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Track membranes and their replicas as high-frequency phase-
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Abstract. Possibility of  using polymer track through membranes and membrane replicas as 
elements of  X-ray optics for the visualization of  microobjects with high spatial resolution is 
discussed. It is shown that samples prepared on the basis of  track membranes and their replicas 
can be used in a wide X-ray range, including soft spectral regions ( ≥ 1 nm) as phase screens 
or model phase test objects for X-ray microscopy. Highly porous membranes, being diffuse 
weakly absorbing samples in the form of  a single layer or stack of  several films, influence 
coherent properties of  the primary X-ray beam. Optical constants of  the material of  available 
porous membranes, their thickness, density and size allow one to vary optical characteristics 
of  the phase screens in a wide frequency range, including visible region of  spectrum and 
the X-ray band where many sources of  synchrotron radiation work. The issues of  wave field 
concentration by phase structures with narrow through channels, the effect of  pore diameter 
on phase velocity in the channels and spreading (in transverse plane) of  the phase pattern for 
membranes with extremely narrow pores, limiting the resolution of  the phase screen used as 
X-ray test object, is studied in this work in detail.  Numerical experiments have been performed 
by solving parabolic wave equation with tabular values of  optical constants for membrane 
material.
Keywords: X-ray optics, phase-contrast X-ray microscopy, test nanoobjects, track membranes, 
parabolic equation method in X-ray optics
PACS 41.50.+h, 41.60.Ap, 02.60.Cb
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1. INTRODUCTION
As it is known, the phase contrast method 
in optics was proposed by Dutch physicist 
F. Zernike in 1934 as a replacement of  the 
"shadow method" being used for quality 
control of  astronomical mirrors [2]. As soon 
as in 1935, he examined the application of  the 
method of  microscopic phase contrast imaging 
of  refractive objects [3]. In 1953, F. Zernike 
received Nobel prize for the development of  
the method and creation of  the first phase 
contrast microscope. The history of  this 
discovery is presented in his Nobel lecture 
published, with minor changes, in 1955 in 
Science magazine [2]. In experimental optics 
the method of  phase contrast relatively quickly 
became in demand and already before 1953 
first reviews and theoretical papers appeared 
on Zernike's method [4, 5]. In the monograph 
by M. Franson [6], optical schemes and the 
principle of  the phase contrast microscope 
designed for studying various phase objects 
in the visible spectral band (transparent 
micro-objects, reflecting layers with weakly 
pronounced surface relief, samples of  
biological tissues, etc.) are discussed. Methods 
and optical circuits for the phase-to-amplitude 
contrast conversion are being considered.

Recently phase contrast method got further 
development in X-ray microscopy [7]. Study of  
low-contrast biological objects at the cellular 
level, problem of  testing microelectronic and 
nanotechnology products has become an 
impetus for development and improvement 
of  optical schemes working on the principle 
of  X-ray phase contrast microscope. Successes 
in this branch of  experimental physics were 
achieved in recent years thanks, to a large 
extent, to the emergence of  powerful X-ray 
sources and progress in focusing X-ray optics. 
Details are considered in the review [7]. Note 
that the estimated spatial resolution of  X-ray 
microscopy lies between optical and electron 

microscopy. However, by the radiation dose 
imposed on the sample during the session, 
phase contrast microscopy is the most delicate 
and nondestructive technique compared 
with any research mode of  the electronic 
microscopes.

The choice of  the contrast type depends 
on the properties and size of  the object itself, 
its preparation, technical characteristics of  the 
equipment, radiation source, etc. Speaking on 
studying the internal structure of  micro- and 
nano-objects, the test result at a wavelength   
is determined by the optical properties of  the 
object – first of  all, total refraction index of  the 
sample, in which the X-ray beam propagates 
[8, 9]:
n(λ) = 1 – δ + iβ.        (1)
Here δ, β are the optical constants of  the 
material, wavelength dependent. Usually they 
are small additions to unity in the expression 
for the refraction index (1). To the present 
time, dispersion of  the refractive index of  
various substances and materials in a wide 
X-ray spectral region is well studied, and the 
quantities δ(λ) and β(λ) can be found with the 
required accuracy from literary sources or well-
known network resources [10]. In a classic 
X-ray band, at moderate photon energies E ≤ 
10 keV, radiation absorption in the sample is 
determined mainly by the photoelectric effect 
by the electrons transition from an atomic 
shell in the Coulomb field of  the nucleus [11] 
(taking into account the field screening by the 
internal shells). Total absorption due to the 
photoelectric effect is described by the value β, 
and transmission coefficient of  the sample at 
the wavelength λ, for a parallel beam, is given 
by the following expression:
T = exp(–μL) = exp (–4πβL/λ),       (2)
where μ is the linear absorption coefficient, 
L is the thickness of  the sample. The real 
correction δ(λ) in (1) is positive, it arises as a 
result of  the collective electron response of  
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each atom of  the sample in the X-ray radiation 
wave field, like in the case of  electrons in 
ionized plasma. Similar to the case of  plasma 
in a high-frequency field, the real part of  the 
refraction index (1) can be written in the form:
1 – δ = 1 – (1/2)(ωc/ω)2,         (3)
where ω = 2πc/λ is the circular frequency, c is 
light velocity, ωc – so-called critical frequency, of  
plasma, coinciding with the circular frequency 
of  the electron gas free vibrations:
ωc = (4πNee

2/m)1/2          (4)
(here, e and m are the charge and mass of  the 
electron, Ne is electron density). Note that 
in contrast to the photoelectric effect all the 
electrons of  the atom in a wide wavelength 
range (outside the absorption jumps) make 
approximately the same contribution to the real 
part of  dielectric permittivity of  the medium 
and therefore in the value of  δ(λ), regardless of  
which shell contains the electrons. Using Eq. 
(4), the expression for the real part of  deviation 
δ(λ) in Eq. (1) can be written in another form:
δ = (Nee

2/2πmc2)λ2,          (5)
or, since Ne = ZNat, where Z is the atomic 
nucleus charge, Nat – atomic density, in the 
more familiar form [8-10] it reads:
δ = (e2/2πmc2)λ2NatZ ≈ (e2/2πmc2)λ2Natf1,       (6)
where f1 is the so-called atomic scattering 
function of  the material (its real part), almost 
equal to the effective atomic number (outside 
the X-ray absorption jumps); here e2/πmc2 = 
(2.81E–13)sm – classical radius of  the electron 
[8-10].

2. WHEN AN OBJECT IN X-RAY 
OPTICS CAN BE CONSIDERED AS 
PHASE SCREEN?
An ideal X-ray phase contrast object, L being 
maximum structural thickness of  its elements, 
when a parallel X-ray beam with a wavelength λ 
passes through, provides, firstly, a noticeable (of  
order of  unity) phase shift 2πδL/λ compared 
with the phase of  the wave covering the same 
distance L in free space and, secondly, not very 

large absorption, so the beam attenuation in 
the sample does not prevent observing the 
differential phase pattern of  the object in the 
transmission beam, i.e.:
2πδL/λ ≈ 1, 4πμL/λ <<1.        (7)
In addition, for a given wavelength and 
experiment geometry, the measured phase 
shifts should not be too large that is an ideal 
for observation object must not be too thick- 
the first of  the relations (7). Otherwise, if  the 
reverse condition 2πδL/λ >> 1 is satisfied, 
the measurement result will be ambiguous 
or utterly dependent on the sample tilt and 
jitter, beam angular characteristics, experiment 
layout, radiation monochromaticity degree 
etc. To a first approximation, the object can 
be considered rather phase than amplitude 
one when the inequality δ/β ≥ 1 begins to 
fulfil. If  these two optical constants are of  the 
same order the material phase shift over the 
characteristic damping length λ/4πβ equals 0.5 
radian. This limiting length can be considered 
as a conditional boundary range when the 
object becomes phase one with decreasing 
X-ray wavelength.

As an example, in Fig. 1a is depicted the 
ratio β/δ spectral dependence for polyethylene 
terephthalate (PETP) – polymer material of  
porous track membranes considered in this 
article (Fig. 2). The intersection of  this curve 
with the dashed line marks the wavelength 
when, in terms of  characteristic amplitude, 
the attenuation distance of  a homogeneous 

TRACK MEMBRANES AND THEIR REPLICAS AS HIGH-
FREQUENCY PHASE-CONTRAST OBJECTS IN X-RAY OPTICSRADIOELECTRONICS

10
0,1

1

10

la
m

bd
a 

cr
. n

m

250/Z^2.25

75/Z^1.613

 lambda cr
 Kab

Z
 

                          a                                     b
Fig. 1. (a) Optical constant ratio δ(λ)/β(λ) for PETP, as a 
function of  wavelength. (b) Spectral dependence of  threshold 

δ(λ)/β(λ) = 1 for light elements with different [10].
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polymer layer becomes equal to a quarter-
wavelength phase plate.

Consider the table values of  the optical 
constants in X-ray spectral region [10], limiting 
ourselves to the elements with a small atomic 
number Z. These are Li, Be, B, C, Mg, Al, Si, 
Sc with atomic numbers from Z = 3 to Z = 
21, frequently used as refractive materials for 
manufacturing focusing optics, thin films, 
filters and coatings in soft and hard bands of  
X-ray spectrum. In a wide wavelength range 
(0.1-10 nm) thin layers of  these elements 
can be considered as phase objects, except 
the areas near the edge of  absorption. Also, 
out of  photoabsorption jumps, the optical 
constants of  these materials have a power 
wavelength dependence law, the exponent 
being constant over the entire aforementioned 
range. It turns out that the intersection points 
of  the curves δ(λ) and β(λ) on the wavelength 
axis (in the vicinity of  K absorption jumps) 
set the boundary values of  waves λc, locating 
on a single curve λc(Z) for the elements with 
different Z (Fig. 1b). The shorter is X-ray 
wavelength compared with λc(Z), the easier it is 
to examine the object with this atomic number 
by the methods of  phase contrast. For a given 
sample composition, it holds approximately: 
β/δ ~ (λ/λc)

2 << 1, that is, for small wavelengths 
compared with critical λc, the object obviously 

has phase properties. Note that the equality of  
real and imaginary additions to unity in the Eq. 
(1) holds for any Z in some wavelength region 
near the edge of  the absorption band 

abKλ  [10] 
(see Fig. 1b), therefore λ/

abKλ (Z) << 1 ratio is 
a sufficient condition to consider given object 
as purely phase, and not amplitude screen. 
For substances containing different elements 
in their spectral formulas we should consider 
effective (averaged over ensemble) atomic 
number Z.

3. TEST OBJECTS IN X-RAY 
MICROSCOPY
As in the hard X-ray phase contrast microscopy 
of  greatest interest for the researcher are 
transparent three-dimensional objects with 
characteristic linear dimensions of  the order 
of  10-0.1 microns [7], high requirements are 
made to the performance of  modern X-ray 
microscopes. This applies above all to the spatial 
resolution of  the device, which should be at 
several tens of  nanometers level over the entire 
field of  view, with the absence of  noticeable 
chromatic aberration. As “phantoms” at 
the initial setup and research stages in the 
imaging X-ray microscopy usually simplest 
test objects are used, whose geometry and 
size of  elements are known from independent 
sources or gauge measurements. It can be a 
thin thread of  boron or polypropylene fiber, 
spherical latex or polystyrene microparticles, 
perforated substrate − sample holder with 
micro-holes used in transmission electronic 
microscopy [14], various kinds of  microgrids, 
fragments of  a transmission diffraction grating 
or Fresnel phase zone plate, chips of  various 
microstructures, etc. These micro-objects 
are used mainly for demonstration purposes, 
for qualitative microscope performance 
assessment. Quantitative measurements, such as 
determination of  the image contrast frequency 
characteristics, are conducted using more 
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Fig. 2. Electron micrograph of  a cleaved track membrane 
made of  PETP with through cylindrical pores of  1 μm 

diameter.
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complex tests. Special metrological structures 
having elements with different controlled sizes 
are used, such as so-called Siemens star [15] − 
high contrast radial microstructure, designed 
to work in a given X-ray spectral band.

In this paper we propose to use as phase 
test objects for imaging X-ray microscopy 
porous track membranes (Fig. 2) [1] or their 
inorganic thin-film replicas, more persistent 
objects when working with intense sources 
of  X-ray radiation. Track membranes, as 
structurally heterogeneous samples, satisfy 
the above requirements presented to the test 
objects when working in hard spectral region 
in phase contrast mode. Here we’ll consider 
samples with round cylindrical channels and 
axes perpendicular to the plane membrane 
surface, although there are other types of  track 
membranes (with different axis orientation and 
more complex pore shape [17]). Pore diameter 
D, varying from 10-20 nm to several microns, 
depending on the manufacturing conditions, 
sample can be considered almost constant 
across the membrane area (ΔD/D << 1), pore 
walls, to a first approximation, are assumed 
perfectly smooth. Track membranes with such 
pore geometry can be considered as reference 
perforated samples with calibrated through 
holes randomly distributed over the film area. 
Pore density N depends on the dose being 
loaded during the exposing the polymer film to 
heavy ions and can vary with the top limit of  
the order of  109 − 1010 sm-2 [1]. It is possible to 
make films with low etched hole density, even 
with a single micro- or nanohole in a sample 
with the area of  the order of  1 cm2 [18].

