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Abstract: Autocorrelation function of the particle velocity Z(t) is calculated using the molecular
dynamics method in the models of liquid argon and water. The large size of the models (more than
a hundred thousand particles) allowed us to trace these functions up to 50 picoseconds in argon
and up to 10 picoseconds in water, and to achieve a calculation accuracy sufficient for analytical
analysis of their shape. The difference in the determination of the self-diffusion coefficient using
Einstein's law and the integral of Z(t) (Green-Kubo integral) is analyzed and it is shown to be 3%
at best when t is of the order of several picoseconds. The asymptote of the function Z(t) in argon
is close to the power law «t—3/2 predicted by hydrodynamics, but with an amplitude that depends
on the time interval under consideration. In water, the asymptote of Z(t) has nothing in common
with that in argon: it has « < 0 and the exponent is close to -5/2, and not to -3/2.
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1. INTRODUCTION (AR () = 6] (1= )Z(s)ds, 2

The self-diffusion coetficient in liquids, D, or
is determined in real experiments from the <AR2(t)>/ 6t =

mean squared displacements of particles

’ 1 ©)
<AR2 (t)> using Einstein's diffusion law = 6I Z(s)ds — 7 I sZ(s)ds = A(1) + B(1).
0 0
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Here Z(7? is the autocorrelation function
of the particle velocity, v(7), and is given by
equation

Z(t)=(v(0)v(1)}/3, 4)

where the brackets <..> mean averaging
over the ensemble. Einstein's diffusion law
(1) is obtained from (3) as an asymptote for
a very large #when A(%) >> | B(9)|. The self-
diffusion coefficient is now

D:jzgyﬁ ©)
0
This equation expresses the relationship
between
quantities and is one of the versions of the
so—called Green-Kubo equations [2,3].

macroscopic  and  molecular

The universal relation (2) has been known
for a long time, but it has not been used in
practice, since the velocity autocorrelation
Z(?) be the
experiment. The situation changed when the
molecular dynamics (MD) method made it
possible to calculate Z(7) in liquids. The Z(7)
tunctions, the typical form of which is shown

cannot determined from

in Fig. 1, decay very quickly with time. When
considering Fig. 1, one gets the impression
that a good estimate of the Green—Kubo
integral (5) can be obtained if the time of
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2-3 picoseconds is taken as the upper limit in
it. Thus, in molecular dynamics simulations,
two recipes can be used to calculate the self-
diffusion coefficient: based on Einstein's law
(1) and using the Green—Kubo equation (5).
More precisely, equation (3) can be written
as:

(&) + B@®).

EinsteinO‘> = DGreen—Kubo
The first recipe is set by the function
on the left side: D, ) :<AR2(t)>/ 6t. The
function D (7 on the right side gives
the second recipe, in which it is implied
that the Green-Kubo integral (5) is taken

in finite limits, that is, it is now a function

A(t) = J.;Z(s)ds.. The question arises as to
what extent the application of these recipes
isin specific MD calculations gives consistent
results. In this paper, we studied this problem
on basis of the universal relations (2) and
(3). We used the large MD models of liquid
argon that we had previously constructed
in [4,5], and additionally calculated the MD

model of water of 157,464 molecules.

2. COMPUTER MODELS

Two molecular dynamics (MD) models
of liquid argon consisting of 500,000
and 3,200,000 atoms in a cubic cell with
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Fig. 1. Normalized velocity antocorrelation functions for liguid argon (left) and water (right).
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periodic  boundary conditions  were
constructed. The Lennard-Jones potential
with parameters ¢ = 0.3405 nm, e/k,

= 119.8 K was used, it was cut off at a
distance of 2.5¢0 and shifted up to eliminate
the gap at the cut-off radius. Molecular
dynamics simulation was performed in the
GROMACS package using the integration
time step of 2 fs and applying standard
corrections for energy and pressure. The
production run was conducted at constant
volume and temperature conditions with
T = 101.83 K. The reduced temperature,
density and pressure in both models were
T* = 0.85, p* = 0.84, P* = 0.85. The cell
edge length was ¢ = 840 = 28.6 nm and ¢ =
1560 = 53.2 nm for small and large model,
correspondingly.

The water models contained 8,000 and
157,464 molecules interacting with the
TIP4P /2005 potential [6]. The electrostatic
interactions were calculated using the
Particle Mesh Ewald method, and the cut-
off radius of the short-range interactions
was 1 nm. The constant temperature T =
300 K and density ¢ = 996 kg/m’ were
maintained during simulation. The cell
edge in the large model was 2 = 16.8 nm.
VACF of water was calculated for oxygen
atoms.

Due to the large number of particles
in some of our models and the limited
RAM and storage size of the computer,
it was not always possible to calculate the
ACES for the full trajectory. In that case
the calculation was carried out for short
successive segments of the trajectory, and
the obtained VACFs were later averaged.
The lengths of the full trajectories, the
number of VACF averaging segments, and
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Table 1
Parameter of MD trajectories that were used for
calculation of VACF in argon and water models.

