 6.9425 0.8218

6 N 3.1093 3.7384 12 B 6.9375 3.8955

BN-L4-6-8b

1 N 0.6209 1.2308 9 N 5.7185 0.6244

2 B 0.6363 2.7063 10 B 5.7334 3.6384

3 B 1.8071 0.4549 11 B 6.9045 1.4010

4 N 1.8279 3.4794 12 N 6.9253 2.8660

5 N 3.0645 1.2345 13 N 8.1619 0.6210

6 B 3.0853 2.6995 14 B 8.1827 3.6455

7 B 4.2565 0.4621 15 B 9.3535 1.3941

8 N 4.2713 3.4762 16 N 9.3689 2.8696

BN-L4-10

1 B -0.2439 2.3033 4 B 1.6886 2.6589

2 N 0.5760 3.5972 5 B 2.1897 0.7599

3 N 8.7808 1.3819 6 N 3.0119 2.0523

Table 3
Lengths of interatomic bonds and the angles between 

them in boron nitride layers
Atom Layer BN-L4-6-8a BN-L4-6-8b BN-L4-10

N L1(I), Å 1.4863 1.4752 1.5125

L2(I), Å 1.4353 1.4711 1.4519

L3(I), Å 1.4647 1.4176 1.4516

L1(II), Å 1.4626 1.4652 1.5318

L2(II), Å 1.4370 1.4203 1.4059

L3(II), Å 1.4366 1.4795 1.4554

B L1(I), Å 1.4864 1.4752 1.5125

L2(I), Å 1.4370 1.4203 1.4554

L3(I), Å 1.4653 1.4711 1.4557

L1(II), Å 1.4626 1.4652 1.5318

L2(II), Å 1.4353 1.4176 1.4063

L3(II), Å 1.4356 1.4796 1.4519

N φ1(I), ° 84.05 122.64 83.012

φ2(I), ° 123.69 84.24 82.97

φ3(I), ° 152.26 153.11 168.98

DefN(I), ° 71.89 71.51 120.00

φ1(II), ° 124.36 122.61 132.73

φ2(II), ° 124.37 122.13 82.22

φ3(II), ° 111.27 115.26 145.04

DefN(II), ° 17.46 9.48 75.56

B φ1(I), ° 95/93 123.57 97.74

φ2(I), ° 124.62 95.77 97.78

φ3(I), ° 139.45 140.66 164.48

DefB(I), ° 48.14 48.45 88.96

φ1(II), ° 123.88 120.98 132.65

φ1(II), ° 123.87 124.01 97.03

φ1(II), ° 112.24 115.01 130.33

DefB(II), ° 15.52 9.98 45.94

Def, ° 38.25 34.86 82.62
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to 16.67 eV/(BN), i.e. about 5 percent less than 
the sublimation energy of  other layers (Table 1). 

The results of  DFT-GGA calculations of  
the electronic structure of  new polymorphic 
varieties of  boron nitride are shown in Fig. 2. A 
band gap is observed in the images of  the band 
structure of  BN layers and graphs of  changes 
in the density of  electronic states at the Fermi 
energy (EF) level, whose width varies from 
3.156 eV for the BN-L4-6-8a layer, to 3.896 eV 
for the BN-L4-6-8b layer. This indicates that the 
conducting properties of  boron nitride layers 
must be semiconducting and the band gap in 
them can vary depending on the features of  the 
structure.

4. CONCLUSION
As a result of  theoretical studies of  the structure 
and properties of  new polymorphic varieties 
of  boron nitride monolayers, the possibility 
of  stable existence of  three layers - BN-L4-6-8a, 
BN-L4-6-8b and BN-L4-10 - was established. The 
structure of  the BN-L4-12 layer turned out to 
be unstable during geometric optimization. 
Of  the three layers with a stable structure, the 
maximum sublimation energy (17.61 eV) and the 
minimum value of  the deformation parameter 
(34.86°) are observed for the BN-L4-6-8b layer, 
which, apparently, should have the highest 

stability, and it is precisely this layer that should 
be attempted to be synthesized experimentally. 
Firstly new polymorphs of  boron nitride with a 
layered structure can find practical application in 
nanoelectronics [16].
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Abstract: When conducting experiments on the electric explosion of  titanium foil in water, 
a “strange” radiation was detected, leaving dotted traces on the film. The velocity of  the 
carriers of  this radiation was estimated as 20–40 m/s, and their energy, estimated by the 
Coulomb drag mechanism, turned out to be equal to 700 MeV. Subsequently, it was found 
that similar traces are formed at various types of  high-current arc discharges, both of  
artificial and natural origin. Many solutions have been proposed to explain the nature of  
“strange” radiation, but none of  them describes the details of  the process of  formation 
of  dotted traces. We believe that these traces on the film could appear due to the action of  
charged micron-sized clusters. The possibility of  the existence of  clusters in the form of  
a nucleus from a certain number of  similarly charged ions enclosed in a spherical shell of  
water molecules is shown. The force of  the Coulomb repulsion of  ions is compensated by 
the compression force of  the shell polarized by the inhomogeneous electric field created by 
the nuclear charge. As the cluster approaches the surface of  the film, a cluster with a small 
charge separates from it. It is accelerated in the electric field of  a “large” cluster to energy 
of  about 1 GeV. Having received a recoil momentum, a large cluster moves away from the 
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1. INTRODUCTION
In 2000, a group of  researchers [1,2] discovered the 
particles with a “strange” radiation that appear at 
electric explosion of  titanium foil in distilled water. 
Particles flew out of  the luminous “cloud” arising 
above the plastic cover of  the sealed explosive 
chamber when a voltage of  4.5 kV from a capacitor 
with an energy reserve of  50 kJ was applied to the 
titanium foil contained in it. The velocity of  these 
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“strange” particles was estimated as 20-40 m/s. 
“RF-ZMP” fluorographic film with a 10 μm thick 
emulsion and a sensitivity of  1100 R-1 at a level 0.85 
above the haze served as a detector of  “strange” 
radiation. The film was wrapped in two layers of  
black paper. Exposed films were processed in the 
developer D-19 at a temperature of  20°C for 6 
minutes. After manifestation on the films, traces 
were found with a length of  0.1 mm to 3 mm of  
various shapes – continuous and intermittent. The 
width of  the trace was about 20 μm, and the “step” 
of  the dotted trace was about 12 μm. The carrier 
energy of  the “strange” radiation, estimated from 
the blackening area under the assumption of  the 
Coulomb drag mechanism, turned out to be about 
700 MeV. Traces (“tracks”) were located inside the 
emulsion layer, this led to the conclusion that the 
source that caused the blackening of  the film flew 
in a plane parallel to the plane of  the emulsion.

Traces similar to tracks in the experiments of  
Urutskoyev et al. [1,2] were repeatedly observed 
by other researchers. Matsumoto [3,4] saw them at 
electric discharges in water, and Ken Shoulders [5] 
saw them during discharges along the surface of  
metals and insulators. Savvatimova reported the 
detection of  tracks on X-ray films placed inside a 
chamber with a glow discharge in an atmosphere 
of  hydrogen or deuterium [6-8]. Many traces from 
a millimeter to one tenth of  a millimeter thick were 
recorded - straight and winding, consisting of  black 
dots. Tracks appeared not only on films inside a 
discharge chamber made of  5 mm thick stainless 
steel sheet, but also on films outside the chamber. 
It has been found that intermittent traces appear 
not only on photographic films, but also on any 
objects with a smooth surface – on polycarbonate 
disks or mica plates [9,10]. In this case, traces of  
surface destruction look as if  they were scratched 
by a solid object, which periodically fell and raked 
part of  the material. It suddenly turned out that the 
appearance of  “strange” particles is an ordinary 
phenomenon that accompanies the formation of  
plasma in a medium [11-28]. Moreover, it turned 
out that these particles (the properties of  which 
are not yet known to us) can present a danger to 
human health [29-31].

In [32], the “strange” particles that appear 
during tests of  industrial high-voltage equipment 
accompanied by the formation of  an open electric 
arc are described. Test parameters with currents 
and voltages (I = 30 kA, U = 5 kV) close to those 
of  the experiments of  Urutskoyev et al. [1,2] were 
chosen. A short circuit of  the elements of  high-
voltage installations was initiated by installing 
a jumper – a copper wire with a diameter less 
than 0.5 mm. The explosion safety of  surge 
arresters, consisting of  series-connected metal 
oxide varistors located inside the housing from 
the insulator, was tested. In this case, the wire 
passed along the surface of  the insulator. To 
detect “strange” radiation, as in [1,2], the authors 
used an RF-ZMP X-ray film with an emulsion 
layer thickness of  10 μm. The film was placed in 
a plastic bag and wrapped in two layers of  black 
paper. The detectors were installed at a distance 
1.8 - 3.8 m from the site of  the electric explosion. 
In the experiments, more than 500 tracks were 
recorded, similar to those obtained in [1,2]. Traces 
were located in the emulsion layer, their transverse 
dimensions were from 5 to 30 microns, and their 
length was from 100 microns to several millimeters. 
The farther the detector was from the test site, the 
narrower the track width. At currents I = 1-2 kA, 
no traces were observed. Fig. 1a shows a view of  a 
direct trace. If  we take into account the remark of  
Agapov et al. [32] on the decrease in the thickness 
of  the wake when the detector is removed from 
the location of  the arc discharge, we can assume 
that the particle that left the wake moved from left 
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Fig. 1. Traces of  “strange” particles on photographic films [32].
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to right. Figs. 1b,c show curved tracks consisting 
of  elements of  complex shape (arcs, “birds”, etc.). 
The authors found that the number of  recorded 
traces increased with increasing volume and energy 
of  the open arc, and no traces were found when 
testing the vacuum circuit breakers. This allowed 
them to conclude that “tracks appear only during 
electric discharges in the medium”.

After realizing the reality of  the existence 
of  unusual particles with “strange” properties, 
attempts were made to explain their nature. Takaaki 
Matsumoto [3,4], who discovered negatively 
charged particles emanating from the cathode, 
suggested that they are “extremely compressed 
hydrogen-clusters” formed due to the pinch effect. 
Such clusters are in a certain connected “itonic 
state”. Savvatimova also notes that particles emitted 
from the cathode of  the discharge chamber have 
a negative charge [6-8]. Ken Shoulders [5], who 
devoted much time to researching microscopic 
particles that can make holes in metal foils (called 
EVO = Exotic Vacuum Objects), considers them 
“highly organized micro-sized clusters, having 
soliton behavior with electron populations on the 
order of  Avogadro number". He thinks that “as 
long as the spacing between electrons is as close as 
one atomic diameter, they join each other. That is 
what happens when an abrupt, high field process, 
like a gas discharge ... forcible ejects electrons 
from a conductor at sufficient high current density. 
Having once achieved this uncommon union for 
our portion of  space the electrons stick together 
until the marriage is violated by a sufficient 
quantity of  conductor where they are forced to 
return to their more common state as a part of  
atom”. The ideas of  Matsumoto and Schoulders, 
apparently, suggest the presence of  a process of  
plasma compression by a magnetic current field. 
However, it is known that this process is possible 
only at high currents (I > 200-500 kA) [33]. How 
such currents can occur in low-current discharges 
in the described experiments is not clear. Urutskoev 
et al. [1,2,34] believe that “strange” particles 
are magnetic monopoles. The idea of  magnetic 
monopoles is supported also by Daviau et al. [35], 
Adamenko and Vysotsky [36] and Shakhparonov 
and Chicherin [37]. According to the theory of  

Lochak [38], a magnetic monopole is treated as a 
magnetically excited state of  a neutrino. Skvortsov 
and Vogel [22] suggest that when aluminum was 
irradiated with neodymium laser pulses (λ = 1.064 
μm, τp = 100 ps, E = 100 mJ), they observed the 
formation of  “plasma drops” with a diameter of  
10-20 μm containing 1-5 elementary magnetic 
dipoles. Lutz Jaitner [39] believes that the observed 
“condensed plasmoids” are threadlike structures 
with a diameter of  40∙10-12 m. The electrons in these 
structures are decoupled from the nuclei and move 
around them at a speed of  (0.3-2.4)∙108 m/s. Their 
movement creates a current 9 kA with a density 
2.5·1024 A/m2. The magnetic field of  this current 
reaches a value of  50 MT and creates a pressure 
more than 1021 Pa. Other models of  the device of  
“strange” particles are also proposed. Fredericks 
[40] identifies them with tachyons (particles capable 
to move at a speed greater than the speed of  light 
in a vacuum). Bazhutov [41] considers them to be 
stable heavy mesons with an energy of  200 GeV 
(“erzions”), and Rodionov and Savvatimova [12] 
–  “fluxes” (cylindrical atoms with a nucleus in the 
form of  a quark-gluon filament and a shell with a 
diameter of  60·10-15 m from electron Bose fluid). 
It has been also suggested that “strange” radiation 
consists of  dark matter particles, giant molecules 
from nuclei, exotic “neutronium” atoms (neutron-
neutrino pairs) [11,42]. According to Shishkin and 
Tatur [31], magneto-toro-electric clusters in the 
form of  string-vortex solitons produce effects on 
the film.

However, the authors of  the proposed models 
do not even try to answer simple questions: 1) 
Why these particles fly strictly along the emulsion? 
2) Why, moving at a speed of  only 20 m/s, they 
are able to act on the emulsion as particles having 
energy of  about 1 GeV? 3) What is the mechanism 
of  their action on the emulsion? 4) Why does the 
appearance of  the tracks look like prints on the 
ground of  car tire treads? 5) Why does the spot area 
change along the track? 6) Why curved tracks are 
recorded along with direct tracks? The common 
thing that unites the authors of  the models is 
that almost all of  them emphasize the analogy of  
the behavior of  objects with the behavior of  ball 
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lightning and even call them “microscopic ball 
lightning”.

Indeed, there is such an analogy. Natural 
ball lightnings have an energy reserve, an 
uncompensated electric charge and are able to move 
along the surface of  conductors and dielectrics 
[43-48]. In 1998, we proposed a model of  ball 
lightning in the form of  a unipolarly charged core 
surrounded by a dielectric shell [49-60]. Owing to 
the electric field of  the core, polarization of  the 
shell material occurs and a force Fa ~ Q arises, 
pulling the shell toward the center. The magnitude 
of  this force is proportional to the first degree 
of  the core charge Q. The force of  stretching 
of  the shell by charge carriers is proportional to 
the square of  Q, Fr ~ Q2. In the range of  charge 
values from Q = 0 to Qmax, the force Fa is greater 
than Fr. Ball lightning continuously loses charge. 
As ball lightning approaches the conductor, this 
charge flows in the direction of  this conductor. 
A mechanical impulse acquired by carriers of  
a falling charge when moving in the field of  the 
main charge is transmitted to ball lightning. This 
allows it to “push off ” from the conductor and 
move at a certain distance from it [60-62].