It should be noted that, thanks its unique 
properties, simple and controlled micron pore 
structure and submicron track membranes 
attracted the attention of  researchers in various 
related fields of  science and technology 
from the very beginning of  this technology 
development (see reviews [19, 20]). Besides, 

the opportunity to localize radiation field or 
particle flux in areas with very small transversal 
dimensions − of  the order of  the track 
membrane pore cross section, has been used 
in experimental research (coordinate detector 
resolution, recording element development 
in contact lithography [21] and photography 
[22], spatial resolution control methods, 
astigmatism compensation in raster translucent 
microscopes [23], etc.). In X-ray optics, several 
works appeared in which track membranes 
were used as strong supporting structures 
for thin X-ray filters or as selective spectral 
filters having high transparency in ultra-
soft X-ray spectrum but effectively blocking 
longer wavelength ultraviolet, visible and IR 
background radiation from the observed object 
(Sun, laboratory plasma source, etc.) [24-27].

Earlier, an attempt was undertaken to 
carry out X-ray microscopic studies of  track 
membranes with through pores with moderate 
(low compared with diffraction limit) resolution 
in the amplitude contrast mode [28]. And 
finally, in a recently published work V.I. Balykin 
with colleagues [29] considered the possibility 
of  subwavelength light localization by passing 
an excited atom through a nanohole in the 
track membrane. The issue of  fixing the phase 
of  X-ray radiation using track membranes, 
interesting for applications in phase contrast 
microscopy, to our knowledge, so far was not 
studied.

When using the simplest test objects such as 
fine threads, fine meshes or perforated screens 
with micro-holes, microscope resolution 
usually is evaluated “by eye” by contrast images 
of  structural elements of  the test object or, 
more precisely, by blurring its edges. In a track 
membrane with identical cylindrical through 
pores that are used to test a microscope, as 
metrological dimensions of  the elements can be 
considered pore diameter D, average distance 
between pores 1/20.5D N −= , determined by the 
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pore density N, and a variable size of  jumpers 
that appear in the object in case of  closely 
spaced pores or at their intersection. Note that 
calibrated pore density in a track membrane 
gives an easy way to estimate magnification of  
the microscope.

In this paper, we restrict ourselves with 
consideration of  the phase-amplitude 
evolution of  an X-ray plane wave, in submicron 
spectrum band, passing through a flat layer 
of  a homogeneous material (polyethylene 
terephthalate) with a single cylindrical through 
pore. In our simulation, the pore axis was 
perpendicular to the sample surface, which 
was considered to be parallel to the incident 
wave front. The wavelength selected for the 
calculations corresponds to the characteristic 
X-ray emission line of  copper CuKα equal 
to 0.154 nm (8.047 keV). Since the spectral 
properties of  all materials in this classic X-ray 
spectral regions are well known [10], the results 
obtained using this data are easy to recalculate 
for other wavelengths and materials.

4. WAVE FIELD CALCULATION IN 
THE FILM WITH A SINGLE PORE
For numerical simulation of  X-ray propagation 
through a single hole in the membrane we use 
the method of  parabolic equation ("parabolic 
wave equation, PWE" in English literature). 
Physical meaning of  the parabolic equation 
approximation has been set out in the pioneering 
work of  Leontovich, Fock and Malyuzhinets 
[30-33]. This powerful computational tool is 
widely used in diffraction theory for solving 
problems of  underwater acoustics, radio wave 
propagation, remote sensing, in fiber optics, 
etc. [34,35]. Basics of  the PWE method and 
examples of  its use are included in textbooks 
and monographs on electrodynamics and 
physical optics [36-39]. Taking into account 
geometry of  the object and properties of  X-ray 
radiation, our problem can be considered in 
the scalar approximation [40-42], so we write 

down the wave equation for the electric field 
strength in the following form:

2 2 2
2 2

2 2 2( ) 0, .E E k n r E
z x y⊥ ⊥

∂ ∂ ∂
+ ∆ + = ∆ = +

∂ ∂ ∂
  (8)

Without repeating classical derivation, recall 
the basic assessments. In the case of  a 
homogeneous space: ( )n r  = const, equation 
(8) has a solution in the form of  a plane wave: 
( ) ( )sin cos, ikn x zE x z Ae θ θ+= , propagating at an 

angle θ to the z axis, x being lateral coordinate.
At small angles θ << 1 (paraxial 

approximation) the solution can be written as 
( ) ( ), , ,ikn zE x z e u x z=  where the wave amplitude 

( )
2

2,
ikn x z

u x z Ae
θθ

 
−  

 ≈  has a characteristic oscillation 
period 2

kn
π
θ⊥Λ   in the transverse direction 

x and 2

4
kn
π
θ

Λ


  along the longitudinal axis z. 
Besides, λ⊥Λ Λ



 
, i.e. u(x,z) is a function 

slowly varying in the propagation direction 
along the z axis, namely: / /u z u x∂ ∂ ∂ ∂ .

By using this ratio and turning to the case 
of  three spatial variables (x, y, z), we obtain 
from (8) for the wave amplitude an equation 
of  evolutionary type (Leontovich "parabolic" 
equation [30-32], or "transversal diffusion 
equation " in Malyuzhints’ terminology [33]):

2 22 0.uikn E k n u
z ⊥

∂
+ ∆ + =

∂
 (9)

In the case of  axial symmetry that we are 
interested in, it is convenient to rewrite write it 
in cylindrical coordinates:

2
2 2

2

12 ( , ) 0.u u uikn k n r z u
z r r r
∂ ∂ ∂

+ + + =
∂ ∂ ∂

 (9a)

Parabolic equations (9-9a) describe propagation 
of  the package electromagnetic waves with 
wave vectors directed mainly along the 
axis z. Applicability of  the parabolic equation 
method in a particular field of  physics depends 
on specific conditions: material (optical 
constant) and the nonuniformity scale of  the 
environment, object geometry and boundary 
conditions. In X-ray optics, application of  
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the parabolic equation method for practical 
problems has been developed in [40-44].

In short-wavelength diffraction and 
propagation problems, phase of  the solution 
to the wave equation (8): argE(r,z) = kz 
+ argu(r,z) is a fast oscillation function of  
longitudinal variable z, while slowly changing 
argument of  the complex wave amplitude 
argu(r,z) characterizes its deviation from the 
phase of  a plane wave eiknz.

Computational advantages of  the parabolic 
equation method, noted in classical works of  
Malyuzhinets and Tappert [33, 34], are due to 
transition to slowly varying wave amplitude 
u(r,z). Instead of  a full boundary value 
problem for the elliptic equation (8), we will 
solve a Cauchy problem with initial conditions 
at the entrance to the computation domain. 
Eliminating the main oscillating factor eiknz 
sharply reduces computational costs in the 
short-wave propagation problems. A useful 
feature of  the method is the ability of  equivalent 
truncation of  the computational domain by 
setting exact transparency conditions at its 
boundaries, resulting from accurate matching 
the numerical solution with the exact analytical 
solution in free space [44]. Finite difference 
approximation of  parabolic equation (9) can 
be performed using absolutely stable implicit 
six-point Crank-Nicolson scheme [40,45,46]. 
This approach provides high accuracy and 
avoids computational error accumulation with 
distance.

An elementary estimate of  the 
approximation error, following from the 
comparison of  particular solutions of  the exact 
wave equation E(x,z) = Aeikn(xsinθ  with their 

“parabolic” approximation ( )
2

2,
ikn x z

u x z Ae
θθ

 
−  

 ≈ , 
bounds the distance z ≤ a4/λ3 where the latter 
gives accurate amplitude and phase values of  
the approximate solution. Here λ = 2π/k is the 
wavelength of  X-ray radiation, a – characteristic 
transverse object size or non-uniformity scale 

of  the environment; in our case a = D. This 
condition, as well as the estimates of  the finite-
difference scheme steps h << a, τ << a2/λ are 
not restrictive in the problems of  X-ray optics; 
besides, there are efficient analytical techniques 
for increasing computational range and 
angular sector of  the parabolic equation [40-
42]. Another inaccuracy, due to backscattering 
neglection and overcome with the method of  
coupled waves, is not critical in X-ray optics 
problems due to small variations of  relative 
refraction index.

5. PHASE VARIATIONS NEAR 
NANOPORE IN A TRACK 
MEMBRANE
Consider phase distortion of  a plane wave 
passing through an extremely narrow pore 
in the membrane. Such blurring limits spatial 
resolution of  a screen with nanoholes used 
as an X-ray phase-contrast test object. Our 
calculations were performed by numerical 
solution of  the parabolic wave equation 
[40,41] using tabular values of  the optical 
constants for the membrane material at 
the copper CuKα wavelength (0.154 nm). 
For polyethylene terephthalate at this 
wavelength δ(λ) = 4.5E-6 and β(λ) = 1.0E-8. 
Corresponding values of  absorption length 
Le and quarter-wave thickness phase plate 
Lφ for homogeneous PETP and the selected 
wavelength are equal to Le = λ/4πβ = 1.22 mm 
and Lφ = λ/4δ = 8.5 μm.

Here, we present calculated phase and 
amplitude of  the wave field u(r,z) of  the X-ray 
radiation passing through a single pore of  
diameter D = 30 nm in a film with thickness 
of  L = 22.5 μm. For convenience, numerical 
results are presented in color scale (Fig. 3ab) 
and contour mode (Fig. 4).

Two-dimensional phase and amplitude wave 
field spatial distribution produced by the object 
under study allow qualitative assessment of  a 
membrane with nanoholes as a test object for 

TRACK MEMBRANES AND THEIR REPLICAS AS HIGH-
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X-ray microscope. More detailed quantitative 
information on the test object and functional 
possibilities of  nano-perforated films is 
reached by studying linear plots of  phase and 
amplitude distributions for membranes with 
different pore diameters and variable thickness. 
In Fig. 5-6, for a selected sample thickness 
22.5 μm and a pore diameter of  30 nm, phase 
distribution and field amplitude along the pore 
axis and in the transverse direction on the back 
surface of  the sample are presented.

The following Figs. 7-9 demonstrate 
how the phase deviations from the plane 
wave front in the vicinity of  a single pore 
vary when reducing its diameter from the 
maximum (200 nm), to the average (50 nm) 
and minimum (10 nm). The selected smallest 
diameter value approximately corresponds to 
the smallest pore size that can still be etched 

in a thin track membrane by irradiation of  the 
sample with heavy ions. In these figures, spatial 
phase distribution near the pore presented in 
different visualization modes: false colors, 
radial plot on the back side of  the sample, 
grayscale image and contour map of  phase 
distribution − highlight main features of  the 
wave front distortions from the incident wave 
one.

Numerical calculations of  the wave 
amplitude and phase shift by passing the 
membrane with a single hole have been made 
for samples of  three thicknesses L = 22.5, 10 
and 5 μm and a set of  pore diameters D in 
the range from 5 nm to a few micrometers. 
As expected, for large pores the wave phase 
portrait at the output face of  the membrane 
reproduces with good accuracy geometry 
and size of  the pore opening, while for small 
diameters, starting from some threshold, 
transversal phase blurring of  the wave packet 
was observed near and beyond the channel 

RADIOELECTRONICSALEXANDER V. MITROFANOV, ALEXEY V. 
POPOV, DMITRY V. PROKOPCHUK

Fig. 5. Axial (a) and radial (b) phase distribution on the 
perforated membrane back surface. D = 30 nm, L = 22.5 
μm. The input end of  the sample is shifted from the left 

boundary (Fig. 3a) by 1000 nm.

                      a                                        b
 

 

Fig. 6. Axial (a) and radial (b) amplitude distribution on 
the back surface. D = 30 nm, L = 22.5 μm. The input end 
of  the sample is shifted from the left boundary (Fig. 3a) by 

1000 nm.

                         a                                   b
  

Fig. 4. Contour representation of  the phase shift in a single 
pore with diameter of  30 nm (compare Fig. 3a).

-3

-3

-3

-3

-3

-3

-3

-3

-3

-3

-3 -3

-3

-2

-2

-2

-2

-2

-2

-2

-2

-2
-2

-2

-2

-1

-1

-1

-1

-1
-1

-1

-1
-1

-1

-1

0

0
0

0

0
0

0

0

0

0

0

0
0

0
0

00
0

0
0

0
0

0

0

0

0
0

0
0

0 0

1

1
1

1

1
1

1

1

2

2
2

2

2
2

2

2

2

2

2

2

2
2

2

2

3

3

3
3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

z, nm

r, 
nm

Phase deviation:  λ = 0.154 nm,   delta = 4.5e-06 , beta = 1e-08

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

x 10
4

-100

-80

-60

-40

-20

0

20

40

60

80

100

 

Fig. 3. Spatial distribution of  wave field phase (a) and 
amplitude (b) in the vicinity of  a single 30 nm porein 22.5 
μm thick PETP film. The scale is compressed along the pore 
axis by a factor of  103. Boundaries of  the sample and the 

pore channel are shown by thin light line.

