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Abstract: Using a molecular dynamics method water-like anomalies in a core-softened 
system depending on the potential parameters and space dimension were investigated. We 
have examined the anomalies of  density, diffusion and structure and have shown that the 
sequence of  anomalous regions cardinally depends on the repulsive step width and space 
dimension. Thus, in a three-dimensional (3D) system with small values of  the step width 
the sequence of  anomalous regions is the same as in water, whereas in a two-dimensional 
(2D) system – as in liquid silica. With an increase in the step width, an inversion of  the 
regions of  the diffusion anomaly and of  the density anomaly is observed. Such an unusual 
sequence of  anomalous regions different from water and liquid silica is exclusively caused 
by the step width and does not depend on the space dimension.
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1. INTRODUCTION
It is known that some liquids can demonstrate 
nonstandard or anomalous behavior. The 
best-known anomalous liquid is water for 
which more than seventy anomalies were 
found [1,2]. Thus, the melting line of  
ordinary ice has a negative slope dT/dP < 0, 
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the density of  water increases with adiabatic 
heating to 4 degrees centigrade (the density 
anomaly), etc.

Water is a complex liquid whose behavior 
is complicated by many factors (the hydrogen-
bond net, possible existence of  liquid-liquid 
transition in the supercooled area). Therefore, 
to study the anomalous behavior of  liquids 
simpler models that also demonstrate 
anomalous behavior were suggested.

A large class of  such models is systems 
with is core-softened potential. The simplest 
core-softened potential is the potential 
of  collapsing hard spheres introduced by 
Stell and Hemmer in the papers [3,4]. This 
potential consists of  a hard core and an 
added repulsive step:
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where σ is the diameter of  the hard core, σ' 
is the width of  the step, ε is the height of  the 
step.

The behavior of  a system of  collapsing 
hard spheres was investigated in a number 
of  articles and this system was shown to 
demonstrate a complex phase diagram 
strongly dependent on the step width.

Later on, many different models of  
systems with core-softened potential 
were suggested (Jagla’s potential [5,6], the 
Lennard-Jones-Gauss potential [7], etc.) The 
most extensively studied to date is a smooth 
repulsive shoulder system (SRSS) suggested 
in our previous works [8,9,10], which is 
defined by the potential:

1(r) / 0.5(1 tanh( ( ))),U k r
r
σε σ = + − − 
 

 (2)

where ε and σ set the scale of  energy and 
length, while the ratio σ1/σ defines the widths 

of  the step. This potential is shown in Fig. 1. 
In our papers, investigation of  the phase 
diagrams of  SRSS was performed at several 
values of  the step width in the 3D space and 
at σ1/σ = 1.35 in 2D.

Further we will use dimensionless units, 
in which distances are measured in units σ 
and energies - in units ε. As in the case of  
’real’ collapsing spheres strong dependence 
of  the phase diagram on the step width 
was found. Besides, it was shown that at 
some values of  the step width the system 
demonstrated anomalous properties similar 
to water anomalies (water-like anomalies) 
-the anomaly of  diffusion (i.e. an increase in 
the diffusion coefficient with an isothermal 
density increase), the density anomaly (a 
negative value of  the thermal expansion 
coefficient) and the structural anomaly 
(liquid becomes less structured with a density 
increase).

In the paper [11] an assumption was 
put forward that the regions of  anomalous 
behavior seemed to be enclosed in each 
other on the diagram density-temperature 
(or pressure-temperature). In the case 
of  water, it turns out that the region of  

Fig. 1. The SRSS potential for two values of  the 
step width σ1 = 1.35 and σ1 = 1.55.
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anomalous density is enclosed in the 
diffusion anomaly region, which in turn, 
is enclosed in the structural anomaly 
region. Another position of  the anomalies 
was discovered in liquid silica, in which 
the regions of  diffusional and structural 
anomalies exchanged places (the structural 
anomaly region is inside the diffusional 
anomaly region) [12]. Our works showed 
that actually, while the density anomaly 
region was always included in the structural 
anomaly region, the diffusional anomaly 
region could occupy any place in this 
sequence.

The aim of  the present work is to compare 
the positions of  the regions of  water-like 
anomalies in 3D and 2D SRS systems with 
different step width.

2. SYSTEMS AND METHODS
In the present work SRSS that is defined by 
equation (2) at two step widths σ1 = 1.35 and 
σ1 = 1.55 is examined. These two cases are 
shown in Fig. 1.

The methods for studying 3D systems are 
described in [8,9,10].

The 2D systems were studied using the 
molecular dynamics method in a canonical 
ensemble (the fixed number of  particles 
N, area S and temperature T). A system of  
20000 particles was simulated in a rectangular 
box with periodic boundary conditions. The 
step in time was dt = 0.001. The system was 
thermalized during 2·107 steps, after which 
it was simulated for another 3·107 steps in 
order to calculate its properties.