2. FORCES ACTING IN CHARGED 
CLUSTERS
Based on the analogy noted above, we can assume 
that “strange” particles are multiply charged 
clusters similar to microscopic ball lightning: a 
certain number of  ions inside a shell formed from 
water molecules. In the electric field of  the charge 
inside the shell, the dipole water molecules are 
oriented towards the center of  the sphere, and a 
force arises that compresses the shell. At the same 
time, the molecules in the shell tend to push out 
their “neighbors”, which leads to a decrease in the 
shell compression force. The calculation showed 
that the force Fr of  pushing out water molecule 
from the shell of  such a cluster is described by the 
formula [63,64]

9 1.3
02.69 10 ( ) (H),rF R - R −= ⋅  (1)

where R (inner radius of  the sphere) is in angstroms 
(10-10 m), and R0 = – 4.5. Let us compare the force 
Fr with the force Fa of  the attraction of  the dipole 
with a moment pw = 6.327∙10-30 C∙m to the central 

charge q = 1.6∙10-19 C. Fa = pw·grad E, where E is 
the electric field created by the charge q:

2 3
0 0( / 4 ) 2 / 4 .a w wF p grad q R p q Rπε πε= = −  (2)

The force Fa is directed toward the center of  the 
cluster and decreases more steeply with increasing 
R than Fr(R). At R = 4∙10-10 m, Fa = 2.84∙10-10 N, 
which is 1.65 times greater than Fr, but already at 
R = 6∙10-10 m, Fa = 0.843∙10-10 N, which less than 
the value of  Fr (1.27∙10-10 N).

Another reason that prevents the formation of  
an ordered cluster structure due to the action of  
the electric field of  the ion is the thermal motion of  
the molecules of  the surrounding gas. According 
to the Langevin formula [65], the noticeable action 
of  the electric field on the dipole orientation with 
moment pw ceases at a strength Emin = 3 kBT/
pw. (Here kB = 1.38·10-23 J/K is the Boltzmann 
constant, and T is the absolute temperature). At 
pw = 6.327·10-30 C·m and T = 300 K, the value of  
Emin ≈ 2·109 V/m. The electric field of  the ion 
takes such a value at a distance of  R = 8·10-10 m, 
that is, at the location of  the second layer of  water 
molecules in the cluster. Thus, we conclude that 
a cluster with R = 4∙10-10 m can be formed in the 
electric field of  an elementary charge, however, 
further cluster growth, apparently, occurs without 
significant participation of  the electric field of  the 
central charge.

Let us discuss whether it is possible to retain 
a large number of  ions inside the shell of  an 
aqueous cluster. The hope that this possibility can 
be realized is given by the fact that the force Fa of  
attraction of  a water molecule to the charge can be 
increased due to an increase in the total charge of  
ions Q, but the force Fr does not depend on the 
charge (however, its value must be greater than a 
certain critical value determined by the condition 
for the need for polarization of  molecules in the 
shell). To accommodate a large number of  ions, 
the size of  the internal cavity of  the cluster must be 
increased in comparison with the case of  a singly 
charged cluster (the radius R must be increased). 
This should simultaneously reduce the value of  
the force Fr.

Let us consider what a cluster can be with 
a total charge of  ions Q1 = 4.5∙10-12 C. Such a 
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charge, for example, is possessed by n = 2.8∙107 
hydroxyl ions (OH)–. Let the ion diameter be 4∙10-10 
m, the area occupied by one ion, s = 16∙10-20 m2, and 
the ions are placed on the surface of  a sphere of  
radius R. The surface area of  the sphere is S = 
4πR2 = s·n, hence R = (s·n/4π)1/2 =  6∙10-7 m. The 
electric field created by the charge Q = 4.5∙10-12 

C at a distance R = 6∙10-7 m, E = Q/4πε0R
2 = 

1011 V/m, which is greater than Emin = 2∙109 
V/m, determined by the Langevin criterion. This 
means that the water molecules in the shell are 
completely polarized. Ions stretch the shell with 
the force FQ = Q2/8πε0R

2 = 2.53∙10-1 N. The 
water molecule is attracted to the charge placed 
in the center of  the sphere with the force Fa = 
pwQ/2πε0R

3 = 2.37∙10-12 N. At the same time, 
it is pushed out from the shell by neighboring 
molecules with a force Fr = 2.69∙10-9·(6004.5)-1.3 
= 3.3∙10-14 N. The resulting force acting on the 
molecule, Ft = Fa – Fr = 2.337∙10-12 N. On the 
surface of  the shell with a radius R = 6∙10-7 m, nw 
= 2.82∙107 water molecules can fit (we consider 
the molecule to be a ball with a diameter 4∙10-10 
m). The compression force of  the shell with one 
layer of  water molecules is FΣ = Ft·nw = 6.59∙10-5 
N. This force is 3840 times less than the force FQ. 
The FQ force can be compensated if  the number 
of  layers of  water molecules in the shell is equal 
to 3840, and its thickness is a = 4∙10-10×3840 = 
1.54∙10-6 m. As a result, we obtained a cluster with 
a cavity radius R = 6∙10-7 m and an outer radius of  
R1 = R + a = 2.14∙10-6 m. The mass of  the cluster 
M1 is equal to the mass of  the shell. Its volume is 
Vsh = 4π [(R + a)3 –  R3]/3 = 4∙10-17 m3, and the 
mass Msh = ρwVsh = 4∙10-14 kg. (Here ρw = 103 kg/
m3 is the density of  water). Carrying out similar 
calculations for a cluster with a cavity radius R = 
6∙10-6 m, inside which there are ions with a total 
charge of  Q2 = 4.5∙10-11 C, we find its radius R2 = 
3.75∙10-6 m and mass M2 = 8.62∙10-13 kg.

3. TESTING THE STABILITY OF A 
MULTIPLY CHARGED CLUSTER
The question of  the stability conditions for ball 
lightning was considered in [66]. A multiply charged 
cluster can be thought of  as a small ball lightning. 
When carrying out calculations, we will take into 

account the fact that ions can move inside the shell, 
thereby creating additional pressure, and the shell, 
in addition to the “gradient” force, is additionally 
compressed by the force of  atmospheric pressure. 
Let us assume that the ions are inside a spherical 
shell with an inner radius R and have a kinetic 
energy Ek. We find the density of  this energy by 
dividing Ek by the volume of  the cavity inside the 
shell: ρE = 3Ek/4πR3. The energy density is related 
to the pressure P of  the ion “gas” on the shell as P 
= (2/3) ρE = Ek/2πR3 [67]. The force of  pressure 
of  moving ions on the shell is Fk = P·4πR2 = 
2Ek/R. Stretching force of  the shell by the total 
charge Q of  ions is

2

2
0

,
8l

kQF
Rε πε

=  (3)

where it is taken into account that not only the 
force of  the Coulomb repulsion of  charges, but 
also the magnetic forces that appeared due to the 
movement of  charges, participates in the creation 
of  a force that stretches the shell [68]. Coefficient 
k ≈ 2. Let the charge density of  dipole water 
molecules on the shell be equal to σ, and the shell 
thickness a. In this case, the force of  compression 
of  the shell by the “gradient” force is equal to:

0

4 .
(2 )sh

aQF
R a
σ

ε
=

+
 (4)

In the above numerical examples, it is shown 
that even at values of  the radius of  the cluster 
cavity R > 5 μm, the force Fr of  pushing out water 
molecules from the shell becomes so small that it 
can be neglected.

The second force compressing the shell is the 
force of  atmospheric pressure p: Fa = 4πpR2. The 
condition for the equilibrium of  the shell is the 
balance of  all forces acting on it:

2
2

2
0 0

2 4 4 0.
8 (2 )

k l sh a

k

F F F F F
E kQ aQ pR
R R R a

ε

σ π
πε ε

= + + + =

= + − − =
+

 (5)

The equilibrium of  the system will be stable if  
the derivative dF/dR (at F = 0) is negative, that is, 
as the shell radius R increases, the force stretching 
it, will decrease [69]. Differentiating F with respect 
to R, we obtain:
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From the condition of  constancy of  the shell 
volume Ven = (4π/3) [(R+a)3– R3], (dVen/dR = 0) 
we find:

(2 ) .
( )2

da a R+a
dR R+a

= −  (7)

According to formula (5), under equilibrium 
conditions F = 0 and

2

2 3
0 0

2 4 4 .
(2 ) R 8

kE aQ kQpR
R R a R

σ π
ε πε

= + −
+

 (8)

With an increase in the inner radius of  the shell 
R by dR, the kinetic energy of  the ions decreases 
by an amount equal to the work against the forces 
compressing the shell:

2

0

4 4 .
(2 )k

aQdE pR dR
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σ π
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− = + + 
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Substituting (7) - (9) into (6), we obtain:
2 2 2 3

3 2 2
0 0

4 (9 10 3 )20 .
8 (2 ) ( )

dF kQ Qa R a Ra aR
dR R R+a R+a R

σπρ
πε ε

+ +
= − − −  (10)

As you can see, all the terms of  this sum are 
negative, therefore dF/dR < 0. It follows that the 
system described by equation (5) is in a state of  
stable equilibrium for any values of  k, Q, a, and R.

4. PROPERTIES OF THE CHARGED 
CLUSTER
The cluster is a nonequilibrium system, so its 
lifetime is limited. Due to the conductivity of  
the shell material, ions will “leak” through it and 
drain to the ground. The characteristic time of  
charge drainage can be considered equivalent to 
the cluster lifetime. Due to the action of  cosmic 
rays, the radioactivity of  the earth and ultraviolet 
radiation, Ni = 3∙108 ions of  different signs are 
permanently located in one cubic meter of  air [70]. 
In the electric field of  the cluster, half  of  these ions 
will move towards it and precipitate on the outer 
surface of  the shell. Finally, the number of  ions on 
the outer side of  the shell will become equal to the 
number of  ions on its inner side, and the cluster 
will become an uncharged body. The characteristic 

time of  the process of  “deposition” of  ions 
from the atmosphere can also be considered the 
equivalent of  the cluster lifetime (though, if  at the 
same time there is no recombination of  charges, it 
cannot be considered completely destroyed). Let 
us estimate the characteristic times of  the indicated 
processes.

Let the total charge of  ions inside the cluster 
shell be equal to Q, ions “leak” through the shell 
and gradually flow to the ground. We assume that 
the current value is limited only by air conductivity 
λа = 3.5∙10-14 (Ohm∙m)-1 [71]. The current density 
on the surface of  a cluster of  radius R is j = E 
λa = Q λa/4πε0R

2. The total current flowing into 
the atmosphere is I = dQ/dt = j·4πR2 = Q·λа/
ε0. Hence, dQ/Q = (λа/ε0)dt, Q = Q0exp(-λа/ε0)t 
and the time of  decreasing the charge by e times 
τ = ε0/λа = 250 s. Let us consider the process 
of  “collecting” by a cluster charges from the 
atmosphere. In an electric field E, ions move at a 
speed vdr = KiE, where Ki is the mobility of  ions. 
For air, Ki = 2.8∙10-4 m2/V·s [72]. The electric field 
strength and, consequently, the ion drift velocity 
are different at different distances from the cluster. 
If  for vdr we take its value on the cluster surface, 
then this will correspond to the maximum rate of  
“deposition” of  ions and, therefore, the minimum 
time of  “discharge” of  the cluster. The rate of  
charge decrease Q due to the ion flux to the cluster 
surface is dQ/dt = – (Ni/2)∙evdr·4πR2 = – (Ni e Ki 
Q)/2ε0. Here e = 1.6∙10-19 C is the ion charge, and it 
is also taken into account that only half  of  Ni ions 
of  the same polarity participate in the process. 
From here we find dQ/Q = – [(Ni e Ki)/2ε0]dt and 
Q = Q0exp[–(Ni e Ki)/2ε0]t. The characteristic time 
of  charge decrease is τi = 2ε0/(Ni e Ki) = 1300 s. We 
draw attention to the fact that the characteristic 
times of  destruction and discharge of  a cluster 
do not depend on the magnitude of  its charge, 
but are determined only by the characteristics of  
environment, into which the cluster is “immersed”. 
Therefore, these expressions are also valid for 
macroscopic charged objects – ball lightnings 
[52,59].

In experiments on recording “traces” on 
photographic films, targets were located at a 
distance about 4 m from the region of  the electric 
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discharge under study [1,2,32]. At a particle velocity 
20 m/s, its flight time is 0.2 s, which is noticeably 
less than τ and τi. Therefore, we can assume that 
during this period the cluster had an initial charge.

For a cluster with a charge Q = 4.5∙10-11 C and 
radius R = 3.75∙10-6 m, the electric field strength on 
its surface is E = 2.88∙1010 V/m and the potential 
is U = 105 V. The distance Rbr from the center of  
the cluster, where the electric field of  the charge 
Q exceeds the air breakdown strength Ebr = 3∙106 
V/m, Rbr = 3.67∙10-4 m. We can assume that an ion 
approaching the ion for a distance less than Rbr will 
be able to ionize the air in the vicinity of  the ion. 
The average value of  the current created by the 
movement of  ions, is I = Q/τ = (4.5 – 18)∙10-14 

A. Given the potential U = 105 V on the cluster 
surface, we find the power released by ions in the 
vicinity of  the cluster is P = I∙U = (4.5 – 18)∙10-9 

W = (2.8 – 11)∙1010 eV/s. If  we assume that it is 
necessary to spend 103 eV on the formation of  one 
quantum of  light, we can expect that a region of  1 
mm around the cluster can be a source of  radiation 
of  108 quanta per second. Similarly the ion flow 
passing through the cluster shell will also participate 
in the process of  air ionization. The interaction of  
counter-flows of  ions with different signs is likely 
to lead to the emergence of  an unsteady process 
of  light emission, similar to the pulsed regime of  
corona discharge optical radiation, discovered by 
Trichel [73]. The repetition rate of  the “Trichel” 
pulses increases with increasing discharge current; 
at small currents, it is equal to f = 5-50 kHz. If  
a cluster flies with a speed v = 20 m/s, and the 
intensity of  its glow changes with a frequency f, 
then the path will look like a dashed line, the bright 
points of  which are located at a distance d = v/f  
= 4 – 0.4 mm. Such traces, indeed, were observed 
in the paths of  particles generated in erosion 
discharges [25].

5. THE PROCESS OF THE FORMATION 
OF TRACES ON FILMS
Let us consider a possible scenario for the 
formation of  traces on photographic films. 
Suppose that a cluster with a radius R1 = 2.14∙10-6 
m, with a charge Q1 = 4.5∙10-12 C and a mass M1 
= 4∙10-14 kg moves in the direction of  the film. 