                          a                                     b
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outlet. For extremely small pores, the diameter 
of  the phase perturbation zone was more than 
by an order of  magnitude higher than D. To 
find the functional dependency of  the phase 
blur values on the pore parameters pores of  the 
test sample (i.e., L and D values), turn attention 
to the plots, where numerical data of  the phase 
blurring on the rear side of  membranes with 
different thicknesses (Figs. 10-11). For the sake 
of  easier analysis of  the calculation results in 
different variable ranges, the data are presented 
in different scales: in relative (normalized to 

pore diameter, Figs. 10 a, b) and absolute form 
(Fig. 11 a).

For each of  the presented plots, three 
regions can be distinguished where the phase 
blurring near the exit of  the channel behaves 
differently with changing pore diameter. 
When D value is large − about 0.05 μm and 
more, the phase pattern of  the hole in the 
transverse direction is equal to this diameter, 
the transmitted wave front is flat, except small 
edge effects), and the average phase coincides 
with the free-space phase of  the primary 
plane wave. It is clearly seen in the color 
Fig. 7a - the exit aperture looks monochrome 
and its “color” matches the “color” of  the 
incident wave phase. In this case, radiation 
impinging on the sample, diffracts only at 

RADIOELECTRONICS TRACK MEMBRANES AND THEIR REPLICAS AS HIGH-
FREQUENCY PHASE-CONTRAST OBJECTS IN X-RAY OPTICS

 

-200 -150 -100 -50 0 50 100 150 200
-2

-1.5

-1

-0.5

0

0.5

r, nm

ph
as

e(
u(

r,z
)),

 ra
di

an

Phase deviation from plane wave exp(ikz) for z = 11000 nm 

 

 

-2

-2
-2

-2-2
-2

-2

-2

-1
.5

-1.5
-1.5

-1.5

-1.5

-1.5
-1.5 -1.5

-1

-1
-1

-1-1

-1

-0
.5

-0.5

-0.5

-0
.5

0

0

0

0

0

00

0

0

000

0

0
0
0
0
0

0

0

0
0

0

0

0

z, nm

r,
 n

m

Phase deviation:  λ = 0.154 nm,   delta = 4.5e-06 , beta = 1e-08

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

x 10
4

-200

-150

-100

-50

0

50

100

150

200

 

Fig. 8. Phase distribution near the pore of  50 nm diameter 
for a sample 10 μm thick.

Fig. 7. Spatial phase distribution of  X-ray beam passing 
a pore of  200 nm diameter in a PETF sample of  10μm 

thickness.
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Fig. 9. Phase distribution near the pore of  10 nm diameter 
for a sample 5 μm thick.
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                    a                                           b
Fig. 10. Diameter of  the phase jump region at the end of  
the sample, measured at half  maximum of  the axial phase 
plot (Figs. 7-9, b) in linear (a) and logarithmic scales (b), for 
three different samples of  a thickness of  22.5, 10 and 5 μm.
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the pore inlet edges and almost all radiation 
"falls" into the channel, weakly interacting 
with the pore walls. Another behavior of  
phase curves, due to propagation in the 
sample material is observed for small pore 
diameters ranging from almost zero values to 
several tens of  nanometers. In this case, the 
size of  the phase blur region at the output 
plane of  a given sample thickness is almost 
constant, independent of  the hole diameter 
D. With changing thickness of  the membrane 
L, the transverse phase blur diameter 
increases approximately as a square root of  
L. A transition region between these two 
modes is observed, when so-called diffraction 
beam length D2/λ is approximately equal to 
the channel length L, i.e., the dimensionless 
wave parameter λL/D2, the inverse Fresnel 
number, of  the order of  unity. In our 
problem, in normalized variables X = λL/D2 
and 02 /LY L Lδ= , all numerical values of  the 
phase blur on the back side of  samples with 
different thicknesses are described by a single 
curve (Fig. 11b). In this figure, lines 1 and 2 are 
drawn − linear interpolation results for large 
(1) and small (2) pores, outside the transition 
area. Curve 1 corresponds to the law 2ΔrL = 
D, valid for pores with diameters about 0.1 
μm and more, while the horizontal line 2 
describes the fact that for small pore diameters 
phase localization (or blurring) at the back of  
the sample near the nanohole is independent 

of  D and grows as L with the increasing film 
thickness. Note that for all our samples, the 
angular size of  the region of  localization of  
the phase perturbation is equal by the order of  
magnitude to 2 / 2 0.003L crr L θ δ∆ ≈ = = , where 

2crθ δ=  is the critical angle of  the external 
total reflection from the nanohole walls for a 
given wavelength.

Analyzing the results of  calculations 
presented in Fig. 11b and returning to the 
original problem statement, it can be stated 
that a track membrane with nanoholes, as a test 
object for phase-contrast X-ray microscope, 
satisfies, with a margin, modern spatial 
requirements for these devices [7], even in 
near-field mode, when working with relatively 
large test samples pores, i.e. in the case of  large 
Fresnel numbers. The plots of  phase blurring 
in Figs. 10-11 allow one to choose for the 
experiment an appropriate track membrane 
for testing X-ray microscope with necessary 
spatial resolution.

It should be noted as well that in this 
problem the main variable determining the 
solution is Fresnel number of  the pore, 
of  course, taking into account frequency 
dispersion of  the sample material. The role 
of  tilting the membrane with a nano-hole 
from the beam direction is not so important 
as we consider relatively thin test objects. 
It is similar to the interference colors of  
fine soapy or polymer films when the 
color sequence is weakly dependent on the 
orientation of  the film relative to the light 
source and observer.

From Fig. 11b and requirement not to be 
too low-contrast object we can infer that an 
optimal by spatial resolution phase screen 
must have through pores whose dimensions 
satisfy the conditions / 2crDλ θ δ=  or

/ 2crD L θ δ=

, then the same order of  
magnitude, as noted above, there will have 

ALEXANDER V. MITROFANOV, ALEXEY V. 
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Fig. 11. Absolute width of  the phase blur region, as a 
function of  pore diameter, for samples of  different thicknesses 
(a); same, normalized to the square root of  the film thickness, 
depending on the wave parameter (inverse Fresnel number) (b). 

By condition, =10000 nm (b).

                        a                                       b
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angular wavefront blur equal to 2ΔrL/L at the 
pore exit.

6. PHASE VELOCITY OF WAVES 
PROPAGATING ALONG THE AXIS OF 
CYLINDRICAL NANOHOLES
In large pores of  a track membrane X-ray 
radiation propagates with light velocity, 
like in free space. In homogeneous 
membrane material, phase velocity is greater: 

0 /1 (1 )v c cφ δ δ= − ≈ + . With increasing pore 
diameter D from several nanometers to the 
values of  about 0.1 μm, phase velocity ( )v Dφ  
increases from 0 ( )v Dφ  to the light velocity in 
vacuum c. Using parabolic wave equations, 
we can easily determine this relationship: 

( )v v Dφ φ=  for a selected wavelength. From 
color plots of  the phase deviation near the 
nanopore, by varying diameter D, we find 
the length lπ/2 where the phase shift versus 
plane wave in free space equals π/2 (Fig. 12a). 
In other words, we define a quarter-wave 
thickness on the axis of  the perforated plate 
and determine its dependence on the pore 
diameter. Based on these results, one can 
calculate relative wave deceleration along 
the channel axis with increasing its diameter 
D: 0 0( ) / ( ) / ( )V D V V D C V Cφ φ φ φ∆ ∆ = − −  (see 
Fig. 12b).

From this model problem of  X-ray 
transmission through a material layer with a 
narrow cylindrical channel, we can conclude 
that porous track membranes with parallel 

pores is capable to act as a transparent phase 
screen providing spatial phase modulation. 
Fine phase modulation in the sample plane 
allows one to use track membranes as 
inhomogeneous phase test objects with deep 
phase modulation with spatial frequencies up 
to 2·10-2-10-3 nm-1, which corresponds to the 
spatial resolution requirements of  modern 
X-ray phase contrast microscopy [7].

7. TRACK MEMBRANE AS X-RAY 
DIFFUSER – FILTER FOR SPECKLE 
SUPPRESSION
Slightly absorbing X-ray frosted screen is an 
optical an analogue of  an ordinary thin matte 
plate widely used in the visible spectrum 
band (“frosted glass”, “ground glass”) for 
visualization of  the optical image, changing 
the light field characteristics in lighting systems, 
in various kinds of  light diffusers or as a way 
to control coherent properties of  the incident 
laser beam. In the X-ray band, there is also 
demand for the use of  matte reflective surfaces, 
frosted screens and transparencies, not only 
as test objects but also to reduce the grazing 
angle specular beam reflection, to change 
spatial coherence of  synchrotron radiation, 
for suppressing speckles in imaging optics, 
etc. [47-49]. The aforementioned numerical 
results on the light wave transmission through 
a single nanopore film allow one to draw some 
conclusions on the phase of  the wave passing 
through an ensemble of  randomly distributed 
pores, i.e. for a realistic track membrane, not a 
single pore model sample.

A track membrane with relatively large 
pores, when the Fresnel number of  the pore 
cavities is greater than unity (D2/λL ≥ 1), 
for hard X-rays presents a weakly absorbing 
transparency modulating the wave phase with 
a shift 2 / 1Lφ πδ λ∆ =   in the pore openings 
compared to the uniform layer of  membrane. 
The fraction of  the sample area where the 
transmitted wave experiences phase shift 

TRACK MEMBRANES AND THEIR REPLICAS AS HIGH-
FREQUENCY PHASE-CONTRAST OBJECTS IN X-RAY OPTICSRADIOELECTRONICS

                     a                                           b
Fig. 12. Thickness of  the effective quarter-wave layer 
along the axis of  the pore depending on its diameter (a) 
and corresponding reduction of  phase velocity in a hollow 

duct with its growing width D(b).
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commensurate with the membrane "nominal 
porosity" PN = πD2N/4, where N is the pore 
density. For highly porous membranes, taking 
into account the mutual pore intersection, 
effective membrane porosity is equal to 

( ) 1 NP
eff NP P e−= −  [50]. Therefore, a stack of  

identical track membranes consisting of    
n(PN) ≥ 1/PN layers laid “back to back” serves 
as an X-ray diffuser, destructing transversal 
coherence of  the incident beam. In order to 
not to have interfering radiation transmitted 
through different pores for large transverse 
correlation length of  the incident beam, one 
can use highly porous track membranes with 
tilted pores and wide tilt angle distribution 
that are usually made for filtering gases or 
liquids. Such membranes usually have the 
tilt angles of  the pore axes (two- or one-
dimensional) within ±30 degrees to the 
membrane surface. Tilted pores provide 
reduced role of  mutual pore crossings 
and improved membrane performance 
in standard filtering problems [1]. With a 
reasonable number of  layers about 5 to 10, a 
stack of  porous membranes with a thickness 
of  5-10 μm still weakly absorbs the radiation 
and can be considered as a perfect matte 
screen for hard X-rays -n the through mode. 
This type of  structural heterogeneous 
filter is now in demand in experimental 
X-ray microscopy with powerful 3rd or 4th 
generation X-ray sources.

According to estimates, track membranes 
with extremely narrow pores and small Fresnel 
numbers can play the role of  ideal matte phase 
screens transparent for high spatial frequencies 
even in single- or double layer options if  
the pore density and diameter satisfy the 
requirements N ≥ 1010 sm-2, D ≤ 50 nm. Note 
that high-density small-pore samples with 
wide angular distribution of  the axes relative 
the sample surface are effective and most 

preferred for the use as a device called X-ray 
speckle suppressor [51].

8. CONVERSION OF PHASE 
CONTRAST TO AMPLITUDE
Another interesting feature observed in our 
model problem of  penetrating of  a flat X-ray 
wave through a film with a narrow single pore 
is the conversion of  phase contrast in the 
amplitude variations in the sample itself  and its 
surroundings. Figs. 3b and 6a,b illustrates this 
effect. An essential amplification of  the field 
amplitude inside and behind the nanohole near 
its axis takes place for well-known diffraction 
effects. First, due to the difference in refractive 
indices refraction occurs, and a wide channel 
can capture in the pore a significant part of  
the input radiation flux. Secondly, due to 
interference of  the wave propagating inside the 
pore, with a plane wave passing through the 
material sample, not only phase disturbance 
occurs but also spatial redistribution of  the 
wave field amplitude. Because of  the presence 
of  the nanohole, the plane wave impinging 
onto the film becomes inhomogeneous in the 
sample and behind it − phase and amplitude 
spatial modulation occurs. Quantitatively, the 
amplitude modulation effect by a nanohole can 
be described by calculating the transmission 
coefficient of  radiation through the pore, 
defined as the integral of  the squared field 
amplitude over the pore cross-section, with 
appropriate normalization by the incident 
power stream. Note that the wave field has 
the form E(r,z) = eiknzu(r,z), therefore this 
definition is correct for transmitting holes 
although, generally speaking, a high value of  
the field amplitude does not always mean an 
intense radiation flux, as it is, for example, in 
the case of  evanescent waves at the edge of  
a hole or wave field inside a volume (closed) 
resonator.