Mo- Label Number | Produ- | Length | Num- | Tra-
del of ction of the | berof | jec-
type molecu- | run VACF | seg- tory
les length, | avera- | ments | sa-
ns ging for ving
seg- VACF | step,
ments, | aver- |fs
ps aging
argon | Argon500-1 | 500 000 | 20 1000 20 500
argon | Argon500-I1 | 500 000 |1 20 50 20
argon | Argon3200 | 3200000 | 0.2 20 10 500
water | Water157-1 | 157 464 | 11 500 22 200
water | Water157-11 | 157 464 | 1.1 50 22 20
water | Water8 8 000 0.12 1 120 2

the trajectory saving parameters are listed
in Table 1.

3. CALCULATION OF THE SELF-
DIFFUSION COEFFICIENT
USING THE VELOCITY
AUTOCORRELATION FUNCTION

Fig. 2 shows the behavior of the functions
A(t) and A(?) for argon and water. We see
that if we take the value # = 2.5 ps as the
upper limit of the integration in formula
(3) (which is often done when estimating
the self-diffusion coefficient in MD), then
the integral B(#) can hardly be neglected
in comparison with the integral A(#). For
argon, the ratio of B(2.5 ps)/A(2.5 ps)
is 4.5%, and for water, it is even 17.2%.
Morteover, the ratio B(#)/A(#) decreases
with time so slowly that for argon it is still
3.0% at # = 20 ps. For water, the function
Z(#) decays significantly faster than for
argon (see Section 4), but even here the
ratio B(20 ps)/A(20 ps) has a noticeable
value of 2.6%.

So, we can say that the two recipes for
calculating the self-diffusion coefficient
agree with each other with an accuracy of

no more than a few percent, if we limit the
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Fig. 2. Functions A(t) = I t Z(s)ds and B(t) = —;J.tsZ (s)ds from equation (3) for models Argon500-11 (left) and
0 0

Water§ (right).

upper limit of integration in (3) to several
picoseconds.

4. ASYMPTOTE OF THE VELOCITY
AUTOCORRELATION FUNCTION

The of the

autocorrelation function noted above is

slow decrease velocity
due to the long-time tail in its asymptote.
Particular interest in the behavior of
the VACFEF asymptote arose after the
important work of Alder and Wainwright
[7]. They found that the asymptote of the
function Z(# decreases in dense liquids
not exponentially (as in rarefied gases),
but according to the power law az*/2 This
leads to appearance of a long-time tail in
the VACE, which has a very low intensity
but lasts for a very long time. Many works
have been devoted to the identification of
the 772 law in MD models of different
liquids (we will mention only [8,9] for
example), and in many cases such a law
to be this
kind of research requires the calculation

seems detected. However,
of very long molecular trajectories and
thorough averaging of fluctuations, which
poses a big challenge in MD simulation.
In addition, the theoreticians found out
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that the law 7%/% is only an approximation,
and the asymptote must be described by
an infinite series of power terms [10]. The
true behavior of the VACF asymptote
in liquids cannot be considered clarified
now. Therefore, the study of the VACF
asymptote in our large models seems
useful.

Fig. 3 shows different fragments of
VACF in the argon models we studied. Fig. 34
shows that the parameters for calculating
the trajectories in the three models can be
selected in such a way that their VACFs are
quite compatible with each other. Fig. 34
and 3/ demonstrate that the asymptote in
the Argon500-1 model can be satisfactorily
fitted by the function y_(# = 0.0084-#" in
the time interval of 13-50 ps. Although the
irregularity of the calculated data increases
notably at t > 35 ps, this function seems to
work here as well. However, the success of
this fitting does not mean that the asymptote
is unambiguously defined. Fig. 3¢ shows
that in the very large model Argon3200,
the asymptote in the range of 5.5-10 ps is
well fitted by a function with a different
amplitude y_ () = 0.00727-#"7 but it does
not work well at #> 10 ps (see Fig. 2a). All
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Fig. 3. Normalized velocity autocorrelation function in argon models. a) Three models with two alternative power law
asymptotes. b) Asymptote for model Argon500-1. ¢) Model Argon3200 with two alternative power law asymptotes.

this means that the asymptote is unlikely to
be described by a simple power law ofP.

Note that the moment of time ~35 ps,
at which the noise in the MD calculations
of the velocity autocorrelator increases
sharply (see Fig. 24 and 20), coincides with
the so-called recurrence time #,. A similar
observation has already been made in [8].
The recurrence time is the time it takes for a
density fluctuation to travel the length of the
box so that the VACF calculation becomes
distorted. The time 7 is proportional to the
cubic root of the number of particles in the
box. In the work [8] there were 11,000 atoms
and 7, = 10 ps; we have 500,000 particles
and, therefore 7, should be around 35 ps. (In
this estimation, we used the sound velocity
value from [8] with system state parameters
close to ours.)