When the edge of  the cluster is at a distance L 
= 15∙10-6 m from the film surface, a small cluster 
is separated from it with a charge q1 = 4.5∙10-14 C 
and a mass m1 = 4∙10-16 kg and begins to move 
to the film. This cluster moves under the action 
of  the force Fq1 = Q1q1/[4πε0(R1 + x)]2, where x 
varies from 0 to L. Having passed the path L, the 
small cluster will gain energy Wq1 = (Q1q1/4πε0)[1/
R1 – 1/(R1 + L)] = 7.447∙10-10 J = 4.65·109 eV. Its 
speed is v1 = (2Wq1/m1)

1/2 = 1.929∙103 m/s, and 
the linear moment is m1v1 = 7.7184∙10-13 kg∙m/s. 
The large cluster will acquire the same moment, 
it will begin to move upward from the film at a 
speed V1 = (m1v1)/M1 = 19.296 m/s and gain 
energy WQ1 = M1V1

2/2 = 7.447∙10-12 J. Calculation 
for an ion with R2 = 7.5∙10-6 m, Q2 = 4.5∙10-11 C, M2 
= 8.62∙10-13 kg, from which at a height L = 15∙10-6 m a 
small cluster with a charge q2 = 4.5∙10-13 C and mass 
m2 = 8.62∙10-15 kg is separated, leads to the results: 
Wq2 = 1.619∙10-8 J = 1.012∙1011 eV, v2 = 1.938∙103 
m/s, V2 = 19.379 m/s, WQ2 = 1.619∙10-10 J.

A cluster with a charge Q1 = 4.5∙10-12 C creates 
an electric field at a distance L = 15∙10-6 m E1 
= Q1/4πε0L

2 = 1.8∙108 V/m, and a cluster with 
a charge Q2 = 4.5∙10-11 C at the same distance 
creates a field E2 = 1.8∙109 V/m. Such fields are 
comparable in magnitude with the intensity Emin = 
2∙109 V/m, determined by the Langevin criterion. 
Therefore, we can assume that there will be a 
polarization of  the film material, and a force will 
act on the cluster, which will inhibit its movement. 
When the work of  this force becomes equal to 
the kinetic energy of  the cluster, it will stop and 
begin to “fall” onto the film. The force acting on 
the cluster from the side of  the polarized film is 
Fd = P1Q1/2πε0R

3 (see formula 2), where P1 is the 
dipole moment of  the polarized film section, and 
R is the distance between the center of  charge and 
the film. The work of  this force on the portion of  
the trajectory dR is equal to dA = Fd ∙dR, and the 
full work until the cluster stops

0

1 1 1 1
2 2 2

0 0 0 0

1 1 1 .
4 4 (R R)

R

aR

PQ PQA F dR
R Rπε πε

 
= = − = − + ∆ 
∫  (11)

Here R0 = 10-4 m is the cluster height above the 
film surface at the moment of  the beginning of  
the upward movement, and R = (R0 + ΔR) is 
the height that it will reach. In this problem, the 
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unknown parameter is the dipole moment of  the 
film P1 induced by the charge Q1. To evaluate it, 
suppose that the cluster was able to rise to a height 
(R0 + ΔR) = 10.25∙10-4 m (ΔR = 25∙10-6 m) before 
falling. Equating the work A of  the kinetic energy 
of  the cluster WQ1 = 7.447∙10-12 J, we find P1 = 
5∙10-18 C∙m. For a cluster with Q2 = 4.5∙10-11 C 
with kinetic energy WQ2 = 1.62∙10-10 J, the value 
ΔR = 25∙10-6 m is obtained at P2 = 10-17 C∙m. The 
specific polarization of  the medium P (C∙m/m3) is 
related to the field strength E by the relation P = 
ε0(ς – 1)E [65]. Assuming the dielectric constant ς 
= 2.6 for the film material, we obtain P = 1.6∙ε0E. 
This magnitude of  the dipole moment of  the film 
material is ensured by a “cube” of  substance with 
an edge length of  about 10 μm.

Fig. 2 shows the result of  a numerical 
calculation of  the change in cluster height above 
the level of  separation of  a small cluster from it L 
= 15∙10-10 m. For the parameters of  the cluster and 
the film, the values Q1 = 4.5∙10-12 C, M1 = 4∙10-14 

kg, D1 = 4.28∙10-6 m are assumed. It is believed 
that for a separated small cluster, the charge q1 = 
Q1/100 = 4.5∙10-14 C and the mass m1 = M1/100 = 
4∙10-16 kg are one a percentage of  the initial values 
of  the charge and mass of  the main cluster, and 
these values remain unchanged despite the fact 
that Q1 and M1 decrease with each “jump”. For 
the dipole moment of  the polarized film, the value 
P1(t) = Q1(t)×2∙10-8 C∙m (the decrease in charge Q1 
is taken into account for each act of  separation 
of  a small cluster). It is accepted that at t = 0 
the lower edge of  the cluster is at a distance of  
1.5∙10-6 m from the emission height of  the small 

cluster and its velocity is zero. You can notice 
that after five “jumps” the system switches to the 
alternating mode of  short (0.5 µs long) and long 
(1.4 µs long) jumps with an average period of  1.86 
µs. The height of  the “jump” and the duration 
of  the “flight” increases with time (see Fig. 3). 
This can be explained by a gradual decrease in the 
charge of  a large cluster and the magnitude of  the 
induced dipole moment of  the film. The reason 
for the alternation of  long (high) and short (low) 
“jumps” is as follows. When a cluster “falls” from 
a great height, it acquires a great speed. To stop 
the cluster and reverse the direction of  its velocity 
vector, it is necessary to spend a significant part 
of  the pulse acquired by it when a small cluster 
is emitted. As a result, the cluster begins to move 
up at a low speed and, accordingly, “falls” also at 
a low speed. The next impulse of  interaction of  

ANATOLY I. NIKITIN, VADIM A. NIKITIN, 
ALEXANDER M. VELICHKO, TAMARA F. NIKITINA NANOSYSTEMS

Fig. 3. Dependence of  the period of  repetition of  steps T 
(μs) (□) and height H (μm) (○) of  the “jumps” of  the cluster 
on the step number N for the cluster with the parameters 

indicated in Fig. 2 (Calculation results).

Fig. 4. The time dependence of  the cluster elevation height 
above the level L = 15 μm of  separation of  a small charge 
from it. Cluster parameters: charge Q2 = 4.5∙10-11 C, 
mass M2 =  8.62∙10-13 kg, diameter D2 = 15∙10-6 m. 

(Calculation results).

 

 

Fig. 2. Dependence of  the cluster elevation height above the 
level L = 15 μm of  separation of  a small charge from it. 
Cluster parameters: charge Q1 = 4.5∙10-12 C, mass M1 = 
4∙10-14 kg, diameter D1 = 4.28∙10-6 m (Calculation results).
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charges of  a large and small cluster “throws” it to 
a large height. If  a charged cluster has a velocity 
component directed along the film plane, it will 
leave a chain of  double spots on it, separated by 
large intervals. These spots can merge due to the 
spreading of  the charge and form complex traces 
of  the type shown in Fig. 1a-c. Fig. 4 shows the 
motion diagram of  a cluster with an initial charge 
of  Q2 = 4.5∙10-11 C, mass M2 = 8.62∙10-13 kg and 
diameter D2 = 15∙10-6 m at the initial value of  
the film dipole moment P2 =   Q2×2∙10-8 m, from 
which at a height 15∙10-6 m above the film a cluster 
is separated with a charge q2 = Q2/100 and a mass 
m2 = M2/100. As one can see, the nature of  the 
cluster motion has not changed, the period of  the 
“jumps” has decreased to 1.5 μs, and the height of  
the “jumps” has also become less (2 μm).

Fig. 1b shows the trace when the particle path 
deviated to the right. Let us make the assumption 
that this happened due to the action of  the electric 
field Ex, whose vector was directed perpendicular 
to the trajectory of  the cluster. Let the cluster 
charge be Q2 = 4.5∙10-11 C, and its diameter D2 = 
7.5∙10-6 m. According to Fig. 1b for 8 “jumps” the 
cluster deviated from the direction of  the initial 
trajectory by 158 μm. If  we assume that the period 
of  “jumps” is 1.5∙10-6 s, then the velocity of  its 
lateral displacement is v1 = 13 m/s. For a ball with a 
diameter of  7.5∙10-6 m, moving in air at a speed 13 
m/s, the Reynolds number Re = 6.4. The strength 
of  air resistance to the movement of  the ball [74]:

2 2
1 1( C D ) / 8,D D mF π ρ ν=  (12)

where ρm = 1.205 kg/m3 is the air density, and 
CD = 5.8 is the coefficient of  resistance of  
the medium at Re = 6.4 [74]. Substituting the 
numerical values into formula (12), we obtain FD 
= 2.6∙10-8N. Equating FD to the force Fe = Q1Ex, 
we find Ex = 580 V/m. For a cluster with a charge 
Q = 4.5∙10-10C  Ex = 60 V/m. The presence of  
such fields during experiments is likely. Let us 
consider an alternative possibility of  curving the 
trajectory of  a charged cluster by a magnetic field. 
For example, in Fig. 1c, the cluster moves along 
an arc of  a circle with a radius R = 190 μm. Let 
the cluster mass M = 3.78∙10-14 kg, its charge Q = 
4.5∙10-12 C and it moves at a speed of  v = 30 m/s. 

In this case, the magnetic induction causing such 
a motion is B = Mv/QR = 1.3∙103 T. The presence 
of  such strong fields in the laboratory is unlikely.

Let us list in concise form our results.
1. The “strange” particles are multiply charged 
clusters consisting of  ions enclosed in a shell of  a 
dielectric or other substance.
2. When the cluster approaches the surface of  
a solid, a small particle separates from it, which 
carries away part of  the charge and mass of  the 
cluster.
3. This particle is accelerated in the electric field of  
a “large” cluster to energy 109 eV and, when it hits 
a film, creates a latent image in the emulsion.
4. The “large” cluster receives a recoil impulsive 
moment, takes off  above the film, and then, drawn 
by a polarized film, falls on it again.
5. When the cluster moves along the surface of  the 
film, a trace chain is formed on it.
6. The height of  the “jumps” of  the cluster above 
the film turned out to be various, this leads to the 
formation of  traces of  a complex shape.
7. Due to a decrease in the charge and mass of  the 
cluster, the period of  the spots following on the 
film increases, and their size decreases.
8. An external electric field bends the trajectory of  
the cluster.

6. CONCLUSION
There have been the cases in the history of  science 
when the epithet “strange”, “unknown”, and 
“mysterious” was assigned to a newly discovered 
phenomenon. The rays, discovered in 1895 by 
W.K. Roentgen, which in Western literature are 
still called X-rays (“unknown” rays) are clear 
examples of  this. There were several options 
for interpreting the nature of  these rays, until it 
turned out that X-rays are “ordinary” light with 
a short wavelength. The same after the discovery 
of  radioactive radiation: it turned out that the 
“mysterious” γ rays are also light, and α and β rays 
are helium nuclei and electrons. Similar events 
related to the discovery of  new particles with 
incomprehensible properties have occurred in the 
last 20 years: a whole “bunch” of  explanations 
for this “strange” radiation has appeared with no 
less “strange” theories – dark matter, tachyons, 
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and nuclear particles with unusual properties 
(erzions). History teaches that of  all the possible 
explanations, the simplest “survives” (the so-
called principle of  “Ockham's razor” works). 
It’s like the nature “loves” to use one principle 
of  “construction” for objects of  different scales 
(atom → Solar system → Galaxy) – the systems 
based on the dynamic equilibrium of  their parts. 
We applied a similar principle to the construction 
of  a model of  “strange” particles – we used the 
repeatedly mentioned analogy with ball lightning, 
which was built on the basis of  the equality of  the 
Coulomb repulsion force of  particles of  its core to 
the compressive strength of  a polarized dielectric 
shell. It turned out that this principle can be used 
both for macroscopic ball lightning and micro-
sized ball lightning. The mechanism of  levitation 
of  ball lightning above the surface of  conductors 
(due to asymmetric runoff  of  the charge) turned 
out to be applicable to explain the movement of  
“strange” particles (micro-sized ball lightning) 
above the surface of  film. The natural explanation 
was given to the details of  this process: an unusual 
form of  traces on photographic films, a decrease 
in the degree of  blackening of  the film along the 
trail, the reason for the appearance of  charged 
particles with high energy.
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1. INTRODUCTION
Currently, nanocomposites represent a new 
direction in the field of  filled systems. Due 
to the special properties of  nanoscale fillers, 
the most attention of  scientists is focused on 
the development of  polymer nanocomposite 
materials [1-5].

Carbon nanostructures, and graphene in 
particular, are promising fillers, which attract the 
special interest of  researchers..

NANOSYSTEMS

Graphene is a two-dimensional unit layer 
of  carbon, only one sp2-carbon atom thick 
and has many unique physical properties [6-
13]. Experimental data show that the values of  
Young's modulus – 1 TPa, the maximum current 
density – 108 A·cm-2, the coefficient of  thermal 
conductivity of  up to 5000 m-1K-1, the charge 
carrier mobility at room temperature of  104 
cm2K-1s-1[14-17].

Due to the introduction of  a graphene filler 
into various polymers, the obtained composites 
acquire improved characteristics in terms 
of  strength, rigidity, electrical and thermal 
conductivity [18-20].

In turn, high-pressure polyethylene (HPPE) 
is one of  the most common, widely available and 
cheap polymers, the expansion of  the areas of  
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its application by modifying its properties is a 
currently important direction.

In this regard, the aim of  this work was to 
develop a method of  introducing graphene into 
high-pressure polyethylene, to obtain polymer 
composites of  graphene-HPPE, and to study 
their properties.

2. EXPERIMENTAL
The following were used as precursors for the 
synthesis of  graphene and composite materials: 
Chinese natural graphite (99.9% C, crushed in 
a ball mill to a size of  200-300 μm), sulfuric 
acids (ACS, “Sigma Tech” LLC), potassium 
permanganate (p.a., “NevaReaktiv” LLC), 
hydrogen peroxide (p.a., “NevaReaktiv” LLC), 
isopropyl alcohol (ACS, “EKOS-1” JSC), high 
pressure polyethylene (CAS-No: 9002-88-
4, Sigma Aldrich), vacuum oil BM1 (industry 
standard OST 38.101402-86, “GSM Group” 
LLC), distilled water.

The samples of  the graphene-HPPE 
composites were obtained in two stages. At the 
first stage graphene was synthesized. For this 
purpose, the natural graphite used as a starting 
material, was oxidized to graphite oxide by 
a modified Hummers’ method [21-23]. The 
obtained oxidized product was dispersed in 
distilled water using an ultrasonic unit (20.4 
kHz frequency, 0.1–1 W/cm3 specific power) 
for 15 minutes until formation of  graphene 
oxide. After that, the aqueous dispersion was 
centrifuged (6000 rpm for 10 min), a precipitate 
was isolated and dried at a temperature of  60°C 
for 24 h. Then, the powdered graphene oxide 
was reduced to graphene with isopropanol under 
supercritical conditions [24].