Let us turn to Fig. 13 illustrating numerical 
results that show the appearance of  amplitude 
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contrast on the sample and the increase of  the 
transmission coefficient in a lavsan film with a 
diameter in the nanometer range. The points 
of  Curve 1 show how the pore transmittance, 
determined in a standard way (power ratio past 
stream to that falling on the input aperture) 
depends on the pore diameter. For very small 
(several nanometers in diameter) and large 
(micron-sized) pores, transmittance does not 
differ much from one, as could be expected. 
But for the samples with intermediate values 
of  diameter, the transmittance curve I/I0 has 
a pronounced maximum at D ≈ 20-30 nm. In 
this case, the radiation flux density through the 
pore, averaged over its section, at the output 
end of  the membrane by an order of  magnitude 
exceeds the flow density in the incident cross 
section. For large pores with diameters of  the 
order of  1 μm or more, phase conversion in 
the amplitude contrast on track membrane 
models is not observed.

The points of  Curve 2 in Fig. 13 are plotted 
by summation radiation flux at the membrane 
output around the nano-hole over a circle of  

diameter 4D with the same normalization 
procedure. Because the membrane material 
itself  with such thickness L absorbs almost 
nothing, the large part of  Curve 2 corresponds 
to a constant value I/I0 = 16. But for small 
values D, an increase of  transmission curve 
with decreasing diameter is observed that 
shows what area of  the entrance surface around 
the nanohole begins to capture the incident 
wave due to refraction and diffraction at the 
entrance edge of  the pore. Line 3 in the figure, 
depicted by squares, shows the maximum local 
values of  the field amplitude squared modulus 
on the pore axis, depending on its diameter 
and normalized to the input value.

The appearance of  amplitude contrast with 
uniform illumination of  the sample in this 
task, due to phase modulation of  the wave 
front near the nanohole, accompanied by the 
radiation flux density spatial redistribution near 
the pores does not contradict with the law of  
energy conservation.

This article does not cover wave field 
evolution (phase and amplitude) when 
propagating further behind the sample. But on 
the basis of  the above results it can be stated 
that the appearance of  amplitude contrast 
assures visualization of  the phase object with 
nanopores as a test transparency for X-ray 
microscope calibration.

It can also be noted that a high X-ray flux 
density provided by nanopores with allows, 
in principle, to achieve a simple way of  
contact X-ray lithography (without preparing 
special templates) and make replicas of  track 
membranes with deep and extremely narrow 
pores (tens of  nanometers in diameter).

9. INORGANIC TRACK MEMBRANES 
AND THEIR REPLICAS AS PHASE 
TEST OBJECTS
One of  the weak points of  phase objects made 
of  polymer film is their relatively low thermal 
and radiation durability. Organic polymeric 
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Fig. 13. Wave field concentration in the pores, depending 
on their diameter. Curve 1 – normalized energy flow I0 at 
the pore entrance, I − energy flow through the exit pore 
end. Curve 2 − normalized flow integral over the circle 
of  diameter 4D at the output end of  the sample. Squares 
(3) show the dependence of  the peak radiation intensity 
on the pore axis, calculated via maximum field amplitude 

and normalized by the incident wave intensity.
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materials, even those having benzene 
rings (cyclic polymers) and crosslinked 
macromolecules with bulk bonds with the 
formation of  a net structure have too low heat 
and radiation resistance to serve as material for 
power optics and function in intensive beams 
of  X-ray (especially, synchrotron) radiation. 
However, with moderate fluxes of  ionizing 
radiation PETP films have long been used in 
X-ray experiments, mainly as filter material, 
substrates or windows of  radiation detectors. 
Simple estimates show which limiting intensity 
of  the incident beam and what absorbed 
radiation dose allow working with a test 
object made of  a PETP polymer film. With 
monochromatic illumination at a wavelength 
of  0.154 nm, the admissible X-ray flux density 
by uniform illumination of  a 22.5 μm thick 
test sample lies within 10 to 20 W/sm2. This 
assessment takes into account that a film of  
this thickness only absorbs about 2% of  the 
incident radiation, and heat loss of  the sample 
occurs with large efficiency in the near infrared 
spectral band from both sides of  the film [52]. 
Due to radiolysis of  PETP under an ionizing 
beam with such a limiting for this polymer flux 
density [53], the "radiation" of  the considered 
test object is about 1 minute (excluding 
temperature effects). Really, in the image 
registration schemes of  X-ray microscopes 
with CCD coordinate receivers, the flux 
density is less than this limit values by orders of  
magnitude. Therefore, prolonged operation of  
the proposed in this article polymer test object 
is possible without significant deterioration of  
its performance. Anyway, such a test object 
from PETP film, due to more efficient heat 
transfer, is not so vulnerable under X-ray beam 
as most biological microstructures under study 
[54].

In conclusion, we make the following 
brief  comment. Thin film porous objects 
with topology typical for track membranes are 

manufactured by track technology (including 
nano-porous objects) not only from organic 
polymers, but also basing on inorganic 
substrates (glasses, mica, oxide films, etc. 
[55]), more suitable for experiments with 
intense X-ray beams, than polymer objects. It 
can be also deep replicas, including thermo- 
and radiation resistant metal or ceramic 
structures obtained by using polymer track 
membranes as source matrices (templates) 
with narrow cylindrical or conical pores 
[56,57]. Strictly speaking, the term "replica" 
of  the track membrane is now applied in a 
broader sense than was stated in technical 
dictionaries: "An exact copy of  the sample 
surface on which the structure of  the material 
is clearly expressed".

Track replica manufacturing method 
appeared almost simultaneously with the 
birth of  track technology [54]. Metallic or 
carbon thin-film replicas of  the surface of  
the samples with the tracks of  fast heavy ions 
in a solid massive sample or polymer film 
previously were intended mainly for density 
measuring density of  the tracks and their 
lateral dimensions with the use of  electron 
microscope. From some time, the researchers 
learned to make volumetric replicas of  the 
tracks etched not only on the surface, but 
throughout the depth of  the sample irradiated 
with ions [55,56]. At present, various 
secondary structures based on deep replicas 
of  track membranes ("template method") 
received wide spread in various technical 
and applications as substantive functional 
elements in nanotechnology [1,57].

Replicas of  track membranes, as phase 
objects of  X-ray optics, can be of  three types. 
The first type is a thin-film surface replica (no 
bulk structures), providing phase variations 
much less than unity (low contrast phase test 
objects capable to model some properties of  
biological micro-objects by X-ray exposure). 
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Of  the second kind are deep (volumetric) 
replicas reproducing to some degree the 
structure of  the original track membrane 
template (positive replica) [58,59]. And finally, 
the third kind reversed (negative) copies in 
which hollow pores of  the track membrane 
are replaced by a substance for example, metal 
[55,56] or dielectric (cyacrine glue allowing to 
realize one of  the simplest ways to make bulk 
replicas from track membranes [60, 61]). Strictly 
speaking, negative replicas are geometrically 
more similar to biological microstructures 
than track hollow membranes themselves with 
micro- and nanopores. For replicas of  this type, 
X-ray propagation through a nano-column or 
nano-tip essentially differs from the radiation 
transport through a hollow pore of  the same 
size, due to the differences in the refractive 
indices of  the material structures. This fact is 
illustrated in Figs. 14 and 15 versus the results 
presented in Figs. 3-6. We can compare the 

amplitude and phase of  the diffracted light 
at a wavelength of  0.154 nm for two objects 
of  the same shape. In the former case (Figs. 
3-6) it was a single hollow cylindrical pore 
with diameter of  30 nm in a thick PETP film. 
The latter case presents a similar but reverse 
(negative) structure: PETP nano-rod with the 
diameter of  30 nm, length of  22.5 μm and the 
same orientation relative to the incident wave 
(Figs. 14-15). The hollow pore serves as an 
X-ray concentrator amplifying by several times 
wave field amplitude at the output rod end and 
providing a noticeable phase shift, of  the order 
of  0.4 radian. In the case of  polymer nano-rod 
(Figs. 3-6), radiation is not being concentrated, 
but noticeably scattered into free space out of  
the rod, and at the exit end of  the element we 
see a considerable (almost five times) decrease 
in amplitude. In the spatial phase pattern, only 
a weak and localized in the nano-rod cross 
section phase modulation is seen (by fractions 
of  radian). For the same reason, a biological 
or other micro-object wrapped in a thin film 
looks more contrast in phase-contrast X-ray 
microscopy, provided the real part of  the film 
refractive index is greater than the index of  
micro-object under study.

Therefore, volumetric positive replicas of  
track membranes, as test objects for X-ray 
microscopy, have significant advantages 
over with similar negative samples. Besides, 
secondary replication of  a negative replica 
allows one to produce another positive copy − 
analogue of  the primary track membrane, but 
with a matrix made of  a better material suitable 
for operations with intensive X-ray beams.

10. CONCLUSION
The problem of  propagation of  X-ray 
radiation through a weakly absorbing film 
with a cylindrical through nano-pore with the 
length of  a few microns. This model object is 
considered as a fragment of  a polymer track 
membrane proposed to be used as a phase 
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                     a                                          b
Fig. 14. Spatial phase distribution (a) and wave field 
amplitude (b) in the vicinity of  a cylindrical nano-rod 
made of  PETP, with diameter of  30 nm and length of  

22.5 μm.

Fig. 15. Plot of  the phase distribution in the rear plane 
of  the sample (a) and the phase contour map (b) around 
a single cylindrical nano-rod of  PETP with diameter of  

30 nm and length of  22.5 μm.
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contrast test sample for an X-ray microscope 
working in a hard region of  the spectrum. 
By numerical solution of  the parabolic wave 
equation, phase shift and amplitude distribution 
of  X-ray radiation penetrating polymer 
material in the sample and free space near a 
nano-pore. It is shown that transverse phase 
blurring at the output end of  the membrane 
can be approximately described by a universal 
function of  the dimensionless Fresnel number 
defined for a single pore. The issue of  phase-
to-amplitude conversion in the membrane 
material and pore cross sections at is studied 
for various hole diameters. The obtained results 
on the phase shift magnitudes and their spatial 
localization near the pore channels allow us 
to propose track membranes not only as test 
objects but also as X-ray diffuser or speckle 
suppressor in imaging optical systems with 
coherent or partially coherent light sources 
illuminating micro-objects under study.
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1. INTRODUCTION
Recently, the studies related to the development of  
optically controlled active elements, based on which 
it is possible to create devices that provide the basic 
types of  optical signal processing (modulation, 
switching, angular deviation, etc.) in the nanosecond 

and picosecond time scale have become particularly 
relevant [1-3].

One of  the effects that can provide fast and 
“strong” changes in the electro-optical characteristics 
of  the medium is the Gunn effect, which is based 
on the intervalley transfer of  carriers. Theoretical 
estimates show that the time of  intervalley transfer 
leading to the formation of  strong field domains 
is ~10–14 s, which potentially makes it possible to 
obtain changes in the electro-optical characteristics 
of  the medium with characteristic times of  ~10–12–
10–14 s [2,4].

The study of  the light exposure effect on 
the parameters of  Gunn diodes began almost 
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immediately with studies of  the Gunn effect itself. 
The experimental results showed that illumination of  
planar di-odes leads to the control of  the oscillation 
threshold field, the spectrum and intensity of  the 
oscillations, the improvement of  coherence, the 
change in the oscillation frequency, etc. In diodes 
based on high-resistance compensated single crystals 
of  Ge(Au) GaAs(Cr), ZnTe-CdTe, the current-
voltage characteristic (CVC) under illumination 
becomes N-shaped, and the formation of  a section 
with negative differential photoconductivity (NDPC) 
on the CVC is accompanied by the appearance of  
low-frequency oscillations of  photocurrent [5,6].

Later on, it was shown [7] that, depending on 
the backlight intensity, temperature, and other 
factors, one or another recombination nonlinearity is 
realized in such diodes, in which the transfer rate of  
the formed domains is limited by the time of  carrier 
redistribution between the conduction band and the 
capture levels.

When studying the photoelectric properties of  
homogeneous high-resistance MTISTIM structures, 
where M is optically transparent metal electrodes, TI 
is tunnelthin insulator layers, S is a high-resistance 
semiconductor, it was found that the change in 
conductivity that occurs in such structures under 
illumination is accompanied by spatial changes 
in the distribution of  electrical field E(x) from 
uniform in the dark to sharply inhomogeneous 
under illumination. These changes are practically 
“inertialess” following the change in intensity. 
As a result, during illumination, the region of  the 
“strong” electric field is spatially localized at the 
electrode opposite to the illuminated one, and 
the restoration of  the initial dark field Е0 (Е0 = 
V0/L) created by an external voltage source in the 
volume of  the structure, after the termination of  
illumination occurs spontaneously during the drain 
of  photoinduced charge to the external circuit [8].