To calculate the diffusion coefficient 
additional simulation was carried out in a 
microcanonical ensemble (instead of  the 
temperature the overall energy of  the system 
E was fixed) during 2·107 steps.

The diffusion coefficient was determined 
according to the Einstein-Smoluchowski 
method. In order to determine the density 
anomaly region, equations of  state were 
calculated along the isochores. At the border 
of  the density anomaly these equations of  
state demonstrate a minimum.

There are several approaches to defining 
a structural anomaly. In our paper [13] it was 
shown that the most correct way was based 
on calculating excess entropy Sex(ρ, T) = S(ρ, 
T) − Sid(ρ, T), where S is the entropy of  liquid 
and Sid is the entropy of  ideal gas at the same 
density and temperature. It is exactly this 
method that was used in the present work.

All calculations were performed using 
LAMMPS

3. ANOMALOUS BEHAVIOR IN 3D 
SRSS
Consider the phase diagram of  a system 
with σ1 = 1.35 in a 3D space. In Fig. 2a,b 
these phase diagrams are shown in pressure-
temperature and density-temperature 
coordinates. It is evident that the phase 
diagrams demonstrate a large number of  
crystalline phases, which are arranged in 
the following order: the fcc phase with low 
density, the fct (face-centered tetragonal) 
phase, simple cubic, hexagonal and the fcc 
phase with high density. Such a diversity 
of  crystalline phases is connected with 
the presence of  two length scales in the 
potential: ’hard’ core σ and step σ1. It is 
exactly the ratio of  these characteristic 
lengths σ1/σ that is the parameter defining 
the form of  the phase diagram.

The obtained results can be qualitatively 
interpreted in the following way. Since 
the potential is purely repulsive, it is 
unprofitable for the particles to get 
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covered by either cores or steps. Therefore, 
following the isotherms from low to high 
densities at low enough temperatures the 
system first crystallizes into a close-packed 
fcc structure with a lattice parameter 
corresponding to step σ1. With a further 
increase in density the 'pressing-out' of  
particles onto the step occurs, which leads 
to reentrant melting of  the system, i.e. the 
melting line of  the low density fcc phase 
passes through the maximum and its slope 
becomes negative. Moreover, in a certain 
narrow range of  densities we did not find 
a stable crystalline phase. With a further 
increase in density, the system crystallizes 
into loosely packed structures with a low 
coordination number. Noteworthy, the 
coordination number increases as the 
density grows: fct - 4 nearest neighbors, 
simple cubic - 6, hexagonal - 8 and the 
high density fcc phase - 12.

Consider more closely the right branch 
of  the melting line of  the low density fcc 
phase. The negative slope of  the melting 
line is one of  the anomalous properties of  
water, which suggests that other anomalous 

properties peculiar to water will be observed 
in the system as well. In the present work, 
we investigated three anomalies: the 
diffusion anomaly, the density anomaly and 
the structural anomaly. The results obtained 
are shown in Fig. 3. The relative position 

Fig. 3. The position of  anomalous regions on the 
system’s phase diagram for step σ1 = 1.35 in the 
domain of  existence of  the fcc(1) and fct(2) phases 
of  low density. A water-like sequence of  anomalous 
regions was discovered: the density anomaly is inside 
the diffusion anomaly and both these anomalies are 

inside the wide region of  the structural anomaly.

Fig. 2. The phase diagram in (a) P − T and (b) ρ − T coordinates for step σ1 = 1.35. The phases are 
denoted by numbers. 1 - the low density fcc phase, 2 - the fct phase, 3 - the cubic crystal, 4 - the hexagonal 

crystal, 5 - the high density fcc phase.
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of  the anomalous regions approximately 
corresponds to that of  water: the region of  
anomalous density is enclosed in the region 
of  the diffusion anomaly, which, in turn 
is enclosed in the region of  the structural 
anomaly.

When increasing the step width to σ1 = 
1.55 the system’s phase diagram significantly 
changes in the area of  high densities (Fig. 4). 
The sequence of  phases (with a density 
increase) becomes like this: the low density 

fcc phase, simple cubic, hexagonal, the fcc 
phase with intermediate density, the bcc 
phase and the high density fcc phase. The 
melting line of  the low density fcc phase 
demonstrates a maximum as in the previous 
case.

A search for the anomalies of  density, 
diffusion and structure was also carried out 
in this system. The results of  calculations are 
shown in Fig. 5. It follows from the figure 
that in this system the diffusion anomaly 
is not observed and the density anomaly 
region lies very close to the melting line. 
Such a sequence of  anomalies corresponds 
to neither the case of  water nor the case of  
liquid silica.