At the second stage the obtained graphene 
was dispersed in isopropyl alcohol in the ratio of  
1mg/1ml for 1 h by ultrasonic treatment. The 
obtained graphene dispersion was introduced in 
small portions into solution-melt HPPE-BM1 oil 
at a temperature of  200°C under the condition 
of  constant stirring (1200 rpm). The removal of  

isopropanol vapors from the reaction vessel was 
carried out by an argon flow.

At the end of  the synthesis, the reaction 
mixture was cooled to room temperature. The 
obtained composite was purified from oil by 
extraction with hexane in a Soxhlet’s apparatus 
for 16 h.

Thus, the samples of  graphene-HPPE 
containing 0.25, 0.5, 1, 1.5, 3 and 5% wt of  
graphene, which are powders, were obtained. 
Fig. 1 shows a sample of  the graphene-HPPE 
composite containing 5 wt.% of  graphene.

By the method of  hot pressing from 
the samples, with different content of  the 
carbon filler, the films were obtained. For this 
purpose, powdered samples (m = 5 g) were 
evenly distributed over the volume of  copper 
frames (100×100×0.041 mm) and kept for 
30 sec at 180°С and pressure of  20 kg/
cm2. Fixation of  the shape of  the products 
occurred as a result of  cooling the samples to 
room temperature.

The structural characteristics of  the samples 
were investigated using powder diffractometry 
and Raman spectroscopy. X-ray phase analysis 
(XRD) was carried out on DRON-7 unit with 
graphite monochromator on СuKα-radiation 

 
Fig. 1. A sample of  the graphene-HPPE composite.
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(λ = 1.54056 Å) with Ni filters. The Raman 
spectroscopy signals were recorded using a 
photomultiplier (PMT) operating in the photon 
counting mode. The spectra were accumulated 
on a personal computer.

The morphology of  graphene flakes 
in isopropanol and in a HPPE matrix was 
determined by analytical processing of  
microphotographs obtained by transmission 
electron microscopy (TEM) on a Leo 912 AB 
Omega unit at an accelerating voltage of  100 
kV.

Before imaging, the samples were placed 
on carbon-film-coated copper grids 3.05 mm 
in diameter. Translucent images were acquired 
at magnifications up to 500,000×. A restriction 
aperture with a diameter of  0.4 μm was used to 
obtain electron diffraction images.

Atomic force microscopy (AFM) was used 
to determine the lateral size and height of  the 
graphene particles. The samples were imaged 
using a Solver P47 microscope (Solver scanner, 
sonde NSG01) at a nominal cantilever resonance 
frequency of  150 kHz, cantilever stiffness 
constant of  5.1 N/m, sonde radius of  10 nm, 
scanning speed of  1 Hz, and resolution of  
512x512 points.

Before the AFM study, a 10 µl drop of  
graphene dispersion in isopropanol was placed 
on freshly pierced mica and incubated at room 
temperature until complete evaporation of  the 
solvent.

Deformation-strength studies of  
graphene-HPPE samples were performed 
on an Instron 5540 series testing machine. 
Blades of  standard sizes (11×80 mm) were 
cut from the manufactured graphene-
HPPE composite films and tested at room 
temperature, pressure of  620 kPa, and speed 
of  50 mm/min.

The rheological properties of  the samples of  
graphene-HPPE composites were studied using 
a capillary viscometer.

3. RESULTS AND DISCUSSION
Before the introduction of  graphene, obtained 
from natural graphite by chemical processes 
(oxidation, dispersion, reduction), into high 
pressure polyethylene, it was characterized by a 
complex of  methods of  physical and chemical 
analysis.

X-ray phase analysis (XRF) and Raman 
spectroscopy were used to obtain data on the 
structure of  graphene.

The diffractogram of  the initial graphite 
(Fig. 2a) shows characteristic reflexes of  low (at 
the angles of  2θ: 12.5, 25, 55 deg) and strong 
intensity (at 2θ – 26.6 deg) corresponding to 
the graphite phase with the hexagonal lattice 
structure.

The transition from the densely packed, 
compact source material to the nano-object, 
graphene, resulted in a decrease in the intensity 
and significant broadening of  the diffraction 
maximum in the region of  26.6 deg. (Fig. 2b). 
In addition, there is a disappearance of  low-
intensity reflexes characteristic of  graphite. 
These results indicate an increase in the sample 
dispersion (reduction of  the size of  graphene 
particles).

Additional information about the 
graphene structure was obtained using Raman 
spectroscopy. Raman spectroscopy is a powerful 
tool for the identification of  non-destructive 
carbonaceous materials, in particular, for the 
determination of  ordered and disordered crystal 
structures of  carbon.

Fig. 2. Diffractograms of  samples: a - original graphite, 
b - graphene.
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G (≈1582cm-1) and D (≈1350cm-1) lines 
are characteristic features for carbon in 
Raman scattering spectra. The G-line is 
usually attributed to the Eg2 phonon sp2-
hybridized carbon atoms, whereas the D-line 
constitutes the fully symmetric valence 
vibration κ-point phonons of  A1g symmetry 
[25-28]. The overtones of  these lines are 2G 
and 2D, located at 3248 cm-1 and 2700 cm-1 
respectively.

The Raman spectrum of  natural graphite 
(Fig. 3a), used as a feedstock for graphene 
production, is represented by a strong G-line 
(1582 cm-1), a broad 2D-line (2700 cm-1), and a 
very weak 2G line at 3245 cm-1. In the Raman 
spectrum signals of  graphene (Fig. 3b), the 
G band broadens and shifts to 1590 cm-1, an 
intense D band at 1350 cm-1 appears, there 
is a slight shift of  the 2D and disappearance 
of  the 2G bands. These phenomena can be 
attributed to the significant size reduction 
in the sp2 plane of  the domains due to 
exfoliation of  the graphite crystal structure 
by oxidation and ultrasonic treatment to 
graphene oxide followed by its reduction 
[29,30].

The morphology of  graphene was 
analyzed by transmission electron microscopy. 
Microphotographs show graphene sheets with 
a thin, transparent, slightly folded structure, 
resistant to the electron beam action.

Electron diffraction was performed from the 
selected area of  the graphene particle. Fig. 4 
shows the diffraction pattern in which clearly 
defined point reflexes confirm the crystalline 
structure of  the graphene sheets.

By the AFM method the geometric parameters 
of  the studied graphene were established. The 
AFM images show flat particles with lateral sizes 
from 1.5 to 3 μm and thickness of  1-2 nm, which 
corresponds to 3-5 layers of  graphene. Fig. 5 
shows a single sheet of  graphene.

After the basic structural and morphological 
characteristics of  graphene were found out, it 
was used as a nanofiller for polyethylene.

High-pressure polyethylene has a rather rigid 
and complex structure, consisting of  molecules, 
tightly stacked in parallel one to another to form 
lamellae. The introduction of  graphene into the 
polymer could be accompanied by aggregation 
and uneven distribution of  the filler particles, 
due to their difficult penetration between the 
lamellae.

In order to "activate" polyethylene, i.e. to 
make its structure available for the introduction 
and uniform fixation of  the graphene particles, 

Fig. 3. Raman spectrum: a-graphite, b-graphene.
 

  

Fig. 4. TEM image and electron diffraction of  graphene.

Fig. 5. AFM–image and cross-section of  a graphene 
sheet.
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vacuum oil was used. Vacuum oil mixed well with 
polyethylene, allowed to move apart the lamellae 
and create a very mobile reaction environment, 
allowing the filler to freely penetrate into the 
structure of  polyethylene.

The obtained samples of  graphene-HPPE 
in powder form contained from 0.25 to 5 wt% 
of  the graphene filler and differed little from 
each other in color. However, after transforming 
the powders into films, a gamma from light 
to dark gray hue was formed. The degree of  
color saturation of  the samples increased with 
increasing concentration of  graphene in the 
HPPE.

Fig. 6 shows the TEM-image of  
the graphene-HPPE sample. The 
microphotograph shows a curved graphene 
sheet with lateral dimensions of  2 μm, 
which has entered the polymer structure. 
The authors of  [31] argue that the surface 
relief  and twisting are inherent to the 
graphene sheets, as the thermodynamic 
stability of  the 2D structures occurs as a 
result of  microscopic folds due to bending 
and deformation.

The electronogram (Fig. 6) for this sample is 
represented by blurred weakly pronounced ring 
reflexes due to the amorphous component of  
the polymer and signals in the form of  single 
points characterizing the graphene crystal 
structure.

The results of  Raman-spectra study of  HPPE 
samples without the filler and with it showed 
that the filler introduction into the polymer is 

accompanied by the appearance of  G, D and 
2D lines typical for the carbon structures in the 
Raman spectra (Fig. 7).
Further stage of  the work consisted in the study 
of  the graphene-HPPE film samples properties.

Fig. 8 shows the results of  the study of  the 
films surface using an optical microscope. The 
image (Fig. 8) shows a uniform distribution of  
the filler particles of  large (5-10 microns) and 
small (1-2 microns) size. Besides, the presence 
of  light strips - defects (microcracks) is noted on 
the surface of  the films.

A possible reason for such defects may be 
the presence of  macroparticles located at the 
boundary of  the crystallites, which behave as 
stress concentrators and contribute to the film 
surface continuity breaking.

The measurement of  the deformation-
strength characteristics of  the graphene-HPPE 
nanocomposites made it possible to obtain the 

Fig. 6. TEM-image and electron diffraction of  the 
graphene-НPPE composite sample.

  

Fig. 7. Image of  the Raman spectroscopy of  the studied 
samples: a - graphene, b - HPPE, c - graphene-HPPE 

composite.

 

Fig. 8. Image of  the graphene-HPPE film surface.
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concentration dependences of  the strength, 
modulus of  elasticity, and elongation at rupture 
for the samples under study (Fig. 9).

According to the above presented data, 
the strength and elongation at break of  the 
graphene-HPPE composites decrease, which is 
typical for the introduction of  rigid anisotropic 
particles into polyolefin polymers.

The values of  the elastic modulus remain 
unchanged for the samples with the filler 
concentration up to 1,5 wt.% and increase by 
100 MPa at the graphene filling by 3% and more 
wt.%. 

In addition to the deformation-strength 
characteristics for the graphene-HPPE samples, 
the rheological properties were studied.

Fig. 10 shows the flow curves of  the studied 
samples. There is a directly proportional growth 
of  the composites' viscosity with the increase 

in the graphene concentration from 1.5 to 5 
wt.%. For the samples of  graphene-HPPE 
with a lower filler content the values of  the 
measured characteristics are comparable with 
the result obtained for HPPE without graphene. 
The viscosity growth is accompanied by the 
increase in the pseudomolecular weight of  the 
graphene-HPPE samples. It is possible that this 
effect can be due to the increased interaction of  
the graphene sheets with the carbon chains of  
polyethylene.

4. CONCLUSION
During the conducted research work the method 
of  graphene introduction into polyolefin polymer 
was developed, the samples of  graphene-HPPE 
with different filler content (0.25-5 wt.%) were 
obtained. The structural and morphological 
characteristics of  the graphene and the 
composite material were studied. Strain-strain 
characteristics of  graphene-HPPE composite 
films with the thickness of  41 microns were 
measured and their rheological properties were 
investigated. It was found that the ultimate 
strength of  the samples does not depend on 
the filler concentration, while the increase in its 
content in the composites leads to a decrease 
in the value of  the relative elongation. There 

Fig. 9. Concentration dependences: a - elastic modulus, 
b - elongation at break, c - strength of  the graphene-

HPPE samples.

 

Fig. 10. Flow curves of  graphene-HPPE composite 
samples: a - HPPE, b - graphene- HPPE (1.5% wt.), c - 
graphene-HPPE (3% wt.), d - graphene-HPPE (5% wt.)
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is an increase in the elastic modulus relative to 
the values obtained for polyethylene without 
the filler by 100 mPa for the graphene-HPPE 
samples at the concentration of  graphene 3 
and more wt%. The results of  the study of  the 
rheological properties of  the graphene-HPPE 
films, led to the conclusion about the growth 
of  the interaction of  graphene sheets with the 
carbon chains of  polyethylene.
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1. INTRODUCTION
Currently, sonar systems are extremely widely 
used to solve applied problems in a large 
number of  applications. Such as: environmental 
monitoring, search for natural resources, 
archeology, emergencies, industrial and defense 
security. Sonar images are a special case of  
synthetic aperture radar (SAR) images. Such 
images are characterized by the presence of  
multiplicative speckle noise. It arises due to 

wave interference caused by multiple scattering 
from reflectors small relative to the resolution 
element. Speckle noise appears as bright spots 
and bright dots randomly scattered throughout 
the image field.

Unlike SARs used for sounding the Earth 
from space, in sonar systems, the change in the 
relief  from point to point can be commensurate 
with the distance to the sounding object. This 
increases the likelihood that a signal will be 
reflected from targets at different angles of  
arrival at the same range. This leads to the 
averaging of  signals reflected from different 
areas [1]. This feature increases the likelihood of  
additional speckle noise.

Speckle noise suppression techniques are 
aimed at freeing the image from parasitic 
artifacts, removing graininess, and defining the 
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boundaries of  areas and objects in the image. 
The fight against speckles is carried out in two 
directions. The first is to improve the design 
of  sonars, i.e. the quality of  visualization is 
improved with the help of  various technical 
means. The second is the digital processing of  
an already obtained image.

This work is devoted to digital image 
processing. Frequently used methods of  dealing 
with speckle noise are methods ranging from a 
simple locally averaging spatial filter and median 
filtering to Wiener, Kalman or homomorphic 
filtering algorithms applied to the entire image. 
Wavelet transforms or fractal coding are also 
used [2-5].

When testing the method of  renormalization 
with limitation (MRL) on various types of  
images, in particular, a significant reduction in 
speckle noise was found [6,7]. Thus, the idea 
arose to apply MRL to sonar images in order 
to improve their quality. It is proposed to 
process the original acoustic images using the 
method of  renormalization with limitation. 
It is assumed that after applying the MRL, 
on average, the axially symmetric (isotropic) 
part of  the amplitude spatial spectrum of  
the studied images will correspond to the 
Universal Reference Spectrum (URS) model, 
i.e. models of  the image spectrum of  "good" 
quality [8,9]. It should be noted that the most 
significant information about the contours of  
regions and objects in the image is contained 
not in the amplitude, but in the phase part of  
the spectrum. Thus, while eliminating possible 
noise and distortions, all boundaries of  the areas 
and the localization of  objects in the images will 
be preserved. The aim of  this work is to test the 
effect of  suppressing speckle noise using MRL 
on real sonar images.

2. APPLICATION OF MRL TO SONAR 
IMAGES
The application of  the renormalization method 
with limitation to sonar images is demonstrated 
by the example of  Fig. 1 - images of  a fragment 
of  the seabed with a sunken ship.