Further studies of  the redistribution of  electric 
fields in high-resistance tunnel MTISTIM structures 
based on compensated and “pure” p-CdTe(Cl) 
single crystals with a concentration of  deep impurity 
levels Nt > 1015 cm-3 and shallow impurity levels 
N ~ 1012-1013 cm-3, respectively, and n-CdTe(In) 
single crystals with Nt ~ 1016 cm−3 have shown 
that the difference in electric fields formed during 
the illumination between the non-illuminated and 

illuminated electrodes in a number of  structures can 
be significant [9]. Accordingly, it was to be expected 
that under the conditions of  high applied voltages 
V0 and high illumination intensities, an NDPC 
region could appear on the CVC of  such structures.

The purpose of  the work reported here was 
an experimental study of  the excitation conditions 
for illumination of  the Gunn oscillations of  the 
photocurrent in high-resistance tunnel MTISTIM 
structures of  CdZnTe. 

2. MATERIALS AND METHODS
We investigated a batch of  samples of  homogeneous 
high-resistance tunnel MTISTIM structures based on 
undoped Cd1−xZnxTe (x = 0.04) single crystals with a 
concentration of  deep impurity levels Nt < 1013 cm−3, 
resistivity ρ > 5·108 ohm×cm and the equilibrium 
bulk concentration of  carriers n0 ~ 106–108  cm−3. 
The purity of  the initial components Cd and ZnTe 
was no worse than 6N++. The prepared samples 
were rectangular parallelepipeds with different 
distances between the contacts L and the area of  the 
illuminated surface S ~0.1−0.12 cm2. Metallic Au or 
PT contacts were chemically deposited on opposite 
faces of  single crystals containing tunnelthin oxide 
layers. According to ellipsometric measurements, the 
average thickness of  the tunneling oxide layer dОх 
was ~10−15 nm.

The samples were illuminated from the side of  
the negative electrode by pump light pulses with 
quantum energies hν ≥ Еg, where hν is the quantum 
energy, Еg is the band gap. The duration, amplitude 
and frequency of  illuminating pulses of  various 
shapes was regulated using an electronic power circuit. 
Samples were placed between optically transparent 
electrodes in a stage series-connected in the gap of  
the center core of  the coaxial line. The photocurrent 
pulses and photocurrent oscillations generated at 
different powers of  the illuminating pulses P0 and 
the constant applied voltage V0 were taken from the 
load resistance Rl = 50 ohm, connected in series with 
the sample, applied to the input of  the oscilloscope 
and photographed. Based on the obtained images, 
the parameters of  the oscillations were subsequently 
evaluated. The spatio-temporal characteristics 
of  the electro-optical response generated in the 
sample under illumination were estimated using the 
characteristics of  optical pulses recorded at the 
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output of  the sample, when it was probed by a 
narrow beam of  non-photoactive light. A diagram 
of  the MTISTIM structure and experimental 
setup is shown in Fig.  1a,b.

3. EXPERIMENTAL RESULTS
The band gap of  the studied samples was 
determined experimentally from the optical 
absorption curves. According to measurements 
of  several samples at room temperature, the band 
gap Еg was ~1.52±0.5 eV, and the absorption 
coefficient was α ~230÷250 cm–1, which agrees 
well with Ref. [10]. The spectral distribution 
of  photoconductivity obtained using selective 
spectral filters when the samples are illuminated 
with the same light fluxes (P ~1 mW) in the 
spectral range of  ~640–1300 nm at a field 
strength of  E0 ~1.5 kV/cm is shown in Fig. 2. It 

is seen that the photocurrent is maximal when the 
pump light has a wavelength of  λ ~0.81÷0.82 μm 
and decreases sharply when the pump light is shifted 
to either the short-wavelength or long-wavelength 
part of  the spectrum.

In the initial section, the dark CVCs of  the samples 
are close to linear; up to fields E0  ~3÷8  kV/cm, a 
section with a vertical increase in the dark current 
characterizing the transition from linear to quadratic 
dependence is not observed. In most samples, in 
the voltage range V0 = 0÷800 V, the dark current 
increases by two to three orders of  magnitude and 
does not exceed ~0.6-0.7 μA. At high bias voltages 
V0, breakdown of  samples occurs at fields E0 
~13÷15 kV/cm, regardless of  the polarity of  the 
applied voltage.

At E0 > 1÷2 kV/cm and low illumination 
intensities, the photocurrent increases linearly until 
saturation. With increasing illumination intensity, 
a deviation from linearity is observed, and at high 
illumination intensities, the CVC of  the samples 
has a sublinear form, i.e., in the studied range of  
applied voltages, there is no carrier injection from 
the contacts.

Under illumination by light with a power of  
P0  ~5–15 mW, a photocurrent appears in the samples, 
exceeding the dark one by approximately 3–4 orders 
of  magnitude. At a field strength E0 ~7–9 kV/cm and 
photocurrents exceeding ~3–10 mA, the CVCs of  a 
number of  samples show a spontaneous appearance 
of  an N-type NDPC region, the formation of  which 
leads to the formation of  δ-shaped or triangular 
photocurrent oscillations that continue only during 
the light exposure. In long samples with L ~0.15–
0.2 cm, with an increase in the illuminating pulse 
power P0, the threshold field for the oscillation Ep 
significantly decreases and increases with a decrease 
in L.

The spectral range of  illumination, in which 
the appearance of  oscillations is observed in the 
samples, is close to the spectral distribution of  the 
photocurrent. However, with the spectral shift of  
the illumination from the spectral region of  intrinsic 
absorption to the short-wavelength region (hν > Еg) 
and especially to the long-wavelength region (hν < 
Еg), photocurrent oscillations occur at ever higher 
values of  the external macroscopic parameters, i.e., 

Fig. 1. а – schematic diagram of  the tunnel MTISTIM 
CdZnTe structure; b – schematic diagram of  the experimental 
setup: 1 - power supply and source of  probe light I2, P - input 
polarizer, 2 - collimated beam of  probe light I2, 3 - high 
voltage generator; 4 - micropositioner system, 5 - sample, 6 - 
electric pulse generator, 7 - electronic circuit of  the pump light 
source, 7 - pulses of  pump (controlling) light I1, 9 - micro lens, 
A - analyzer, 10 - unit for recording optical pulses of  probe 

light , 11 - oscilloscope.

Fig. 2. Spectral distribution of  the photocurrent at the 
magnitude of  the field Е0 = 1.5 kV/cm; Т = 300 К.
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the bias voltage V0 and illumination power Р0. The 
occurrence of  oscillations ceases when illuminated 
with light quanta with λ > 0.88–0.9 μm. In addition, 
a change in the shape, amplitude, frequency and 
coherence of  the excited oscillations is observed 
during the spectral shift of  the pump illumination.

A study of  the kinetics of  transients at different 
relations between the values of  external macro 
parameters and different polarity of  the applied 
voltage showed that:

• the time of  photocurrent stabilization depends 
on the polarity of  the applied voltage and is 
minimal at a positive potential on an non-
illuminated electrode;

• in the presence of  a natural oxide layer, the 
regime of  the through photocurrent stabilizes at 
bias volt-ages V0 ~1.5–3 V which increases with 
increasing thickness of  the tunneling dielectric 
layer dОх;

• a jump in the photocurrent at the leading edge of  
the photoresponse, preceding the establishment 
of  a stationary photocurrent, is observed in most 
samples at low illumination powers (P0 ≤ 1 mW) 
and fields E0 not exceeding 1.5–2 kV/cm, and 
the amplitude of  the photocurrent jump rapidly 
decreases with increasing applied voltage;

• at the sub-threshold values of  macroparameters, 
long-term relaxation and spikes of  the 
photocurrent when the illumination is turned on 
and off  are not observed in most samples;

• at any polarity of  the applied voltage, an 
increase in the bias voltage and the power of  
the illuminating pulse leads to a decrease in the 
time of  flight of  carriers and the duration of  the 
leading and trailing edges of  the photocurrent 
pulse, and when the macro parameters are close 
to the threshold, the shape and time constant of  
the photo and electro-optical responses approach 
the duration and shape of  the illuminating pulse;

• the NDPC segment appears at a certain power of  
the optical pulse Рр, below which the generation 
does not occur at any bias voltage.

Depending on the initial power of  the 
illuminating pulse, two scenarios of  initiating 
oscillation are observed. The first of  them is realized 
at a small excess P0 ≈ Pp. In this case, the emergence 

of  the domain is preceded by the formation in 
the near-contact region of  the non-illuminated 
electrode or on the constant component of  the 
photocurrent pulse of  the photocurrent fluctuation, 
which is preserved while maintaining the macro 
parameters. Its transformation into a δ-shaped or 
triangular domain with a domain amplitude close 
to the amplitude of  the photocurrent pulse occurs 
spontaneously when either of  the macro parameters 
(or both at once) increases by a certain value ΔР 
or ΔV, which increase with a decrease in L. After 
the formation of  a single domain, further increase 
in any of  the macroparameters with a step ΔР or 
ΔV (provided that the other macroparameter retains 
its threshold value) leads to a sequential increase in 
the number of  photocurrent oscillations, generated 
within the photocurrent pulse. The stabilization 
of  the amplitude and shape of  the photocurrent 
oscillations occurs after the formation of  the second 
domain (Fig. 3a).

The second scenario is realized when P0 > Pp. 
In this case, the oscillation occurs spontaneously, 
and the frequency of  photocurrent oscillations 
is determined by the power of  the optical pulse 
(Fig. 3d). In this case, regardless of  the scenario 
of  oscillation occurrence, the maximum frequency 
of  the oscillations is achieved at certain values V0 
= Vmax or P0 = Pmax, which differ from sample to 
sample. Then the oscillation frequency stabilizes and 

Fig. 3. Oscillograms of  photocurrent pulses generated at 
various values of  external macroparameters: а – Р0 ≥ Рр, V0 
= Vр; b – Р0 ~ Рмах, V0 = Vр; c - Р0 ~ Рр, V0 = Vмах; 
d - Р0 >> Рр, V0 ~ VР where the upper trace is the optical 
pulses of  the probe light, the lower trace is the fluctuation of  

the photocurrent. Т = 300 К.
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remains constant, and a further significant increase 
in any of  the macroparameters leads to breakdown 
of  oscillation or to breakdown of  the sample.

Accordingly, a decrease in any of  the 
macroparameters in the range from Vmax or Pmax to 
their threshold values is accompanied by a decrease 
in the frequency of  the oscillations and restoration 
of  their shape. When fixing the values of  the 
macroparameters in any interval of  their increase 
or decrease, the oscillation frequency is stably 
preserved and is determined by the current values 
of  the macroparameters. Changes in the generation 
frequency with a change in the optical pump pulse 
power and bias voltage are shown in Fig. 3b,c.

In the general case, the frequency of  the 
oscillations is inversely proportional to the distance 
L between the contacts and weakly depends on the 
variable macroparameter and the excitation mode, 
although in some samples the maximum frequency 
may slightly vary. In most samples with L ~1.5–2 
mm, when any of  the macroparameters changes in 
the range of  Vp ÷ Vmax or Pp ÷ Pmax, the oscillation 
frequency changes in the range of  6–8 octaves. 
With decreasing L, the width of  the oscillation band 
decreases and in samples with L ~100–300 μm does 
not exceed 2–3 octaves.

The experiments showed that in addition to 
changing the frequency characteristics, the growth 
of  external macro parameters has a complex effect 
on the parameters of  the oscillations. In particular, 
one of  the manifestations of  such an effect is 
associated with the shape and amplitude of  the 
excited oscillations. Thus, in the majority of  the 
samples studied, the amplitude and period of  the 
formed oscillations successively decrease with the 
growth of  any of  the macroparameters, and their 
shape is successively transformed from δ-shaped to 
close to triangular or sinusoidal. However, a different 
situation is realized in a number of  samples: with 
the growth of  any macroparameter, up to Pmax or 
Vmax, the δ-shape and amplitude of  the oscillations 
are preserved. In some samples, the formation of  
oscillations with a nanosecond and shorter leading 
edge length and domain amplitude close to the 
amplitude of  the photocurrent pulse or exceeding 
it is observed. In addition, at high optical pump 
pulse powers, the formation of  single “quasistatic” 

domains with the amplitude not exceeding 0.2 A is 
observed.

At the same time, although a somewhat lower 
generation frequency is achieved in some samples 
with Pmax or Vmax, nonetheless, samples in which the 
initial oscillation parameters are preserved are of  
significant applied interest, since oscillations of  this 
form provide high-efficiency optical modulation of  
continuous light fluxes or switching of  discrete short 
optical pulses [11]. 

Another influence of  the growth of  external 
macroparameters is associated with the period and 
modes of  oscillation. Due to this effect, in a number 
of  samples with increasing of  any of  the macro-
parameters, an aperiodic transit-time oscillation mode 
is implemented, in which the period between the 
oscillations sequentially decreases. With an increase 
in the macroparameters, a two-domain oscillation 
mode appears, which transitions into a three- or 
fourdomain mode as the macroparameter increases, 
with a close but different frequency of  the generated 
oscillations; there is a spontaneous transition from 
δ-shaped domains to trapezoidal domains, etc. In 
addition, under exposure to light pulses of  complex 
shape (sinusoidal, triangular, sawtooth, etc.), in such 
structures periodic or aperiodic photocurrent os-
cillation occurs, the envelope of  which uniquely 
repeats the shape of  the illuminating pulse [12].