4. ANOMALOUS BEHAVIOR IN A 2D 
SRSS
In Fig. 6 the phase diagrams of  a 2D SRSS 
with σ1 = 1.35 are shown. One can see that in 
a 2D space a large number of  ordered phases 
are present, although compared with the 3D 
case the phase diagram is considerably poorer. 
In order of  density increasing the phases are 
positioned in the following way: a triangular 
crystal (hex) with low density, a square crystal 
(sq), a dodecagonal quasicrystal (qc) and a 

Fig. 4. The phase diagram in (a) P − T and (b) ρ − T coordinates for step σ1 = 1.55.

Fig. 5. The position of  anomalous regions on the 
system’s phase diagram for step σ1 = 1.55 in the 
area of  low densities. The diffusion anomaly region 
is completely hidden under the melting line, which 

makes it unobservable.
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triangular crystal (hex) with high density. 
As in the 3D case, the melting line of  the 
low density triangular crystal demonstrates 
a maximum and a negative slope, i.e. water-
like anomalous behavior of  the melting line. 
Based on this, we carried out a search for 
other anomalies as it was done in the 3D 
case.

In Fig. 7a the regions of  anomalous 
behavior of  a 2D system with step σ1 = 
1.35 are shown. As can be seen from this 
figure the density anomaly region is inside 

the structural anomaly and the structural 
anomaly is practically completely included 
in the diffusion anomaly region. Such a 
sequence of  the anomalies is characteristic 
of  liquid silica. Recall that in the 3D system 
with step σ1 = 1.35 the sequence of  the 
anomalies was different, namely, as in 
water. Thus, we can see that changing the 
space dimension has led to a change in the 
sequence of  relative positions of  anomalous 
regions.

In Fig. 7b the regions of  anomalous 
behavior of  the 2D system with step σ1 = 
1.55 are shown. Recall that in the case of  the 
3D system with step σ1 = 1.55 the diffusion 
anomaly was absent. As can be seen from 
the figure, in the 2D system all three 
anomalies are present. Noteworthy, their 
relative position does not correspond to 
either the case of  water or the case of  silica: 
the anomalous diffusion region proves to be 
enclosed in the density anomaly, while the 
latter is covered by the structural anomaly 
region. Thus, we see that in this case also the 
behavior of  the anomalous regions differs 
from the 3D case.

Fig. 7. Areas of  anomalous behavior in a two-dimensional system with a step (a) σ1 = 1.35 is the sequence of  
anomalous areas as in water and (b) σ1 = 1.55 is the inversion of  the areas of  diffusion anomalies and density 

anomalies. The system shows a sequence of  abnormal regions other than water and liquid silica.

Fig. 6. The phase diagram in ρ − T coordinates for 
step σ1 = 1.35 in the 2D space.
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When considering the changes in the 
phase diagram and in the anomalous 
behavior regions of  the 3D systems with 
a step width variation it was shown that all 
curves (the melting lines and the boundaries 
of  the anomalous behavior regions) were 
shifted towards lower temperatures and 
densities as the step width increased. 
However, ’the speed of  disappearance’ 
of  the anomalous regions is different at 
an increase in the step. The fastest is the 
diffusion anomaly region, which leads to 
its disappearance under the melting line. 
The density anomaly region turns out to 
be the second fastest (it disappears at σ1 
= 1.8).

From the results of  this paper, it is 
evident that qualitatively the behavior of  the 
anomalous regions in the 2D systems proves 
to be analogous to the 3D case but the ’speeds 
of  their disappearance’ differ from the 3D 
case.

Therefore in the 2D system with step σ1 
= 1.55 the region of  anomalous diffusion 
is still retained (Fig. 7b). Nonetheless, we 
expect the anomalous diffusion region in a 
2D system to vanish first with an increase in 
the step width, i.e. the order of  disappearance 
of  the regions will remain the same as in the 
3D case.

5. CONCLUSIONS
In the present work the regions of  three 
water-like anomalies in SRSS have been 
discussed at two values of  the step width 
σ1  = 1.35 and σ1 = 1.55 in 3D and 2D 
spaces. It has been shown that in both three 
and two dimensions the regions of  the 
water-like anomalies behave in qualitatively 
the same way: with an increase in the step 
width they come close to the melting line 
of  the low density crystal. However, the 

’speed’ of  their disappearance is different. 
As a result in the 3D space in the case of  
step σ1 = 1.55 the diffusion anomaly is not 
observed, since its domain of  existence 
exits under the melting line, while in the 
2D case the diffusion anomaly can still be 
observed although its domain of  existence 
is very close to disappearing under the 
melting line.
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