The image with a size of  668 by 512 
pixels, shown in Fig. 1, was obtained using the 
interferometric side-scan sonar (ISSS), which 
is part of  the AGKPS 100 multifunctional 
sonar complex and has the following technical 
characteristics [10]:
1. The resolution of  the ISSS in the direction 

of  movement is 1.5 degrees. Slant range 
resolution - 0.03 m.

2. The working frequency of  the ISSS is 450 
kHz.

3. The root-mean-square error of  measuring 
the depths of  the ISSS in the swath up to 
3 depths is not worse than 1% of  the depth 
of  survey, the sensitivity to changes in the 
coefficient of  backscattering of  soils is not 
less than 10%.

4. Band of  survey ( overview) ISSS up to 300 
m on one side.

5. Probing signal is pulsed with linear-frequency 
modulation.

The multifunctional sonar complex AGKPS 100 
also included additional sensors:
1. Satellite navigation receiver.
2. Trim roll and vertical displacement sensors.
3. Gyrocompass.
4. Sound speed meter in water.

The sonar survey was carried out while the 
vessel was moving in parallel directions (tacks) at 
a distance of  20 meters between them. Acoustic 
images obtained on parallel tacks are applied 
to a geographic map, taking into account the 
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Fig. 1. Original sonar image.
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indications included in the complex of  sensors 
[11]. The peculiarity of  the map construction is 
that the images from the adjacent tacks do not 
overlap (the images from the adjacent tracks are 
not averaged).

Shown in Fig. 1, the sunken ship has a length 
of  40 m and lies at a depth of  17 m.

We use the renormalization method with 
restriction in our "classical" version, i.e. the same 
as it was presented in [8,9] and registered in the 
certificate of  state registration of  a computer 
program [12]. Since it is assumed that the 
original image was not subjected to any blurring, 
the distorting hardware function is assumed to 
be “needle-like” (much less than one pixel wide). 
Fig. 2 shows the application of  the MRL to the 
image Fig. 1.

In a comparative analysis Fig. 1 and Fig. 2, it 
can be noted that, together with the suppression 
of  speckle noise, there is a slight decrease in the 

overall contrast of  the image. Therefore, as an 
additional step, we will sharpen Fig. 2 using the 
Laplacian [13]. The result of  this operation is 
shown in Fig. 3.

For comparative analysis, as an alternative 
method for combating speckle noise, we use the 
commonly used median filtering with a square 
kernel of  3 by 3 pixels. The processing result is 
shown in Fig. 4.

Volumetric views of  spatial brightness for 
images of  Figures 1-4 are shown in Fig. 5. 

INFORMATION TECHNOLOGIES APPLICATION OF SPECTRAL AND SPATIAL 
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Fig. 2. Applying the MRL to the image Fig. 1.

Fig. 3. The result of  applying the Laplacian to the 
image in Fig. 2.

Fig. 4. The result of  applying median filtering to the 
image in Fig.1.

 
                                              a                                                                                b 

 
                                             c                                                                                d 

m0 mp0

Fig. 5. Volumetric view of  the corresponding spatial 
brightness of  the original sonar image (Fig. 1) - (a); 
original image processed by MRL (Fig. 2) - (b); original 
image processed by MPL and Laplacian (Fig. 3) - (c); 

original image after median filtering (Fig. 4) - (d).
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Along the vertical axis, the values of  pixel 
brightness are plotted in grayscale (from zero - 
black, to 255 - white). The two remaining axes 
of  the volumetric Fig. 5 show the coordinates 
of  the brightness pixels on the image field. 
Fig. 5b - the result of  using the MRL, clearly 
demonstrates a significant decrease in the 
level of  speckle noise relative to the initial 
sonar image - Fig. 5a. This can be seen in 
the structure of  the volumetric drawings. 
The original image is noisy with speckles all 
over the field, while the MRL processing, 
removing bright spots, leaves the contours of  
the sunken ship and the bottom topography 
intact. Table 1 shows the statistical 
characteristics of  the spatial brightness of  
the images. The root mean square deviation 
(RMSD) of  the brightness in the image of  
the processed MRL is equal to 29, which 
is significantly less than the RMSD of  the 
original one which is 49.

Fig. 5c is the action of  the Laplacian in Fig. 
5b. As mentioned above, this improves the 
sharpness after applying MRL to the original 
sonar image. Table 1 shows that the statistical 
characteristics of  the MRL processing plus 
the Laplacian (Fig.5c) are very close to the 
alternative method - median filtering (Fig.5d) 
of  the initial sonar image. The standard 
deviations are, respectively, 33 and 34. 
However, the use of  median filtering is less 
preferable, since this procedure, together 
with speckles, can remove useful information 
[6,13].

Fig. 6 shows in a logarithmic scale the 
amplitude spatial spectra of  the studied images 
with a size of  668 by 512 pixels. The indexing of  
Fig. 6 corresponds to the letters of  Fig. 5.

The spectrum of  the original image of  the 
processed MRL (Fig. 6b), within the framework 
of  the technique, was renormalized to the model 
of  the universal reference spectrum (URS), i.e. 
to a model of  the spectrum of  a "good" quality 
grayscale optical image [8,9]. And, since sonar 
images are very different in structure from 
optical images, then as a "payment" for noise 
reduction, as a result of  applying the MRL to 
the original figure 1, the effect of  "fogging" or 
"blurring" of  the image appears - Fig. 2. On the 
spectra, this can be seen as a decrease in the level 
of  high frequencies in Fig. 6b relative to Fig. 6a. 
To increase the overall sharpness of  the image, 
the Laplacian was then applied, which caused 
some increase in high frequencies - Fig. 6c. The 
spectrum after median filtering turns out to be 
slightly modulated (Fig. 6d), which may indirectly 
indicate possible undesirable changes in the 
image structure.
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Table 1
Statistical characteristics of spatial brightness in 

images
Original 
sonar 
image

Sonar 
image, 
MRL 

processing

Sonar 
image, 
MRL 

processing 
and 

Laplacian

Sonar 
image, 
Median 

filter 
processing

Average 
brightness 
value

117 118 117 113

Root mean 
square 
deviation of 
Brightness

49 29 33 34

Fig. 6. Amplitude spatial spectra on a logarithmic scale 
corresponding to the volumetric images in Fig.5. Spectra: 
initial sonar image (Fig. 1) - (a); the original image of  
the processed MRL (Fig. 2) - (b); the original image 
processed by MRL and Laplacian (Fig. 3) - (c); original 

image after median filtering (Fig. 4) - (d).

 
                                                a                                                                                   b 

 
                                                c                                                                                   d 

LFmd LFmpk

LFmp_k LFmpk
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3. CONCLUSION
This article is devoted to testing the application 
of  MRL to sonar images in order to improve 
their quality. It was found that the application 
of  MRL to sonar images significantly reduces 
speckle noise. This is because the method of  
renormalization with limitation, by definition, 
renormalized the sonar image spectrum to a 
universal reference spectrum (URS) model, 
which is a model of  the spectrum of  a "good" 
quality grayscale image [8,9]. Due to the fact 
that sonar images in their structure differ 
significantly from optical images, as a "payment" 
for suppression of  speckle, as a result of  the 
use of  MRL, the effect of  "fogging" or slight 
"blur" of  the image appears. To increase the 
overall sharpness of  the image, it is proposed 
to use luminance transformations (for example, 
Laplacian) [13]. The use of  median filtering 
in this problem is less preferable, since this 
procedure, together with speckles, can also 
remove useful information. All of  the above 
allows us to conclude that the application of  
MRL to sonar images can significantly reduce 
speckle noise.
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investigation of  the seismic waves spread in models with an ice field for the 3D case using the 
grid-characteristic method. The modelling results (wave fields of  the velocity distribution 
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1. INTRODUCTION
Ice and different ice structures (icebergs, ice 
hummocks) bring in the significant noise into  
seismograms in the form of  additional seismic 
waves [1,2]. Then, the seismograms are hard to 
interpret and separate the useful information  
about the reflected waves from hydrocarbon 
deposits from the noise, presented by the 
reflections from ice constructions. Besides, in 
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the ice field additional waves spread along the 
whole surface of  ice, which contribute much 
to the seismograms in the form of  numerous 
reflections from the borders ice-air and 
ice-water.

In this work we carry out the research 
of  influence of  the ice field on the results 
of  modeling – wave fields of  the velocity 
distribution and seismograms. The ice field 
in the Arctic shelf  zone is characterized by a 
small layer width in comparison with the length 
of  the spreading waves, which demands the 
particular approach to the research conduction. 
The analytical solutions to the problems of  the 
seismic waves spread in the models ice-water do 
not take into account all types of  waves (Rayleigh 
waves, Scholte waves [3]), which appear in the 
ice layer in this kind of  problems, and it leads 
to the incorrect or incomplete solution. In this 
work the solution to the problem of  the seismic 
waves spread from the impulse source, located 
on the surface of  the ice field, is carried out 
with the use of  the direct numerical modeling 
by the grid-characteristic method of  the third 
order of  accuracy.

We conducted the computations of  the 
model from [4] in order to compare the applied 
approach with the approach of  other authors  
to the exploration of  similar problems. The 
results demonstrated a good qualitative 
coincidence.

2. THE DETERMINANT EQUATIONS
For describing the seismic waves spread in 
geological media, we used the linear-elastic 
system of  equations [5]:

( )

( )

T ,

( ) ( ) ( ) ,T

=
t

t

ρ

λ µ

∂
∇ ⋅

∂
∂

= ∇ ⋅ + ∇× + ∇+
∂

v

v I v v

σ

σ
 (1)

where υ is the velocity of  the seismic waves 
spread in the medium, σ is the Caushy stress 
tensor, t is the time, ρ is the medium density, λ 

and μ  are the Lame parameters, determining the 
elastic properties of  the material.

3. NUMERICAL METHOD
The system of  equations (1) was solved using 
the grid-characteristic method of  the third order 
of  accuracy [6,7]. We present the system (1) in 
the form:

0.x yt t t
∂ ∂ ∂

+ + =
∂ ∂ ∂
q q qA A  (2)

where matrixes Ax and Ay are made out of  the 
coefficients of  the system (1), the vector q  
consists of  three components of  the Caushy 
stress tensor and two components of  the velocity 
vector: { , , , , }.xx yy xy x yq σ σ σ ν ν= .

Then, we apply the method of  splitting by the 
space coordinates and obtain two 1D systems of  
equations:

0,  { }.i i x, y
t i

∂ ∂
+ = ∈

∂ ∂
q qA  (3)

Now we examine the system (3), for example, 
for the x coordinate:

0.xt x
∂ ∂

+ =
∂ ∂
q qA  (4)

The system (4) is hyperbolic, then it can be 
presented in the form:

1 0.x x xt x
−∂ ∂

+ =
∂ ∂
q q

Ω Λ Ω  (5)

In (5) Ωx is the matrix, made out of  the 
eigen vectors of  the matrix Ax, Λx  is the 
diagonal matrix with the eigen values {-cp, 
cp, -cs, cs, 0} on the diagonal, cp and cs are 
the longitudinal and the transverse  sound 
velocities, correspondingly:

( 2 ) / ,   / .p sc cλ µ ρ µ ρ= + =  (6)

The similar transformations can be made for 
the system (3) for the coordinate y.

After the variable change 1
x qω −= Ω , the 

system (5) will look as:

0.xt x
ω ω∂ ∂
+ Λ =

∂ ∂
 (7)
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The system (7) consists of  five equations, 
each of  which can be solved by any finite-
difference scheme. In this work we solved the 
system (7) with the help of  the Rusanov scheme 
of  the third order of  accuracy [8]:

1

1 1 2

2
1 1

2

3
2 1 1

3

( ) ( )

6( ) 3( ) 2( ) ( )
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h

λτ

λτ
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− + −

+ −

− − +

= +

− − −
+ +

− +
+ +

− + −
+

 (8)

The system (8) is represented for the positive 
eigen values.

4. THE BORDER AND CONTACT 
CONDITIONS
On the side and low borders of  the model 
we established the non-reflective boundary 
condition. On the upper contact border between 
ice and air the free boundary condition was used 
[9, 10]. 

Between the ice layer and the water layer the 
free slip contact condition was established.

1 2 .n n nVν ν= =  (9)
1 2.n nf f= −  (10)

1 2 0.f fτ τ= − =  (11)

The condition (9) means the equality of  
the normal components of  the velocity on the 
contact border between the layers 1, 2. The 
condition (10) means the equality of  the normal 
components of  stress tensor on the border, 
the condition (11) means the equality of  the 
tangential components of  stress tensor to zero 
on the border.

5. RESULTS
We examined the model of  a heterogeneous 
medium with an ice field. The model consisted 
of  the water layer 200 m high and the ice layer 3 
m high. We computed the spread of  the seismic 
waves from the impulse source, located on the 

surface of  ice in the center of  the calculated area. 
The central frequency of  the impulse source was 
equal to 30 Hz.

Fig. 1 presents the wave fields of  the 
velocity module distribution for the model 
with an ice field. The wave fields give the 
opportunity to watch the consistent wave 
spread from the impulse source deep into 
the water layer. In the ice field the so-called 
multiple waves appear, which are obtained 
as a result of  numerous reflections from the 
contact border ice-water and from the free 
border ice-air.

Fig. 1. The wave fields of  distribution of  the velocity 
module for the model with an ice field at time moments 

0.05 s, 0.07 s, 0.1 s.

INFORMATION TECHNOLOGIES THE EXPLORATION OF WAVE PROCESSES IN THE 
ARCTICS GEOLOGICAL LAYERS IN THE PRESENCE...



386

No. 3 | Vol. 13 | 2021 | RENSIT

On the surface of  ice a row of  seismic 
receivers was established for the registration 
of  the reflected waves. The seismograms of  
the collected data on the receivers for the 
velocity components Vx, Vz are presented in 
Fig. 2. The number of  the receiver (0-200) 
is depicted along the x-axis, the time of  the 
arriving signal at the receiver is depicted along 
the y-axis. It follows from the seismograms 
that the spreading waves in the ice field 
contribute little to the result field of  the 
reflected waves for the model, which further 
will allow to identify the reflected waves from 
oil, gas and other hydrocarbon deposits.

Next, we examined the model of  a 
heterogeneous medium with the ice layer, 
the water layer and the soil layer, similar to 
the model from the work [4]. The density of  
ice was 931 kg/m3, the density of  water was 
1004 kg/m3, the soil density was 2700 kg/m3. 
The longitudinal sound speed in ice was 3289 
m/s, the longitudinal sound speed in water 
was 1448 m/s, and in soil it was equal to 1800 
m/s. The transverse sound velocity in ice was 

1657 m/s, and in soil it was equal to 1040 
m/s. The height of  the ice layer was 0.75 m, 
the height of  the water layer was 22 m, the 
soil height was equal to 50 m.