The minimum duration of  an optical pulse 
at which a single domain occurs in the structures 
exceeds two to three oscillation periods and depends 
on the power of  the illuminating pulse.

4. DISCUSSION OF THE RESULTS
A comparison of  the excitation conditions, oscillation 
conditions, and parameters of  the photocur-rent 
domains with the results of  similar studies shows 
that the formation of  photocurrent oscillations in 
CdZnTe samples is not associated with a decrease 
in carrier mobility due to optical charge exchange 
of  impurity levels, which is characteristic of  
recombination instability [7]. The high rate of  domain 
trans-fer, the dependence of  Ep on illumination 
intensity, the aperiodic transit-time oscillation mode, 
and the reversible dependence of  the frequency of  
oscillations on external macroparameters, observed 
experimentally, indicate an unambiguous relationship 
between the formation of  N-type NDPCs in 
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such structures and the photostimulated spatial 
rearrangement of  the electric field, which so far has 
not been experimentally observed.

The results of  experimental and theoretical 
studies of  this effect are presented in Ref. [8], where, 
based on model concepts, it was shown that for low 
optical pump intensities and high tunnel transpar-
ency of  the dielectric layer dОх, when the diffusion 
component of  the photocurrent and the accumula-
tion of  mobile carriers at the non-illuminated 
electrode can be neglected, the stationary field 
distribu-tion profile E(x) in the monopolar transport 
region has the form [8]:

1/2

0( ) ,xE x E
L
′ =  

 
 (1)

where 0
8 ,JLE π
χµ

= , L is the separation between the 
contacts, х´ = хm – x1 is the width of  the region 
of  oscillation, separation and recombination of  
nonequilibrium photocarriers, х1 is the initial 
coordinate, χ is the relative permittivity, μ is the 
mobility, J is the photocurrent density, determined 
by the relation [8]:

2

3
9 .
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VJ

L
χµ

π
=  (2)

Dependencies (1) and (2) are expressions known 
in the literature, discussed earlier in Ref. [13]. They 
correspond to the so-called “virtual cathode” 
approximation, from which the “infinitely weak 
field” draws the carriers off. Correspondingly, 
dependence (2) is a generalization of  the known 
result for the case of  the “photoelectric cathode”, 
when the interband optical pumping is the carrier 
source. When a homogeneous high-resistance 
MTISTIM structure is illuminated, the role of  such 
a source is played by a narrow contact layer near the 
illuminating electrode x', inside which photocarriers 
are generated, recombined, and separated.

It was shown [14–16] that the magnitude 
and coordinate dependences E(x) obtained 
experimentally in MTISTIM structures based on 
high-resistance “pure” and compensated p-CdTe 
single crystals do not coincide with the results of  
theoretical calculations given in [17]. To the greatest 
extent, these differences relate to the contact 
areas, where the illuminated electrode has a more 

significant field decline than theoretical calculations, 
and the experimental values of  the field near the 
non-illuminated electrode significantly exceed their 
calculated values and vary greatly with the coordinate 
[14]. Such differences were associated by the authors 
of  Ref. [14] with the inadequacy of  the model of  the 
MSM structure with respect to the real MTISTIM 
structure, where the through photocurrent is 
accompanied by a partial accumulation of  mobile 
carriers in the near-electrode regions. It was also 
shown there that in tunnel MTISTIM structures based 
on “pure” single crystals, the configuration of  the 
mobile charge accumulated near the non-illuminated 
electrode determines the coordinate dependence 
E(x). The latter, along with the dependence J(I), has 
a sublinear form and can be approximated by the 
expression Е(х) = А·хn, where A is a coefficient, n 
is the nonlinearity index, n <1 [14].

Experiments on the nature of  the distribution 
of  electric fields in CdZnTe structures showed 
that, at comparable bias voltages and illumination 
intensities, the difference in electric fields achieved 
in such structures is greater than in similar structures 
of  Ref. [14]; in the most perfect samples spatial 
changes of  the field in the volume of  the structure 
occur in shorter times. Moreover, at certain relations 
between the macroparameters, the CVCs of  a 
number of  samples show spontaneous formation 
of  a descending N-type region, the occurrence 
of  which is accompanied by the formation of  
photocurrent oscillations within the photocurrent 
pulse (Fig. 3d).

The steady-state distributions of  the field E(x), 
which are established when one of  the macroparam-
eters changes, are shown in Fig. 4a,b. From the 
coordinate dependences E(x) in Fig. 4a measured 
by the method [16], it follows that the stationary 
field distributions E(x) in the studied sample and 
the high-resistance MTISTIM structure based on a 
“pure” p-СdTe single crystal [14] qualitatively agree, 
i.e., in both cases under illumination the electric 
field decreases near the illuminated electrode and in-
creases towards the non-illuminated one, reaching 
a maximum in its close proximity. However, at 
comparable bias voltages and power of  the optical 
pump pulses, a stronger field difference between 
the illuminated and non-illuminated electrodes is 
formed in the CdZnTe structure.
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At the same time, at high illumination 
intensities and fields E0 ~ 4–6 kV/cm, the 
coordinate dependence E(x) in the CdZnTe sample 
changes significantly: the region of  the “strong” 
field is spatially localized in the narrow near-
contact region of  the non-illuminated electrode, 
occupying ~1/5–1/7 part of  the sample, where it 
sharply increases with a positive curvature d2Е/dх2 
> 0 near the non-illuminated electrode and more 
weakly near the illuminated one, “sagging” inside 
the most part of  the base. In this case, experiments 
show that in a number of  samples studied, a slight 
increase in the field near the illuminated electrode 
may be absent, which is rather associated not with 
uncompensated impurity levels in the contact area 
of  the illuminated electrode, but with asymmetric 
conditions for the passage though tunneling 
dielectric layers by carriers of  different signs and 
the absence of  injection from the contacts. In this 
case, the dependence E(x) (curve 4 in Fig. 4a) can 
be approximated by the expression E(x) ~ Axn, 
where n ~ 3.51, which is in good agreement with 
the results of  theoretical analysis, which in the 
diffusion-drift approximation predicts a superlinear 
dependence E(x) in the region of  monopolar 
transport, when the accumulation of  charge in 
the near-contact region of  the non-illuminated 
electrode cannot be neglected [8].

Another effect on the coordinate dependence 
E(x) is exerted by a change in the bias voltage at a 
constant optical pump power. From the stationary 
distributions E(x) measured in the same sample 

at different bias voltages V0 and illumination with 
a fixed-power light pulse (Fig. 4b), it follows that a 
decrease (increase) in the magnitude of  the applied 
voltage V0 leads to a decrease (increase) in the value 
of  the field E0, by the magnitude of  the changing 
voltage, while the coordinate field changes due to 
the monopolar mobile charge of  the photocarriers 
change little. In other words, in such structures, the 
threshold field strength Ep is determined by the 
combination of  the field E0 created by the external 
voltage source V0 and the field E1 created by the 
photoinduced space charge [8]:

ЕР = Е0 + Е1.          (3)

It follows from Eq. (3) that the appearance of  
oscillation in such structures can be achieved with 
various relations between the values of  external 
macro parameters. This feature leads to the fact that 
after the formation of  the domain, changes in any 
of  the macroparameters leads to a change in the 
frequency of  the oscillations, which is observed in 
the experiment.

At the same time, the results of  studies concerning 
the domain instabilities in high-resistance CdZnTe 
are not found in the literature. Therefore, along 
with the measurement of  Ep in several CdZnTe 
samples, the velocity-field dependence υ(Е) was 
measured. The measurement of  the velocity of  
carriers under the conditions of  inhomogeneous 
field Е = Е(х) was carried out using the technique 
[9], which is based on scanning the sample from 
one electrode to another with a narrow beam of  
probe light that causes no photoactive absorption 
and measuring the transit time of  carriers and the 
spatio-temporal and amplitude characteristics of  
the pulses of  the probe light beam at each scanning 
step under illumination the sample with short 
light pulses under constant applied voltage. This 
approach allows calculating at each step the field 
value in the MDTPTDM structure and the carrier 
transit time corresponding to this value for any 
polarity of  the applied voltage and any coordinate 
dependence Е(х).

Measurement of  the dependence υ(Е) in samples 
with different L showed that although the carrier 
velocity varies from sample to sample in the range 
υ ~0.7–1.25·107 cm/s, the maximum carrier velocity 
is reached at threshold fields Ер ~12.5–13.3 kV/

Fig. 4. Steady-state distributions of  electric field on 
MTISTIM СdZnTe structure: а - under the constant bias 
voltage V0 = 601 V and illumination with light pulses of  
different power Р: 1 - 0, 2 ~ 7.5 mW, 3 ~ 12.5 mW, 4 ~ 
24.5 mW; the inset shows the coordinate dependences Е(х) 
for the СdZnTе structure, calculated using the method [17] at 
the same values of  the external macroparameters; b - under 
the constant pulsed pump power Р0 ~ 13 mW and different 
bias voltages V0: 1 - 601 V, 1´ - 303 V, L ~ 2 mm, Т = 

300 К.
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cm, after which on the curve υ(Е) a falling section is 
observed (Fig. 5).

The possibility of  detecting the Gunn effect was 
theoretically analyzed earlier in [18], where, based 
on the results of  Ref. [19], an expression is given 
that allows estimation of  the carrier concentration 
necessary for the appearance of  Gunn oscillations in 
a high-resistance semiconductor:

2.09 ,
1

n
dvLq

v dE

ε
> −

 (4)

where Е is the magnitude of  the electric field 
strength, n is the concentration of  electrons in the 
semiconductor before the beginning of  domain 
formation, ε is the permittivity, q is the charge of  
electron, L is the separation between the contacts, 
υ is the absolute value of  the electron drift velocity, 
dυ/dЕ is the differential mobility, which is negative 
due to the intervalley transitions of  hot electrons.

It was also shown there that the generation due 
to electrical injection of  carriers from a contact into 
a high-resistance n+-n-n+ structure is not possible, 
because at certain bias voltages V0', the current mode 
limited by the spatial charge is replaced by the current 
mode limited by the emission ability of  the cathode 
contact n+-n, and the field strength remains constant 
regardless of  the further growth of  V0'. However, 
in an illuminated high-resistance tunnel MTISTIM 
structure, these restrictions are removed, because 
after the establishment of  the nonequilibrium 
depletion regime, the rate of  generation of  

nonequilibrium photocarriers in such structures is 
proportional to the illumination intensity [20], and 
an increase in the photoinduced mobile charge leads 
to an increase in the field in one of  the regions of  the 
structure. As a result, due to nonequilibrium carriers 
Δn under illumination it becomes possible to provide 
the carrier concentration n and the field strength 
Ep necessary for the occurrence of  oscillation. In 
addition, consequently, this leads to the fact that, 
firstly, the oscillation without illumination in such 
structures cannot occur at any bias voltages, and, 
secondly, due to this mechanism, an unambiguous 
relationship between the duration of  oscillation and 
the duration of  the pump light pulse.

Using the oscillograms of  photocurrent pulses 
shown in Fig. 3a, one can estimate the initial carrier 
concentration n at which stable oscillation occurs in 
the СdZnTe structure. It should be noted that, taking 
Eq. (3) into account, the value of  the threshold 
field Ep was determined at values of  external mac-
roparameters close to the threshold. 

Then for a sample of  СdZnTe, assuming 
for estimate L = 4.61·10-2 cm, ε = 10.3 (1 
MHz) [21], Ер ~1.28·104 V/cm, q = 1.6·10-19 C, 
Е0  ~8.7 kV/cm, υ ~ 9·105 cm/s, │dυ/dE│~70.3 
cm2V-1s-1, the initial concentration of  carriers n 
amounts to ~3.5∙1012 см-3, and the parameter 
nL ~1.61∙1011 cm-2 [4].

For the mean current photosensitivity Si ~0.75 
A/W and the reflection coefficient R ~0.3-0.35, 
the light power, at which the oscillation arises, is 
~7–9 mW, which agrees well with the experimental 
data.

From the oscillograms (Fig. 3 b,c) it follows that 
changing any of  the macroparameters within the 
range from Рр to Рмах at V0 = Vр or from Vр to Vмах 
at Р0 = Рр results in the practically similar maximal 
frequency of  oscillation fмах, increasing from 
f1 ~19.6 MHz to fm ~260 MHz under the growth of  
the optical pump power from Рр to Рмах with the step 
ΔР ~1 mW and the bias voltage from Vр to Vмах with 
the step ΔV ~5.2 V.

5. CONCLUSIONS
This paper presents the results of  experimental 
studies of  a new type of  domain instability, which 
is based on drift nonlinearity – the photostimulated 

Fig. 5. Dependence of  the electron drift velocity υ on the 
electric field strength E(x) in CdZnTe: 1 - experiment, 2 - 

calculation; L = 2 mm, T = 300 K.
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spatial restructuring of  the electric field. It is 
experimentally shown that in a high-resistance tunnel 
MIS structure, this physical mechanism leads to a 
significant deviation from equilibrium of  its main 
macroparameter, the electric field, which becomes 
unstable at certain values of  the macroparameters and 
jumps from the stationary nonuniform distribution 
throughout the entire MTISTIM structure to a new, 
but also steady state, in which it becomes narrowly 
localized and periodically moves from one electrode 
to another.