Long-time behavior of the velocity
autocorrelation function in water models is
shown in Fig. 4. Fig. 42 demonstrates that
the Water8 model does not provide reliable
data starting already from 2 ps, when
an irregular behavior of the correlator
appears. Irregularities have approximately
the same amplitude of chaotic oscillations
around the x-axis and last up to 20 ps. The
Water157-11 model is specially designed to
provide a reliable calculation of the VACF
asymptote up to 5 ps. The Water157-1
model allows even better averaging of
fluctuations, so that it is possible to trace
the asymptote up to ~10 ps (Fig. 45). We see
that the VACF asymptote of water behaves
quite differently than in argon. First, the
autocorrelator in the entire studied time-
interval turns out to be negative. Only at
t = 10 ps it may become positive (Fig. 40),
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Fig. 4. Normalized velocity autocorrelation function in

b
water models. a) Model WaterS, b) Model Water157-1 and
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Water157-11, ¢) Model Waterl57-11.
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but due to the noise in this region, reliable
conclusions cannot be drawn. Secondly,
the analytical form of the asymptote is
not described by the function ar?/?, but
rather corresponds to the function or>/?
(Fig. 40 and 4¢). It is known that the tail
of the asymptote of the form o>/ occurs
in autocorrelators of rotational velocity in
suspensions of Brownian particles [11,12];
but what does this have to do with water?
These amazing results were completely
unexpected for us, and so far we can only
state them as #he fact.

5. VACF ZERO-CROSSING

The performed calculations allow us to
determine the values of Z(#) at t = 3 ps with
great accuracy. This makes it possible to find
out some peculiarities of the autocorrelator
behavior that are usually ignored. One of its
remarkable characteristics is, for example,
the moment of the second intersection of
the x-axis, i.e., the moment of transition
from the region of negative values to
the positive region, where the correlator
acquires an asymptotic form a2 In argon
models, this intersection occurs at # = 2.14

ps (Fig. 5).

In the VACF of water we could not find
such an intersection. It is possible that in
water the correlator will also eventually
cross zero axis and turn positive. But this
zero-crossing can only happen at t > 10
ps (see Fig. 4¢), much later than that of
argon. Whether the asymptote will then
obey the law a#?/? is another mystery in
the list of anomalous properties of water.
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Fig. 5. Normalized velocity autocorrelation function in
Argon500-11 model near crossing of x-axis.

6. CONCLUSION
If the self-diffusion

understood as the wvalue D, which is

coefficient is

included in Einstein's law of diffusion
<AR2(2‘)> =6Dt, then it has an exact meaning
only on the macroscopic time scale. At
small times 7 this relation determines the
diffusion coefficient only approximately.
At the
the regularities of the thermal motion
the
displacement <AR2(t)> in particular are
exactly described in terms of the velocity

microscopic, molecular level,

of particles and mean squared

autocorrelation function Z(7) by equations
(2) and (3), and the value of D is not
included in these equations. However,
the so-called Green-Kubo equation (5),
which defines D as the integral of Z(7) in
infinite limits, is now commonly used. In
practice, this integral is often calculated up
to some finite time. Clearly, this also gives
an approximate value of D. The question
arises about the relationship between these
two methods of determining D. For large
¢, both methods should give a macroscopic
diffusion coefficient, and one would expect
that the difference between them quickly
goes to zero. But at short time scales, the



NANOSYSTEMS

distinction can be noticeable. We have
shown that this difference is a slowly
decaying function, and the difference in
argon is ~4% and in water ~17% of the
total value of D if the integration of Z(?)
is limited at 2.5 picoseconds.

The decay of the correlator Z(7) at large
¢ is non-exponential. The asymptote s>/
predicted by hydrodynamics can indeed
describe a long time tail with some accuracy.
However, fitting different parts of the
asymptote results in different values of the
amplitude «. Therefore, we cannot say that
we have a clear idea of the form of the
asymptote of the VACE The only thing that
can be reliably stated is that the asymptote
is similar to the power law decay os® with
positive amplitude (« > 0). This is so in
argon. And water is fundamentally different
trom argon: here, the asymptote of Z(#) does
not become positive even at # = 10 ps and
the correlator tail, although similar to the
power law a#¥ (with a < 0), has the exponent
B = 5/2, and not 3/2. Hence, it can be said
that we have discovered another anomalous
property of water that distinguishes it from
"ordinary" simple liquids: the asymptote
of its velocity autocorrelation function is
tundamentally different from the asymptote
in argon.

We believe that the anomalous properties
of water are due to the existence of a spatial
quasi-tetrahedral network of hydrogen
bonds. This network also clearly manifests
itself in the
function. VACF contains modulations in
the region 7 < 0.5 ps (see Fig. 1), which
reflect the hindered libration and translation
of molecules in the network of hydrogen

bonds.

velocity autocorrelation
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