The parameters of  calculations were the 
following. The space step was 5 cm in order 
to consider the small height of  the ice layer 
in the model correctly. The width of  the 
model was equal to 800 m in order to avoid 
the reflections from the side borders of  the 
model.

The seismic source of  impulse with 100 Hz  
central frequency was located in the center of  
the calculated area on the surface of  ice. 120 
receivers of  the reflected signals were located 
on the left from the impulse source with the 
distance of  3.125 m between them.

The wave field of  the distribution of  the 
velocity component Vx at 0.1 s time momemt 
for the described model is presented in the 
upper picture of  Fig. 3, the wave field of  the 
distribution of  the velocity component Vy at 
the same time momemt is presented in the 
lower picture of  Fig. 3.
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Fig. 2. The seismograms of  the recordings on the receivers 
for the velocity components Vx, Vz.

Fig. 3. The wave fields of  distribution of  the velocity 
components Vx, Vy  for the model with an ice field at 

time moment 0.1 s.
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The seismograms of  the recordings on the 
receivers for the velocity components Vx, Vy 
for the model are presented in the upper and 
lower pictures of Fig. 4, accordingly.

The wave fields, presented in Fig. 3, and 
seismograms in Fig. 4 have a good qualitative 
coincidence with the similar modeling results 
from [4]. In the wave fields, different types 
of  waves, spreading in the ice layer and in the 
water layer (flexural wave, longitudinal wave, 
Rayleigh wave and Sholte wave in the ice layer) 
can be detected.

6. CONCLUSION
In this work we presented the results of  
exploration of  the seismic waves spread in the 
models with geological media in the presence 
of  the ice field on the surface. The results 
of  modeling, using the grid-characteristic 
method, showed the opportunity of  
identification of  the reflected waves in the 
ice field from other reflected waves. We 
calculated the model with an ice field with 
the characteristics of  the model from the 
work by other authors. The analysis of  the 
modeling results showed a good qualitative 

coincidence of  the results — wave fields 
of  the velocity module distribution and 
seismograms. Further, we are going to carry 
out the research of  models with other ice 
formations — icebergs, ice hummocks.
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1. INTRODUCTION
In the perception of  the external world, the 
leading place belongs to the organ of  vision. It 
takes light to see. The human organ of  vision is 
able to perceive light of  different wavelengths, its 
different brightness, shape and size of  objects, 
to orient itself  in space, can estimate the distance 
between objects, their volume.

It has now been proven that we see not 
with our eyes, but with our brain. Those. object 
recognition takes place in the brain, which 
receives only "raw" information about the 
distribution of  light spots in space from the 
retina. A large number of  brain structures are 
involved in the processing of  visual signals, the 
interconnections of  which are numerous and 
not fully understood.

The combined function of  the oculomotor 
apparatus is to provide a focused, clear image 
of  the outside world on the two retinas. For 
both eyes, the task of  tracking an object must 
be performed with an accuracy of  several arc 
minutes - otherwise, the visible image will be 
doubled.

All oculomotor reactions are designed to 
provide the main task of  the visual apparatus 
- the maximum human perception of  visual 
information. The physiology of  vision is 
provided by various systems that make up the 
visual apparatus. The optical system of  the 
eyeball focuses images on the retina, the pupil 
regulates the amount of  light falling on the 
retina, and the muscles of  the eyeball ensure its 
continuous movement.

The human visual system consists of  a 
peripheral part, represented by the optical visual 
tract in the eyeball, pathways that include the 
optic nerve, the axons of  the optic neurons, 
and the central part of  the system in the brain. 
The central section consists of  the subcortical 
centers and the cortical visual center of  the 
occipital lobe of  the brain.

For the perception of  electromagnetic 
radiation in the visible range, which is the basis 

of  vision, are the receptors of  a protein nature 
contained in the photoreceptor membrane of  
the cells of  the retina of  the eye - rhodopsin and 
iodopsin. The visual pigments of  the cones are 
iodopsins, which are tuned to different parts of  
the spectrum, and the rods have only rhodopsin, 
which can distinguish only the emerald part of  
the spectrum from colors.

The retina is formed by two main types of  
visual cells - rods with light-sensitive rhodopsin 
(about 120 million cells per human retina) and 
cones with light-sensitive iodopsin (about 7 
million cells). Cones, concentrated predominantly 
in the central region of  the retina (called the 
fovea), function only in bright light and are 
responsible for color vision and sensitivity to 
small details, while the more numerous rods are 
responsible for vision in low light and turn off  
in bright light. Thus, of  all existing mammals, 
only the higher primates, including humans, 
have trichromatic vision. The presence of  
two photoreceptor systems (cones and rods), 
differing in light sensitivity, provides adjustment 
to the changing level of  external illumination.

The absorption of  a light quantum by 
rhodopsin leads to a number of  its photochemical 
transformations - photolysis. Photolysis occurs 
in several successive stages, each of  which has 
a corresponding duration. The primary event 
associated with the absorption of  a photon 
by rhodopsin takes about 200 fs. This event is 
followed by the formation within milliseconds of  
several intermediate forms of  rhodopsin, each 
of  which is characterized by its own absorption 
spectrum.

Light activation of  rhodopsin is the only light-
dependent process. All other stages of  photolysis 
are light-independent; they are associated with 
molecular conformational rearrangements and 
are a consequence of  this primary act of  light 
absorption. The electrophysiological response 
of  a photoreceptor cell to a light stimulus lasts 
for hundreds of  milliseconds and then stops 
due to the existence of  mechanisms responsible 
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for turning off  the light-dependent cascade and 
restoring the dark state.

The cones located in the central part of  the 
retina provide central shaped vision and color 
perception. Central shaped vision is the ability 
to discern the shape and details of  the object 
in question due to visual acuity. The retina of  
the mammalian eye is called an inverted organ 
because photoreceptors, which are the first 
working link of  the retina, are located in the lower 
layer, and above them are two layers of  neurons 
that collect information from photoreceptors 
and transmit it to the brain.

The most important area of  the retina is 
the macula or macula, which determines visual 
acuity. The spot diameter is 5-5.5 mm, it differs 
in color from the surrounding tissues, since the 
underlying pigment epithelium is more intensely 
colored here. In the center of  the macula is the 
fovea, or fovea, which forms as a result of  the 
thinning of  the retina. The central fossa makes 
up 5% of  the optic part of  the retina, but up 
to 10% of  all cones are concentrated in it. In 
the middle of  the central fovea lies a dimple - a 
depression with a diameter of  0.2-0.4 mm, it is 
the place of  the greatest visual acuity, it contains 
only cones (about 2500 cells).

In humans and other great primates (but 
not all mammals), the fovea reaches about 
700 micrometers in diameter. In the fovea, the 
greatest visual activity is observed in comparison 
with other parts of  the retina, which is caused 
by structural and compositional changes in this 
region. A feature of  this zone is the shift of  
the cells of  the proximal retinal neurons to the 
side, so that the light reaches the photoreceptors 
with minimal distortion. Fovea consists mainly 
of  cones, the number of  which increases as it 
moves towards the foveola (light point in the 
center of  the fovea). This system provides a very 
high resolution of  visual information, which 
is caused by another interesting mechanism: 
each cone in the fovea is connected to only one 
bipolar and one ganglionic cell. In other parts of  

the retina, each bipolar and ganglionic cell works 
with multiple photoreceptors, rather than one, as 
in the fovea.

An unusual anatomical feature of  the 
retina is that it is directed by photoreceptors 
to the pigment epithelium. This enables 
photoreceptors to efficiently restore visual 
pigments. Photoreceptors are very sensitive to 
the environment, as they constantly have to deal 
with the effects of  a large stream of  photons and 
free radicals. Stacking photosensitive elements 
in the outer segment of  photoreceptors makes 
possible the daily planned restoration (renewal) 
of  these elements. In this case, new structures 
are collected at the base of  the photoreceptors, 
while the old elements at the apex are destroyed 
by neighboring cells of  the retinal pigment 
epithelium. Complete renewal of  the outer 
segment takes ~ 10 days in higher vertebrates 
and 6-9 weeks in lower vertebrates.

Visual acuity is the ability of  the eye to perceive 
two points located at a minimum distance from 
each other as separate. The minimum distance at 
which two points are visible separately depends 
on the anatomical and physiological properties 
of  the retina. If  the images of  two points fall on 
two adjacent cones, they will merge into a short 
line. Two points will be perceived separately if  
their images on the retina (two excited cones) 
are separated by one unexcited cone. Thus, the 
diameter of  the cone determines the magnitude 
of  the maximum visual acuity. The smaller the 
diameter of  the cones, the greater the visual 
acuity. For most people, the threshold angle of  
view (angular size of  an object) corresponds to 
one minute. All tables for the study of  visual 
acuity are built on this principle.

The electrophysiological effect of  a 
photoreceptor cell on a light stimulus lasts 
for hundreds of  milliseconds and then stops 
due to special mechanisms that “turn off ” 
excitation and restore the “dark” state. The most 
difficult thing in the process of  returning the 
photoreceptor to the dark state is the restoration 
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of  the photosensitivity of  rhodopsin. The 
slowest reaction is the breakdown of  the 
rhodopsin complex.

From the retina, an electrical signal is 
transmitted along the optic nerve to a specialized 
cell cluster located deep in the brain - the so-
called external (lateral) geniculate body. The 
signal then enters the visual cortex located in the 
back of  the brain. Initially, information enters the 
primary visual zone, from where, after passing 
through several layers of  synaptically connected 
cells, it is transmitted to neighboring zones of  a 
higher order, where, ultimately, the image of  the 
object we are looking at is formed.

Visual functions are closely related to each 
other and constitute a single whole, called the 
act of  vision. At the same time, rods and cones 
cannot perceive and transmit information to 
neurons about the movement of  a visual signal 
in one direction or another.

The oculomotor apparatus and binocular 
vision are a complex sensorimotor mechanism, 
the physiological significance of  which is 
determined by its two main functions: motor 
(motor) and sensory (sensitive). The motor 
function ensures the guidance of  both eyes, their 
visual axes and the central pits of  the retinas to 
the object of  fixation; sensory - fusion of  two 
monocular (right and left) images into a single 
visual image.

The position of  each eye is controlled by 
six separate muscles, two of  them - the outer 
line and the inner line - control the horizontal 
rotation of  the eyes, carried out when looking 
from left to right or from close objects to distant 
ones. The other eight muscles, four in each eye, 
control the raising and lowering of  the eyes, i.e. 
turn in the vertical plane.

Any movement of  one eye is almost always 
part of  a more complex set of  movements. If  
we look at an object very close, both eyes turn 
inward. If  we look to the left, the right eye turns 
inward and the left eye turns outward. If  we look 
up or down, both eyes turn up or down together. 

All these movements are controlled by the brain. 
Almost every movement that is performed is the 
result of  the joint contraction of  many muscles 
and the relaxation of  many others.

It would be natural to expect that when 
examining the world around us, our eyes will 
smoothly scan the entire scene with continuous 
movements. In fact, when fixing an object, the 
eyes are set so that the image of  this object falls 
into the region of  the central fovea of    both eyes. 
Then the eyes are held in this position for a short 
time, and then the eyes jump abruptly to a new 
position and fix a new target, which is located 
somewhere else in the visual field and attracts 
attention by moving somewhat relative to the 
background or having some then an interesting 
shape. During such a jump, or saccade, the speed 
of  eye movement is so high that the visual system 
does not have time to respond to the movement 
of  the image along the retina and we simply do 
not notice it. (It is possible that vision is disabled 
during the leap period by some kind of  neural 
circuitry that links the oculomotor centers to the 
main visual pathway).

Jumping eye movements (saccades) occur 
when looking at stationary objects. Rapid turns 
of  the eyeball (10-80 ms) alternate with periods 
of  motionless fixation of  the gaze at one point 
(200-600 ms).

Thus, the process of  examining the visual 
field while reading or simply looking at the 
surrounding space consists of  a series of  rapid 
jumps from one point to another.

The task of  the oculomotor system, 
apparently, is not to keep the image motionless on 
the retinas, but to prevent its smooth continuous 
displacement.

When tracing a moving scene, the gaze 
fixes some object and maintains its fixation 
by smoothly moving the eyes until the object 
leaves the field of  view. Then a jump is made 
and a new object is fixed. This sequence of  eye 
movements - a smooth tracing movement in 
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one direction, and then a saccade in the other is 
called nystagmus.

When considering a motionless scene and 
fixation at any point, this fixation is not absolutely 
motionless. Despite all attempts to rigidly fix the 
point, the eyes do not remain completely at rest, 
but perform continuous micromovements, called 
microsaccades. They occur several times per 
second and are directed more or less randomly, 
reaching an amplitude of  1–2 arc minutes [1].

It is known that if  the image on the retina 
is artificially stabilized by special methods, 
eliminating its displacement relative to the 
retina, then the visual image after about a second 
seems to "fade" and the field of  view becomes 
completely empty! (The simplest way to stabilize 
is to attach a point light source to a contact lens; 
when the eyes move, the light source also moves 
and the light spot quickly becomes invisible.) If, 
after stabilization, the image on the retina is even 
slightly displaced, the light spot immediately 
reappears.

Thus, the visual system ensures that cells are 
insensitive to stationary objects. At the same 
time, microsaccades are necessary in order to 
continuously see stationary objects. It can be 
assumed that complex cells of  the cortex, which 
are especially sensitive to the movement of  
the stimulus, are involved in this process, but, 
probably, cells with directional selectivity are 
not involved, since microsaccades are clearly 
randomly distributed in directions.

On the other hand, the directional selectivity 
mechanism should be useful for detecting the 
movement of  objects relative to a stationary 
background, signaling the presence of  movement 
and its direction. In order to follow a moving 
object against a stationary background, you need 
to fix the object and move your gaze with it. In 
this case, the image of  the entire scene will move 
along the retina. The movement of  all the details 
of  the stationary background along the retina 
should lead to a violent activity of  the cells of  
the cerebral cortex.

Therefore, the mechanism of  how the 
image of  reality is formed in the brain is not 
only optics and chemical reactions occurring on 
the retina. Our brain plays the most important 
role in creating this picture - and not only 
the visual cortex, which makes the figures 
three-dimensional, separates them from the 
background and paints them in the desired 
colors, but also the other departments that are 
responsible for vital functions.

The purpose of  this work is to study the 
individual characteristics of  the human visual 
apparatus using a special technology for recording 
eye movements, which allows one to clearly 
demonstrate all the features of  the behavior of  
the oculomotor apparatus. This technology is 
widely used in various tasks related to the visual 
system, research in the field of  psychophysiology, 
psychology, cognitive linguistics, medicine and 
other areas of  science, technology, and even 
sports, and even in marketing research to assess 
the effectiveness of  print advertising and design.