Accordingly, in MTISTIM structures based on 
electro-optical crystals, changing the electro-optical 
characteristics of  the medium by the domain field 
makes it possible, due to the transverse electro-
optical Pockels effect, to transfer optical information 
from the controlling light beam I1(x, t) to another 
light beam I2(x, t), which is transmitted through the 
structure, i.e. to carry out high-frequency optical 
modulation of  one light flux by another.
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1. INTRODUCTION
Background radiation is electromagnetic 
radiation due to mobile telephone systems and 
broadcasting in transmission of  information. 
This electromagnetic energy can be converted 
to electrical energy and used to power electrical 
devices.
Conversion to electrical energy is effected by 

use of  a rectenna. A rectenna or a rectifying 
antenna is a special type of  antenna that is 
used to convert radio frequency (RF) energy 
into direct current electricity. They are used 
in wireless power transmission systems that 
transmit power by radio waves. A simple 
rectenna element consists of  a monopole/
dipole antenna with an RF diode connected 
across the monopole/dipole elements. The 
diode rectifies the ac current induced in the 
antenna by the microwaves, to produce dc 
power, which powers a load connected across 
the diode. Large rectennas consist of  an array 
of  many such dipole elements [1,2].
The research in rectennas is diversified whereby 
different types of  rectennas perform differently 
to achieve the same objectives. These include RF 
rectenna and optical rectennas.
With optical rectennas, it has been theorized that 
similar devices, scaled down to the proportions 
used in nanotechnology, could be used to convert 
light into electricity at greater efficiencies than 
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what is currently possible with solar cells.
Theoretically, high efficiencies can be maintained 
as the device shrinks, but experiments have so 
far only obtained roughly 1% efficiency while 
using infrared light.
Essentially, the use of  batteries as energy 
source can be eliminated by using wireless 
powering. Besides recharging an integral 
battery is no more necessary for continuous 
telemetry operation. Depending on the 
power consumption requirement of  a device 
or system, wireless remote powering can be 
performed with either near-field inductive 
coupling or far-field electromagnetic coupling. 
The choice of  the remote powering frequency 
is based on the constraints of  the application 
such as power consumption, device size, read 
range or proximity, transmission medium and 
data rate. This improvised system of  device 
charging is what is ideally referred to as a 
cell-less power source. While a high data rate 
and high read range make it necessary to use 
high frequency communication, higher power 
delivery makes the use of  near field powering 
more preferable. However the methodology 
in this paper implements far field powering 
[3,4].
A method to justify the above problem is the 
design of  an antenna for its target integrated 
rectifier for far-field electromagnetic energy. 
Harvesting is done by use of  RF antenna for 
pick-up power where the energy signal from 
the electromagnetic radiation is fed into the 
rectifier.
However, unavoidable process variations cause 
different input impedances and efficiency 
performances depending on the process corner 
of  the fabricated chip.
The above methodology can be implemented 
with an addition of  npn transistor and high 
switching diode. This enables amplification 
of  the input ac signal from the antenna and 
the amplified signal is converted to dc by the 
diode to obtain a reasonable output. Therefore 

dual stage amplification is necessary to obtain a 
bigger magnitude output[5,6].

2. SYSTEM DESIGN
The most suitable choice for implementation 
is the design of  a monopole antenna used 
with a rectifier built with well-characterized 
commercially available rectifier. This enables 
us to evaluate the performance of  the rectenna 
more accurately, in order to achieve a reasonable 
overall efficiency and a good conversion 
efficiency at the incident frequency.
This rectenna uses monopole antenna principle, 
which feeds an RF diode quad bridge. The bridge 
is capable of  handling high frequencies where 
FR207 diodes (RF sensitive/high switching) are 
used.
This rectenna element operates efficiently at 
much lower incident power levels of  20–65 mW 
with little reflected RF power (i.e., the overall 
efficiency is 1% lower than the conversion 
efficiency).This characteristic has two important 
applications in microwave-power beaming 
systems:

1. Power can be converted efficiently at the 
edge of  the rectenna where power densities 
are lower than the center elements.
2. Power can be converted efficiently when 
the transmission distance is large and power 
density is low

2.1 theory of operation

The circuit shown in Fig. 1 is modified and 
additional components added whereby a 
monopole antenna attaches to a quad bridge, 
which transforms the monopole impedance to 

Fig. 1. The main components of  the rectenna element.
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the bridge impedance and rejects higher order 
diode harmonics from radiating through the 
monopole.
In order to ensure that the source and rectifier 
impedance are matched for obtaining correct 
input impedance of  the rectifier, we use the built-
in optimizer of  Advanced Design System(ADS). 
It minimizes the reflection coefficient between 
the source and the load which therefore 
maximizes by finding conjugate input impedance 
with the given input power. Fig. 2 shows 
simulation results of  the input impedance of  the 
rectifier versus frequency for 6 dBm of  input 
power. Each point of  the curve corresponds to 
matched source impedance as determined by the 
optimizer.
Suppose that the target input power is 6 dBm 
for the selected rectifier. Assuming the rectifier 
impedance ZRECT = 11.7−108 Ω by calculation. 
Maximum power transmission condition states 
that the rectifier and antenna have conjugately 
matched impedances. Therefore the target 
antenna impedance is determined as ZANT = 
11.7 + 108 Ω.
The maximum simulated gain of  the antenna 
is found as –5.1 dB and input impedance 
of  the antenna is found as ZANT= 11.7 + 
108 Ω. The antenna having dimensions of  
12mm×10mm with dielectric thickness of  
0.5 mm is fabricated on Rogers RO4003C 
dielectric with (εr = 3.55).

The typical operation of  a rectenna element 
can be better understood by analyzing the 
bridge’s dc characteristics with an impressed 
RF signal.
This simple model as illustrated in Fig.1 assumes 
that the harmonic impedances seen by the diode 
are either infinite or zero to avoid power loss by 
the harmonics. Thus, the fundamental voltage 
wave is not corrupted by higher order harmonic 
components.
The rectenna conversion efficiency then depends 
only on the diode (bridge) electrical parameters 
and the circuit losses at the fundamental 
frequency and dc.
Fig. 3 shows the equivalent circuit of  the diode 
used for the derivation of  the mathematical 
model. The diode parasitic reactive elements are 
not included in the equivalent circuit. Instead, 
it is assumed they belong to the rectenna’s 
environment circuit.
The environment circuit is defined as the circuit 
around the diode that consists of  linear-circuit 
elements.
The diode model consists of  a series resistance 
Rs, a nonlinear junction resistance Rj described 
by its dc IV characteristics, and a nonlinear 
junction capacitance Cj. A dc load resistor is 
connected in parallel to the diode along a dc 
path represented by a dotted line to complete 
the dc circuit. The junction resistance Rj is 
assumed to be zero for forward bias and infinite 
for reverse bias.

Fig. 2. Simulation results of  the input impedance of  the rectifier. Fig. 3. Equivalent circuit model of  the rectifying circuit.
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2.2 actual desiGn

Fig. 4 is an illustration of  a self-biasing circuit 
adopted from the simulation and a graph 
demonstrating a dc output voltage.
With the incident input power ranging from 
20-65 mw, the antenna produces approximately 
4.03 v and current of  10.7 mA which is got 
from the relation P = V2/R where R is the 
intrinsic impedance (120 π) with incident 
power of  43 mw (16.33 dBm). The antenna in 
the circuit diagram is represented by a power 
source.
The monopole antenna is adjusted accordingly 
to give the maximum pick-up power. With a 
pick-up test done using a radio, it is observed 
that the best operating frequency is at 100.3 
MHz. From the relation c = fλ, the wavelength 
is calculated to be 3 m. From the monopole 
antenna characteristics, the wavelength is λ/4 
which is approximately 0.75 m (75 mm) and 
thus the antenna is adjusted to this length to give 
maximum efficiency.
At the rectifier stage, RF sensitive diodes 
(FR207) are used which are sensitive to high 
frequencies ranging from 85 MHz to 110 MHz 
and thus ac signal from the antenna is rectified 
to dc signal and obtained at the output of  the 
bridge. This dc signal is just sufficient to bias a 
bipolar junction npn transistor to its quiescent 
point.
The transistor is set-up in the feed-back/

self-biasing configuration. This self-biasing 
configuration is another Beta(β) dependent 
biasing method that requires only two resistors 
to bias the transistor. The collector to base 
feedback configuration ensures that the transistor 
is always biased in the active region regardless of  
the value of  Beta (β) as the base bias is derived 
from the collector voltage.
In this circuit, the base bias resistor (RB) is 
connected to the transistors collector, instead 
of  to the supply voltage rail (Vcc). Now if  the 
collector current increases, the collector voltage 
drops, reducing the base drive and thereby 
automatically reducing the collector current. 
Then this method of  biasing produces negative 
feedback.
The biasing voltage is derived from the 
voltage drop across the load resistor (RL). 
So if  the load current increases there will 
be a larger voltage drop across RL, and a 
corresponding reduced collector voltage (VC) 
which will cause a corresponding drop in the 
base current (IB) which in turn, brings (IC) 
back to normal.
The opposite reaction will also occur when 
transistors collector current becomes less. Then 
this method of  biasing is called self-biasing 
with the transistors stability using this type of  
feedback bias network being generally good for 
most amplifier designs.
With this configuration, the transistor essentially 
amplifies the ac signal from the antenna and has 
a feedback factor/gain of  10. The feedback path 
also provides the system with stability. With the 
amplified output obtained from the transistor 
element; it passes through a diode to convert to 
dc.
There are two stages of  amplification in the 
above setup, each with equal parameters set 
whereby the output of  the first stage is fed into 
the second stage for further amplification. The 
combined output magnitude of  the two stages is 
further amplified using an operational amplifier 
with a feedback factor/gain of  10 to achieve a Fig. 4. Circuit diagram of  the design implementation from 

simulation.
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reasonable magnitude of  5.3 V that can be fed 
into a device charging systems rated at 5 V-10 V.
When a 370 Ω load is put across the output 
terminals, a reasonable current of  200 mA 
is achieved at the output of  the operational 
amplifier.

3. RESULTS AND ANALYSIS
3.1. incident power and voltaGe analysis

With the input power range already known to be 
20-65 mW, a relation of  incident antenna power 
in free space to voltage is established. A graph 
of  varying input power level density in mill-
watts with voltage (V) at intrinsic impedance is 
plotted as shown in Fig. 5.
The above relationship demonstrates that 
voltage input increases with increasing power 
density which implies that the antenna should be 
adjusted such that it receives optimal power and 
thus obtain maximum conversion efficiency. The 
differences between the overall efficiency and 
conversion efficiency indicate that little power 
(< 1%) is reflected.

3.2. input and output voltaGe analysis

With the varying input voltages, a relation is 
drawn with the output of  the dual amplification 
level at 1millisecond of  simulation as shown in 
Fig. 6.
The above behavior is observed demonstrating 
some erraticism and showing that the output 
power levels vary with minor disparities. These 
minor disparities occur at the expected input 

voltage range (2.7-5) V. The disparities could be 
credited to the fact there are losses in the input 
power due to mismatch between the rectifier and 
the antenna. Assuming minimal mismatch losses 
in the rectenna design, the conversion efficiency 
of  the diode is limited primarily by the rectifying 
diode. As such recommendations towards 
determining ways of  increasing the conversion 
efficiency of  the diode other than through the 
change of  load resistance is beneficial.

3.3. voltaGe-current characteristics

Fig. 7 demonstrates ohms law showing that the 
simulation is accurate with the results obtained 
when a load of  200 Ω is connected across the 
output terminals.
However this observation implies that with 
a fixed load at the output, the variation of  
electromagnetic radiation could alter the current 
value at the output causing a spike or a value 
which is lower than the rating. With the use of  a 

Fig. 5. Incident antenna power versus voltage.

 

Fig. 6. Input and output voltage analysis.

Fig. 7. Voltage-current characteristics.
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regulator, the output can be stabilized although 
this doesn’t control the input power density.
The breakdown voltage of  the diode limits the 
power handling capability of  each rectifying 
circuit. The diode model needs to be valid for 
a wide range of  biasing in order not to affect 
the output voltage. This will in turn ensure the 
current at the load is not affected and the system 
therefore operates successfully.