2. EYETRACKING TECHNOLOGY
EyeTracking (eye tracking or tracking the 
movement of  the eyes) is a method that 
determines the coordinates of  the gaze: the 
point of  intersection of  the optical axis of  the 
eyeball and the plane of  the observed object or 
screen, on which some visual object is located. 
The Eye Tracker recognizes and records pupil 
positions and eye movements. It can be worn on 
the head (glasses) or stationary (a special stand in 
front of  the monitor screen). There are several 
technologies available to record eye movements. 
Currently, a special high-precision infrared 
camera is most often used, which captures the 
pupil and the direction of  the respondent's gaze 
[2].

The studies were carried out on the iView 
X ™ HiSpeed 1250/500 device of  the German 
company SMI (HSSMI), designed for high-
speed video recording of  eye movements in the 
infrared range. It consists of  a recording high-
speed video camera, an infrared light source, a 
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column-column with a head rest and a chin rest, a 
monitor for displaying graphic objects, a personal 
computer, and a software package. Assessment 
of  the directionality of  eye movements is based 
on video information about the relative location 
of  the centers of  the pupil and corneal flare 
(Pupil center / corneal reflex method). The 
frequency of  video recording of  the surface 
of  the eyes in monocular mode is 1250 or 500 
Hz. In the video recording system, the subject's 
head is fixed using an ophthalmic frame, which 
avoids additional calculations associated with the 
subject's head movement [3].

Although, in general, the EyeTracking 
equipment satisfactorily reproduces micro- and 
macro-eye movements, there are disturbing 
influences that distort the picture of  fixations 
and targeted saccadic eye rotations. The high 
frequency of  video recording of  the surface of  
the eyes is in itself  insufficient for an adequate 
display of  the oculomotor processes. A procedure 
is needed to separate the actual movements from 
the totality of  events occurring inside the eye and 
on its surface. Analysis of  the raw data of  the 
coordinates of  the center of  the pupil and the 
center of  the infrared flare shows that distortions 
are generated when the coordinates of  the 
center of  the pupil change, but with practically 
unchanged coordinates of  the center of  the 
flare. Since the flare mobility is considered as the 
main sign of  the extraocular muscles work, the 
registered distortions are not of  an oculomotor, 
but of  some other nature. Most likely, they are 
caused by dynamic processes taking place inside 
the eyeball, for example, by the microdynamics 
of  the structure of  the pupil during sharp 
eye movements, or by the peculiarities of  the 
operation of  the mathematical model underlying 
the eye image processing program. In any case, 
we are talking about external factors that distort 
the actual picture of  oculomotor activity [4].

Already the first studies have shown that 
the formal task assigned to the subject has a 
huge impact on the result of  an eye-tracking 
experiment. A series of  experiments showed 

that the result of  the experiment depends not 
only on the visual stimulus, but also on the 
task assigned to the subject, as well as on the 
information that the subject expects to receive 
from the visual stimulus [5].

Recordings of  the trajectories of  eye 
movements showed that only a small part of  the 
image elements attracts the subject's attention 
and his eyes fixate on these elements. The eye 
movement process reflects the human thinking 
process. The gaze, with some lag, follows the 
point where the subject's attention is directed. 
Thus, it is quite simple to determine which 
elements of  the image attract the subject's 
attention, in what order and how often [6].

However, the records of  the trajectory of  eye 
movement show that the trajectory of  the gaze 
and the fixation points often pass by the objects 
to which attention was actually drawn and only 
sometimes show short fixations. Thus, it was 
shown that it is impossible to unambiguously 
link directly the course of  cognitive processes 
in the brain with the results of  eye tracking 
experiments [7]. However, the analysis of  eye 
movement trajectories associated with the 
process of  accommodation in the fixation 
area allows one to investigate an algorithm 
that uses a "video processor" located in the 
brain to control involuntary movements of  the 
oculomotor apparatus during visual perception 
of  graphic information, as well as to investigate 
the individual physiological characteristics of  the 
visual system of  various people.

3. INDIVIDUAL FEATURES OF 
FIXATIONS IN THE PERCEPTION OF 
GRAPHIC IMAGES
Localization and identification of  objects by 
the visual system occurs in the process of  
accommodation - the ability of  the eye to focus 
on objects at different distances. At the same 
time, various accommodation mechanisms are 
triggered, providing good clear vision. The lens 
capsule is deformed, as a result of  which the 
refractive power of  the eye changes. The light 
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Fig. 1. The trajectory of  eye movement when looking at a 
graphic object. The circles indicate the areas of  eye fixation.

beams are focused on the retina, making objects 
clear. The oculomotor apparatus carries out 
micromovements of  the eye in the region of  the 
central part of  the retina when the gaze fixes any 
object that attracts attention, while the fixation is 
not absolutely motionless [8].

It is known that oculomotor reactions have 
a decisive influence on visual acuity [9]. High 
visual acuity is extremely important in various life 
situations and for many professional tasks, from 
confident object recognition to driving cars and 
airplanes. It is well known that the optical and 
anatomical characteristics of  the eye contribute 
to good vision and spatial resolution, however, 
the influence of  individual characteristics of  
reflex eye movements on the characteristics of  
vision has hardly been studied.
3.1. Geometric parameters of fixations

An example of  recording the trajectory of  eye 
movement when examining an object is shown 
in Fig. 1. In the experiments, all graphic objects 
were demonstrated on a 295×520 mm monitor 
with a resolution of  1920×1080 pixels. In this 

case, the distance from the eyes to the screen 
was 800 mm.

There are various integral criteria for 
determining individual differences in eye 
movement of  different observers when looking 
at identical images [10]. In turn, the size of  the 
fixation in the perception of  graphic images can 
also reflect the individual characteristics of  the 
visual apparatus of  various observers.

The external contours of  fixations on 
real tracks have, as a rule, a rather complex 
configuration. In order to roughly estimate the 
area occupied by the fixture, it is necessary to 
simplify the geometry. In the first approximation, 
by the fixation area we mean the area of  the 
rectangle described around the fixation, i.e. 
in each fix, you can find the maximum and 
minimum values for each coordinate, find the 
difference between them, and get the area of  the 
rectangle. Estimates calculated in this way will be 
overestimated, but as a first approximation they 
give an objective idea of  the real areas (sizes) of  
fixations and their ratio.

In Fig. 2 shows the results of  such studies in 
the form of  area distributions for three subjects 
E, O and V, considering three different graphic 
images with different structures of  T, F and W at 
eight different orientations, differing by rotation 
counterclockwise by 45º (total 24 images). 
The total number of  fixations recorded on the 
tracking for all subjects is 1723. For individual 
subjects, this number was distributed as follows: 

Fig. 2. Distributions of  fixations by area size for three 
subjects E (green), O (black) and V (red). The fixation area 

is plotted on the horizontal axis in mm2.
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E - 551, O - 485, V - 687. It is natural to assume 
that the size of  fixations is determined by the 
diameter of  the fovea. when viewed, to provide 
a clear, specific portion of  the image, it must be 
projected onto the fovea. In this case, a specific 
fragment of  the image can have a variety of  sizes 
and is not always projected onto the entire fovea 
area.

Fig. 2 demonstrates that all three distributions 
have a similar, very characteristic shape: a 
small number of  fixations with a small area, a 
characteristic maximum, and a rather long tail.

If  we estimate the diameter of  a circular area 
with such an area, we get a value of  about 30 
mm. For the diameter of  the fovea, taking into 
account the geometric data of  the installation 
and considering the focal length of  the lens of  
the order of  20 mm, we obtain approximately 
750 μm, which is a somewhat overestimated 
value. The latter result is easily explained by a 
very crude method of  calculating the areas of  
fixations.

The characteristic maxima of  the distributions 
of  individual fixation sizes for subjects E, O and 
V, taking into account the focal length of  the 
lens of  the eye of  the order of  20 mm, fall on 
areas of  150, 75, and 50 mm2. Estimation of  the 
size of  the fovea for these values of  the areas of  
fixation gives values of  the order of  400, 250, 
and 200 μm, respectively, which is close to its 
real size. The geometrical dimensions of  the 
fixings are given in the screen coordinate system.

The size of  the commits depends on the type 
of  object being monitored. This can be shown 
by comparing the process of  accommodation in 
the perception of  graphic objects with different 
sizes. In Fig. 3 shows the distributions of  all 
fixations over the area for two subjects A and 
V. The subjects were asked to read 12 short 
texts. Fixations on the eye movement trajectory 
were analyzed. We also used the validation data 
before the start of  measurements, when each 
subject undergoes an individual adjustment 
of  the recording process by forcibly fixing 

his gaze at the control points of  the monitor 
screen. When plotting the graphs in Fig. 3, the 
distribution for fixations of  the given text was 
added to the distribution for the previous text. 
The result is a cumulative distribution for the 
12 texts and commits that took place in the 
validation. It can be seen from the figure that 
for each subject the distributions of  fixations 
for all texts are extremely similar, the maxima 
of  the distributions practically do not change 
their position, and the half-width of  the 
distributions remains practically unchanged. 
If  we compare the distribution for subject V, 
obtained by examining three graphic plots in 
eight different angular positions (Fig. 2 - red 
curve) with the distribution obtained for the 
same subject during reading, it can be noted that 
the maximum of  the distribution has shifted 
towards smaller areas ( from 50 to 30 mm2) and 
the distribution half-width also decreased from 
approximately 80 mm2 to 30 mm2. The decrease 
in the size of  fixations can, apparently, be 
explained by the fact that when reading the text, 
only the central region of  the fovea is involved 
- the foveola, because letters are significantly 
smaller than grayscale elements.

The case of  perception in the absence of  
an image (imitation of  fog), when the subject 
looks into the distance through a white sheet, 
is quite interesting. In Fig. 4 shows the general 
distribution of  lengths in fixations and saccades 
in the gaze trajectory for one subject in the case 

Fig. 3. Distributions of  fixations by area size for two subjects 
V (red) and A (black). The fixation area is plotted on the 

horizontal axis in mm2.
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of  perception of  a halftone image and in the 
absence of  an image.

The figure shows that in the absence of  an 
image, the video processor of  the oculomotor 
apparatus works according to the standard 
algorithm, but the distribution of  lengths in 
fixations and saccades becomes almost twice as 
narrow.
3.2. duration of fixations

Various elements of  the visual apparatus 
are involved in the perception of  graphic 
information. In this case, the duration of  
fixations may be associated with some individual 
characteristics of  the process due to both the 
physiological structure of  the eyeball and the 
processes occurring in the brain [11].

From Fig. 5 it can be seen that the maximum 
in the distribution of  fixations by their duration 
for subjects in three half-tone graphic images for 
all subjects is approximately in the same place 
(0.25 s), which slightly exceeds the same value in 
the case of  reading [12].

Fig. 6 shows the distribution of  the number 
of  fixations by their duration when reading 
six short texts by eleven subjects (a, b, c, ... k). 
At the same time, text no. 1 is grammatically 
flawless, while the rest were distorted in terms 
of  increasing reading difficulties. Thus, 66 
trajectories were processed and a separate 
distribution was constructed for each tracking. 

In this case, all distributions were the same 
(they contained 100 points with a step of  0.02 
s), so they could be added. Such summation was 
performed for each text for all eleven subjects, 
and it is these total distributions that are shown 
in Fig. 6. It can be seen that due to the uniformity 
of  the problem (reading the text) the maxima 
for all distributions lie within 0.2–0.25 s. At the 
same time, the distribution according to the first 

Fig. 4. Distributions of  displacements in all fixations along 
the length, normalized to their maximum, for one subject in 
the case of  perception of  a halftone image and in the absence 

of  an image.

 
Fig. 5. Distributions of  fixations by their duration for 
subjects E (black), O (green) and V (red), in three graphic 
images rotated at eight different angles. Time is plotted along 

the horizontal axis in seconds.

 

 

Fig. 6. The total distribution of  fixations by their duration 
when reading six short texts (the text number is indicated in 
the upper right corner) by eleven subjects (a, b, c,… k). On the 

horizontal axis - time in seconds.
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(undistorted) text turned out to be the most 
compact. The analysis takes into account the 
total number of  commits in the distribution.

In Fig. 7 shows the results of  fixation 
analysis for two subjects A and V when reading 
undistorted text. Shown is the total length for 
each fixation and the average offset for each 
fixation.

In Fig. 8 shows the results of  the analysis 
of  fixations for subject V when reading the 
remaining five texts and points of  forced 
fixation at checkpoints during the validation 
process. The figure shows that all fixation 
parameters for subject V are practically identical 
to the results and repeat the results obtained 
in the analysis of  the first undistorted text. 

It should be noted that when performing the task 
of  forced fixation, when the eye is deliberately 
held for some time at one point, the total fixation 
length increases several times (maxima in the 
initial section of  the upper graph). Although 
forced fixation is fundamentally different from 
the reading process and requires additional 
efforts when fixing the eye, the average value 
of  displacement in these fixations also remains 
practically unchanged.

In Fig. 9 shows the results of  the analysis 
of  fixations on the trajectory of  eye movement 
for three subjects E, O, and V when perceiving 
eight variants of  the test grayscale image Fig. 10 
rotated at various angles. Explicit vertical and 
horizontal details of  this drawing allow you to 
demonstrate the individual characteristics of  the 
perception of  a complex graphic image.

Fig. 7. a - total length in each fixation, b - average value of  
displacement in each fixation for two subjects A (black) and 

V (red) when reading undistorted text.

Fig. 8. a is the total length in each fixation, b is the average 
value of  the displacement in each fixation for the subject 
V when reading five texts and points of  forced fixation at 

checkpoints and during the validation process.

 

Fig. 9. Average value of  displacement in each fixation 
for three subjects E (green), O (black) and V (red) upon 
perception of  eight variants of  the test image Fig. 10 rotated 

at various angles.

 

Fig. 10. Test graphic image.

 

a

b

 

a

b
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All the above studies of  the fixations of  
various subjects on the basis of  various images 
showed that the oculomotor system, taking 
into account the physiological characteristics 
of  the visual apparatus, is equally controlled by 
the "video processor" of  the brain when the 
eye is accommodated to the image elements. 
The only objective individual feature of  human 
vision that unambiguously characterizes the 
perception of  graphic information is the value 
of  the average displacement in fixation. It is 
she who is the "visiting card" of  the subject 
and remains practically unchanged both when 
reading, and when examining halftone images, 
and in test validation with forced fixation of  the 
gaze.

In Fig. 11 shows the number of  saccades in 
six texts according to their duration for eleven 
subjects [13]. Summation was performed for 
each text for all subjects. And in this case, 
the most compact is also the first cumulative 
distribution referring to the undistorted text. 
This distribution clearly shows two maximums. 
The first (0.03 s) is defined by lowercase 
saccades (intervals between words in a line). 
The second (0.06-0.08 s) is determined by 
interlinear or reverse saccades. It is also seen 
that due to the uniformity of  the problem 
(reading the text), all distributions are quite 
similar.

3.3. dynamic features of the perception of 
Graphic information

It is convenient to investigate the dynamic features 
of  the perception of  graphic information on 
tasks when reading texts. Apparently, the speed 
of  reading is determined by the duration of  the 
stay of  the gaze in fixations, since the gaze is in 
them about 80% of  the time and the main time 
saving can only be in fixations.

For example, analyzing the first (undistorted) 
text for eleven subjects, one can draw some 
conclusions about the individual characteristics 
of  the reading speed. The research results 
are presented in Fig. 12. According to this 
parameter, subjects No. 7 and No. 10 are the 
best, respectively, their average gaze dwell time 
in fixations is 0.1965 and 0.1973 sec.

In Fig. 13 shows the dependences of  the 
duration of  each fixation for all subjects. The 
figure shows that the number of  fixations in 
subjects varies from 17 to 31, and the time spent 
on reading, from 4.94 to 10.2 sec.

From Fig. 13, it can be concluded that all 
subjects spend practically the same time on 

 
Fig. 11. Distribution of  the number of  saccades in 6 texts 

by their duration for 11 subjects.

 Рис. 12. Average duration of  fixation for each of  11 
subjects.

 Fig. 13. Eleven subjects read the same undistorted text. The 
black curve is the number of  fixations in the text, the red curve 
is the reading duration, the green curve is the duration of  all 

fixations in seconds.
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saccades, since the difference between the total 
reading time and the total duration of  all fixations 
for them is almost constant and amounts to 1.5-
2 sec.

In Fig. 14 shows the total shift of  gaze in 
fixations normalized to its maximum, for subject 
V from five different images with a break of  six 
years [13]. It can be seen from the figure that 
the general nature of  the perception of  graphic 
information has not practically changed.

The duration of  fixations is directly related to 
the total length of  the gaze trajectory in fixation, 
which can be recorded with sufficient accuracy 
by the EyeTracking equipment.

In the upper images Fig. 15 shows the gaze 
tracking of  three subjects for the image in Fig. 10. 

The middle plots show the cumulative length of  
all displacements in a particular fixation selected, 
and the bottom plots show the amount of  
average gaze displacement at a specific fixation 
selected.

From Fig. 15 clearly shows the individual 
characteristics of  the subjects in the perception 
of  this image. In subject E, the area, the total 
average length of  the track, and the average shift 
in gaze in fixation are significantly greater than 
in subjects O and V. The average shift in gaze in 
fixation for E is 2.1 mm, for O this value is 0.9 
mm, and for V it is is approximately 0.7 mm.
3.4. internal structure of fixations

The gaze trajectory in fixation has an internal 
heterogeneous structure, which is visible on the 
time base of  the fixation track. This structure 
of  reactions of  the oculomotor apparatus, 
apparently, is completely determined by the 
physiological characteristics of  the eyeball and 
the algorithm of  the accommodation process, 
which is regulated by the "video processor" of  
the brain when perceiving graphic information.

In Fig. 16 shows the trajectory of  subject V's 
eye movement during forced fixation during the 
validation process.

 

Fig. 14. Total distributions of  gaze displacements along the 
length in fixations, normalized to their maximum, for subject 

V from five different images with a break of  six years.

Рис. 15. a - gaze tracking of  three subjects for the image in 
Fig. 10, b - the total length of  all displacements in a particular 
selected fixation, c - the value of  the average gaze displacement 

in a specific selected fixation.

 

Рис. 16. The trajectory of  subject V's gaze movement 
during forced fixation during the validation process. The entire 
fixation is sequentially divided into 7 fragments of  314 points, 
the tracking of  each fragment in the figure is represented by 
its own color. The sequence of  colors from the first to the last 

fragment: blue, green, red, cyan, magenta, yellow, black.

 

a

b

c
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In Fig. 17 shows the initial portion of  the 
eye movement trajectory during forced fixation 
during the validation process.

From Fig. 16 and 17, it can be seen that the 
trajectory of  the shift of  the gaze in fixation has 
an internal non-uniform structure. The total 
trajectory of  eye movement in the fixation area 
is determined by a set of  successive clusters, 
which are clearly visible in the figures. Such a 
fixation structure is apparently associated with 
the individual structure of  the fovea and the 
processes of  restoration of  the photosensitivity 
of  rhodopsin in the retinal photoreceptors.

4. CONCLUSION
The work is devoted to identifying the 
individual characteristics of  the human visual 
apparatus associated with the anatomical and 
psychophysiological parameters of  the body. 
Based on the EyeTracking technology, the 
physiological aspects of  the perception of  
visual information by the oculomotor apparatus, 
which are not associated with active cognitive 
activity, have been investigated. The individual 
features in the size of  fixation when reading 
text and examining halftone graphic objects 
in various people have been investigated. The 

time durations of  fixations in different people, 
associated with the process of  accommodation, 
as well as the internal structure of  fixations, were 
investigated.

It is shown that the trajectory of  the gaze 
shift in fixation has an internal heterogeneous 
structure. The total trajectory of  eye movement 
in the fixation area is determined by a set of  
successive clusters. Such a fixation structure 
is apparently associated with the processes of  
restoration of  the photosensitivity of  rhodopsin 
in the photoreceptors of  the retina.

All the above studies of  the fixations of  
various subjects on the basis of  various images 
showed that the oculomotor system, taking into 
account the physiological characteristics of  the 
visual apparatus, is equally controlled by the 
"video processor" of  the brain when the eye is 
accommodated to image elements and the only 
objective individual feature of  human vision that 
uniquely characterizes the perception of  graphic 
information is the amount of  the average 
displacement in the fixation. It is she who is 
the long-term "visiting card" of  the subject 
and remains practically unchanged both when 
reading and when examining halftone images 
and in test validation with forced fixation of  the 
gaze.
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Alexander A. Potapov is a doctor of  physical and 
mathematical sciences, a well-known scientist in the field 
of  radiophysics and radar, statistical radio engineering, 
recognition and processing of  images and signals, 
fractal and texture analysis, fractional operators, fractal 
electrodynamics, fractal antennas and deterministic chaos.

Alexander Alekseevich Potapov was born on May 
4, 1951 in the village of  Lukino, Rzhaksinsky District, 
Tambov Region, Russia. After graduating from high 
school with a gold medal in 1968, he entered the radio 
engineering department at the Ryazan Radio Engineering 
Institute. Then in 1979 he graduated from the evening 
department (engineering flow) of  the physics department 
of  Lomonosov Moscow State University.

Since 1979 A.A. Potapov works at the Institute 
of  Radioengineering and Electronics of  the Russian 
Academy of  Sciences. Aleksandr Alekseevich went 
through all the stages from junior to chief  researcher. In 
1989 he defended his Ph.D. thesis on a special topic at 
the Moscow Institute of  Physics and Technology, and in 
1994 - his doctoral dissertation at the IRE RAS on the 
topic: "Synthesis of  images of  the earth's covers in the 
optical and millimeter wave ranges".

Since 1979, the main scientific direction of  A.A. 
Potapov - application of  the theory of  fractals, fractional 
operators, scaling effects and deterministic chaos in 
radiophysics, radar, radio electronics, electrodynamics, 
control theory and a wide range of  related scientific 
and technical areas for the creation and development 
of  breakthrough information technologies. He is 
currently working on combining fractals, photonics and 

nanotechnology. A.A. Potapov is the initiator of  the first 
research and development work in Russia on radiophysical 
applications of  the theory of  fractals, scaling effects and 
fractional operators in radio systems.

The results of  the scientific activity of  A.A. Potapov 
on fractal information processing in intense interference, 
as well as on fractal radio systems, sensors and fractal 
radioelements were published in four reports of  the 
Presidium of  the Russian Academy of  Sciences (Scientific 
achievements of  the Russian Academy of  Sciences. 
Moscow, Nauka Publ., 2008, 2010, 2012 and 2013), 
and also in a report to the Government of  the Russian 
Federation - Moscow, Nauka Publ., 2012. All these 
priority results in the world make it possible to move to 
a new level of  information structure of  real non-Markov 
signals and fields.

At present, based on the pioneering work of  A.A. 
Potapov and his students at the Kotelnikov IRE RAS, 
a new fundamental direction "Fractal radiophysics and 
fractal radio electronics: design of  fractal radio systems" 
was formed and the Russian scientific school of  fractal 
methods, well known in the world, was created.

A.A. Potapov - Scientific Secretary of  the 
Dissertation Council at the Kotelnikov IRE RAS (1999-
2018). Twice (1997 and 2000) he was awarded the State 
Scientific Scholarship. He is Deputy Chairman of  the 
Scientific Qualification Seminar "Problems of  Modern 
Radiophysics" and a member of  the NKS "Informatics" 
at the Kotelnikov IRE RAS. In the period 2000-2002. 
A.A. Potapov is a professor at MIREA (SU), from 
2008 to 2019 - a professor at the Tupolev Kazan State 
Technical University. Member of  the Nizhny Novgorod 
Mathematical Society (2017). In 2015 A.A. Potapov was 
elected a full member of  the Non-Departmental Expert 
Council on Aerospace Problems.

During the period of  his work at the Kotelnikov 
IRE RAS gave a reliable physical substantiation of  the 
practical application of  fractal methods in modern fields 
of  radiophysics, radio electronics and information-control 
systems; for the first time, the effectiveness and prospects 
of  applying fractional measure theory, dimension theory 
and scaling relations (for textures and fractals) in the case 
of  detecting and recognizing (filtering) one-dimensional 
and multidimensional radar signals from low-contrast 
targets against the background of  intense non-Gaussian 
interference of  various kinds was proposed and proved. 
He proposed the concept of  creating fundamentally new 
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fractal radio systems, fractal sensors and fractal element 
base. In Kotelnikov IRE RAS in 2005, a working model of  
the world's first fractal nonparametric radar signal detector 
was created. A rigorous electrodynamic calculation of  
numerous types of  fractal antennas has been carried out, 
the design principles of  which underlie fractal frequency-
selective surfaces and volumes (fractal “sandwiches”). 
For the first time, a model of  a “fractal” capacitor was 
proposed and implemented as a fractal impedance 
and fractal labyrinths for the synthesis of  microwave 
structures. In 1997, methods of  fractal modulation and 
fractal broadband signals were developed for the first 
time. For the first time, a new class of  informative features 
is proposed, based on the fine structure of  reflected 
millimeter-wave radar signals. Also, for the first time, 
complete ensembles of  textural features of  optical and 
radar images of  real earth covers have been investigated. 
The presence of  a strange attractor is predicted to control 
radar scatter from vegetation. Subsequently (2002) the 
effect was discovered experimentally at a wavelength 
of  2.2 mm. In 2015 A.A. Potapov, for the first time in 
world practice, discovered, proposed, substantiated and 
developed the principles of  a new type and a new method 
of  radar, namely, fractal-scaling or scale-invariant radar. 
The efficiency of  functionals, which are determined by 
the topology, fractional dimension and texture of  the 
received multidimensional signal, for the synthesis of  
fundamentally new non-energy detectors of  low-contrast 
objects against the background of  noise has been proved. 
The postulates of  fractal radar have been developed: 1 - 
intelligent signal/image processing based on the theory 
of  fractional measures and scaling effects for calculating 
the field of  fractal dimensions D; 2 - the sample of  the 
received signal in noise belongs to the class of  stable 
non-Gaussian probability distributions D of  the signal; 
3 - maximum topology with minimum energy of  the 
input random signal (ie, maximum "deviation" from the 
energy of  the received signal). This entails fundamental 
changes in the structure of  theoretical radar, as well as in 
its mathematical apparatus.

A.A. Potapov - the author of  the first in Russia 
monograph "Fractals in radiophysics and radar" 
(Moscow, Logos Publ., 2002, 664 p.), Which was 
revised and supplemented (Potapov A.A. Fractals in 
radiophysics and radar: sampling topology. Moscow, 
Universitetskaya kniga Publ., 2005, 848 p.). These two 
monographs have become the reference books of  
scientists of  various specialties. A.A. Potapov - Author 
and co-author of  a number of  monographs on radar 
and the use of  fractals in science and technology. 
Giving lectures on fractal technologies developed by him 
at the IRE RAS and reports on the ISTC project (together 
with the Almaz Central Design Bureau) in 2000 and 2005. 

in the USA (Washington, New York, Huntsville, Atlanta, 
Franklin), in China (2011 to the present) and at numerous 
international conferences (England, USA, Canada, 
Holland, Austria, Germany, France, Spain, Italy, Hungary, 
Greece, Turkey, Scotland, Switzerland, Sweden, Mexico, 
China, Serbia, Montenegro, Bulgaria, Kazakhstan, 
Belarus, Ukraine) brought him wide popularity in the 
international scientific community. In 2005, a significant 
meeting of  A.A. Potapov with the founder of  fractal 
geometry B.B. Mandelbrot, who warmly supported the 
work of  A.A. Potapov.

A.A. Potapov published personally and in co-
authorship over 1150 scientific papers in domestic and 
international publications, including over 45 monographs 
and chapters in books in Russian and English, 2 patents 
and 9 textbooks. He developed a course of  lectures on 
the use of  fractals and wavelets in radar for the Training 
Center of  the Concern RTI Systems (A.L. Mints RTI 
and JSC NPK NIIDAR). Honorary Professor of  the 
Eurasian National University (Astana, Kazakhstan, 2010), 
Honorary Professor of  Jinan University, Guangzhou, 
China, 2011. In March 2012, A.A. Potapov was appointed 
President of  the Sino-Russian Laboratory of  Information 
Technologies and Fractal Signal Processing. A.A. Potapov 
is a member of  the organizing committees of  numerous 
international and Russian conferences. In 1997, he was 
awarded the medal "In Commemoration of  the 850th 
Anniversary of  Moscow". He was awarded the badge 
"Honorary Radio Operator of  the Russian Federation" 
(2006) and eighteen medals. Laureate of  the Prize. 
Academician A.M. Prokhorov (2013) and the WES VKS 
Prize (2016).

A.A. Potapov - organizer and editor-in-chief  of  
the journal "Nonlinear World" (2003), member of  the 
editorial boards and editorial boards of  13 Russian and 
international journals. The biography of  Alexander 
Alekseevich was published in the encyclopedia “Who is 
Who in Russia” (Verlag fur Personenenzyklopadien AG 
- Switzerland) at the personal request of  the Publisher 
(2009-2010).

A.A. Potapov - Academician of  the Russian Academy 
of  Natural Sciences in the Department of  Problems 
of  Radioelectronics, Nanophysics and Information 
Technologies and Academician of  the A.M. Prokhorov 
Academy of  Engineering Sciences.

A.A. Potapov has a well-deserved authority and is 
widely known among scientists.

Friends, colleagues and students congratulate 
Aleksandr Alekseevich Potapov on his glorious 
anniversary and sincerely wish him health, new successes, 
long years and fruitful work.

The editorial board of  the journal of  the RANS 
Branch cordially joins these wishes to their colleague.
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