4. CONCLUSION
The work in this paper was mainly implemented 
through a run simulation and the results obtained 
were reasonable in contrast with practical 
realization of  previously done implementations.. 
The objectives of  the experiment were achieved 
whereby self-biasing circuit was created and 
produced output that can be used to charge a 
device with a rating of  at least 5 V. The antenna 
allows 100 MHz operating frequency to pass 
and diodes used prevent interference of  signals 
and re-radiation of  higher order harmonics 
generated due to the RF sensitivity and high 
switching property.
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1. INTRODUCTION
According to Cisco Systems, 500 Billion wireless 
devices for 7 Billion people are expected to be 
connected to the internet by 2030 [1]. Each device 
includes sensors that collect data, interact with 
environment, and communicate over a network. 
Therefore, the first challenge is to adjust the basic 
connectivity and networking layers to handle the large 
numbers of  ends [2, 3]. There is an increasing number 
of  wireless protocols that have been developed, such 
as BLE, LTE, and new Wi-Fi protocols for Machine-
to-Machine (M2M) communication purposes due to 
different demanding requirements, one of  which is 
high-energy efficiency. Wireless standards, generally, 

RADIOELECTRONICS

DOI: 10.17725/rensit.2020.12.207

A Survey of  Software Radios: Reconfigurable Platforms, 
Development Tools, and Future Directions
1Hassan Nasser, 1Abdelrazak Badawieh, 2Abdulkarim Assalem
1Damascus University, http://damascusuniversity.edu.sy/
Damascus, Syrian Arab Republic
2Al-Baath University, http://albaath-univ.edu.sy/
Homs - p. 77, Syrian Arab Republic
E-mail: hsnsy.aa@gmail.com, Gbadawil@gmail.com, assalem1@gmail.com
Received March 11, 2020; peer reviewed March 20, 2020; accepted March 27, 2020
Abstract. Software-Defined Radio (SDR) approaches for rapid prototyping of  radio systems using 
reconfigurable hardware platforms offer significant advantages over traditional analog and hardware-
centered methods. In particular, time and cost savings can be achieved by reusing tested design artefacts; 
this translates to supporting various features and functionalities, such as updating and upgrading 
through reprogramming, without the need to replace the hardware on which they are implemented. 
This opens the doors to the possibility of  realizing multi-band and multi-functional wireless devices. 
Progress in the SDR field has led to the escalation of  protocol development and a wide spectrum of  
applications, with more emphasis on programmability, flexibility, portability, and energy efficiency, in 
Mobile technology, Wi-Fi, and M2M communication. Consequently, SDR has earned a lot of  attention 
and great significance to both academia and industry. SDR designers intend to simplify the realization 
of  communication protocols while enabling researchers to experiment with prototypes on deployed 
networks. This Research is a survey of  the state-of-the art SDR platforms and development tools in 
the context of  wireless communication which presented an overview of  SDR architecture and its 
basic components; and discussed the significant design trends and development tools. In addition, we 
reviewed available SDR platforms with an analytical comparison based on a set of  metrics as a guide to 
developers. Finally, we offered some predictable future Directions for SDR Researches
Keywords: Software Defined Radio, Reconfigurability, FPGAs, Platforms, System on Chip, Radio Communications
PACS: 01.20.+×
For citation: Hassan Nasser, Abdelrazak Badawieh, Abdulkarim Assalem. A Survey of Software Radios: Reconfigurable 
Platforms, Development Tools, and Future Directions. RENSIT, 2020, 12(2):207-218; DOI: 10.17725/rensit.2020.12.207.



208

No. 2 | Vol. 12 | 2020 | RENSIT

are adapting quickly in order to accommodate 
different user needs and hardware specifications. 
This has called for a transceiver design with the 
ability to handle several protocols, including the 
existing ones and those being developed. In order 
to accomplish this task, one needs to realize the 
protocols need for a flexible, reconfigurable, and 
programmable framework.

THE National Aeronautics and Space 
Administration (NASA) is developing an on-orbit, 
adaptable, Software Defined Radio (SDR)/Space 
Telecommunications Radio System (STRS)-based 
testbed facility to conduct a suite of  experiments 
to advance technologies, reduce risk, and enable 
future mission capabilities on the International 
Space Station (ISS). The Space Communications 
and Navigation (SCaN) Testbed Project will provide 
NASA, industry, other Government agencies, and 
academic partners the opportunity to develop and 
field communications, navigation, and networking 
technologies in the laboratory and space environment 
based on reconfigurable, SDR platforms and the 
STRS Architecture. Led by the NASA Glenn 
Research Center (GRC), the SCaN Testbed 
was developed to move SDR space technology 
forward, as the advancements of  Appendix Table 
2 indicate. The project was previously known as 
the Communications, Navigation, and Networking 
reconfigurable Testbed (CoNNeCT) [5].

Global Industry Analysts highlights some of  the 
market trends for SDR as follows [4]: (a) increasing 
interest from the military sector in building 
communication systems and large-scale deployment 
in developing countries, (b) growing demand for 
public safety and disaster preparedness applications, 
and (c) building virtualized base stations (BSs). 
SDRs are also ideal for developing future space 
communications [6], Global Navigation Satellite 
System (GNSS) sensors [7], Vehicle-to-Vehicle 
(V2V) communication [8, 9], and Internet of  Things 
applications [10, 11], where relatively small and low-
power SDRs can be utilized.

SDRs are implemented through employing 
various types of  hardware platforms, such as General 
Purpose Processors (GPPs), Graphics Processing 
Units (GPUs), Digital Signal Processors (DSPs), and 
Field Programmable Gate Arrays (FPGAs). Each of  
these platforms is associated with their own set of  
challenges. Some of  these challenges are: (a) Utilizing 

the computational power of  the selected hardware 
platform, (b) keeping the power consumption at 
a minimum, ease of  design process, (c) Cost of  
tools and equipment. The research community and 
industry have both developed SDRs that are based 
on the aforementioned hardware platforms. 

2. RESEARCH METHODOLOGY AND 
GOALS
In this Research, we first introduced some principles 
and criterions that wireless communications based on. 
Then we presented an overview of  SDR architecture 
as well as the analog and digital divides of  the system 
and interconnection of  components. Furthermore, 
we reviewed the SDR platforms developed by both 
industry and academia, and provided an analytical 
comparison of  hardware platforms as a guide for 
design decision making. Moreover, we discuss the 
use of  respective development tools and present a 
summary to help explain their functionalities and the 
platforms they support.

This Research is organized as follows: Section 3 
provides a description of  SDR architecture. Section 
4 Design Mythologies & Platforms and comparison 
of  the commercially and academically developed 
SDR platforms.  Section 5 we review the common 
development tools that are typically used in the 
process of  SDR design and implementation for 
different design approaches. Finally, we offered some 
predictable future directions for SDR researches, 
and concluded the paper in Section 6.

3. PRINCIPLES AND ARCHITECTURE
First, we will overview some basic principles:
• Table 1 shows the Electromagnetic Spectrum 

Based on the International Telecommunications 
Union (ITU) [12]:

• The term Radio Spectrum Policy generally 
refers to "electromagnetic frequencies between 9 
KHz and 3000 GHz with wavelengths between 
one millimeter and thousands of  kilometers".

• In conventional Radio: Radio Components are 
implemented as analog parts or static silicon, 
while in Software Radio reconfigurable parts are 
used instead; and make the components generic 
so they could be used to implement several types 
of  Radios. Figure 1 shows this idea:

• The Institute of  Electrical and Electronic 
Engineers (IEEE) P1900.1 Working Group 
[13] has created the following definition for the 
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Software-Defined Radio (SDR): "A Radio in which 
some or all of  the physical layer functions are 
software defined".

As shown in Figure 2, at a high level, a typical SDR 
transceiver consists of  the following components: 
Signal Processing, Digital Front End, Analog RF 
Front End, and an antenna.
1. Antenna: SDR platforms usually employ several 
antennas to cover a wide range of  frequency bands 

[15]. Antennas are generally referred to as "intelligent 
or smart" due to their ability to select a frequency 
band and adapt with mobile tracking or interference 
cancellation [14]. In the case of  SDRs, an antenna 
needs to meet a certain list of  requirements such as 
self-adaptation (flexibility to tuning to several bands), 
self-alignment (beamforming capability), and self-
healing (interference rejection) [16].
2. RF Front End: This is a RF circuitry that its 

Table 1
Electromagnetic Spectrum and Wavelength types

Electromagnetic spectrum

Gamma rays             X-rays             Ultraviolet             Visible              Infrared             Microwave            Radio

← higher frequencies       longer wavelengths →

X-rays Ultraviolet Visible (optical) Microwaves Radio spectrum (ITU) Wavelength types

• soft X-ray
• hard X-ray

• Extreme ultraviolet
• Vacuum ultraviolet
• Lyman-alpha
• FUV
• MUV
• NUV
• UVC
• UVB
• UVA

• Violet
• Blue
• Cyan
• Green
• Yellow
• Orange
• Red

• W band
• V band
• Q band
• Ka band
• K band
• Ku band
• X band
• C band
• S band
• L band

THF 300 GHz/1 mm 
3 THz/0.1 mm

• Microwave
• Shortwave
• Medium wave
• Longwave

EHF 30 GHz/10 mm 
300 GHz/1 mm

SHF 3 GHz/100 mm 
30 GHz/10 mm

UHF 300 MHz/1 m 
3 GHz/100 mm

VHF 30 MHz/10 m 
300 MHz/1 m

HF 3 MHz/100 m 
30 MHz/10 m

MF 300 kHz/1 km 
3 MHz/100 m

LF 30 kHz/10 km 
300 kHz/1 km

VLF 3 kHz/100 km 
30 kHz/10 km

ULF 300 Hz/1 Mm 
3 kHz/100 km

SLF 30 Hz/10 Mm 
300 Hz/1 Mm

ELF 3 Hz/100 Mm 
30 Hz/10 Mm

RADIOELECTRONICS

Fig. 1. Hardware Radio vs Software Radio. Fig. 2. SDR transceiver architecture.
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main function is to transmit and receive the signal 
at various operating frequencies. Its other function 
is to change the signal to/from the Intermediate 
Frequency (IF). The process of  operation is divided 
into two, depending on the direction of  the signal 
(Tx or Rx mode):
• In the transmission path, the Digital-to-Analog 

Converter (DAC), which in turn feeds the RF 
Front-End, converts digital samples into an 
analog signal. This analog signal is mixed with 
a preset RF frequency, modulated, and then 
transmitted.

• In the receiving path, the antenna captures the 
RF signal. The antenna input is connected to 
the RF Front End using a matching circuitry 
to guarantee an optimum signal power transfer. 
It then passes through a Low Noise Amplifier 
(LNA), which resides in a close proximity to the 
antenna, to amplify weak signals and minimize 
the noise level. This amplified signal, with a signal 
from the Local Oscillator (LO), are fed into the 
mixer in order to down convert it to the IF [17].

3. Analog-to-Digital and Digital-to-Analog 
Conversion: The DAC, as mentioned in the 
previous section, is responsible for producing the 
analog signal to be transmitted from the digital 
samples. On the receiver side, the ADC resides, and 
is an essential component in radio receivers. The 
ADC is responsible for converting continuous-time 
signal to a discrete-time, binary-coded signals. ADC 
performance can be described by various parameters 
[18] including: (1) Signal-to-Noise Ratio (SNR): the 
ratio of  signal power to noise power in the output, (2) 
resolution: number of  bits per sample, (3) Spurious-
free Dynamic Range (SFDR): the strength ratio of  the 
carrier signal to the next strongest noise component 
or spur, and (4) power dissipation. Advances in SDR 
development have provided momentum for ADC 
performance improvements. For example, since 
ADC’s power consumption affects the lifetime of  
battery-powered SDRs, more energy efficient ADCs 
have been developed [20].
4. Digital Front End: The Digital Front End has 
two main functions [19]:
• Sample Rate Conversion (SRC), which is a 

functionality to convert the sampling from one 
rate to another. This is necessary since the two 
communication parties must be synchronize.

• Channelization, which includes up/down 

conversion in the transmitter and receiver side, 
respectively. It also includes channel filtering, 
where channels that are divide by frequency are 
extracted.  include interpolation and low-pass 
filters.

In a SDR transceiver, the following tasks are executed 
in the digital front end:
• In the transmitting side, the Digital Up Converter 

(DUC) translates the aforementioned baseband 
signal to IF. The DAC that is connected to the 
DUC then converts the digital IF samples into 
an analog IF signal. Afterwards, the RF up-
converter converts the analog IF signal to RF 
frequencies.

• In the receiving side, the ADC converts the IF 
signal into digital samples. These samples are 
subsequently fed into the next block, which 
is the Digital Down Converter (DDC). The 
DDC includes a digital mixer and a numerically 
controlled oscillator. DDC extracts the baseband 
digital signal from ADC, and after being 
processed by the Digital Front End, this digital 
baseband signal is forwarded to a high-speed 
digital signal-processing block [21].

5. Signal Processing: The signal-processing 
block is referred to as the baseband processing 
block. When discussing SDRs, the baseband 
block is at the heart of  the discussion, because it 
makes up the corpus of  the digital domain of  the 
implementation. This implementation runs on top 
of  a hardware circuitry that is capable of  processing 
signals efficiently as ASICs, FPGAs, DSPs, GPPs, 
and GPUs.

4. DESIGN MYTHOLOGIES & 
PLATFORMS
4.1. field proGrammable Gate array-based:
1. Zu7/5/4 Zynq UltraScale+ MPSoC 
development kit.
2. Arria 10 SoC/FPGA FMC+ Development 
platform.
3. Zynq 7000 SODIMM Development kit.
4. Altera Cyclone V SoC Development Platform. 
5. Airblue [35]: It is a method to implement radios 
on FPGA to achieve configurability by using an 
HDL language called Bluespec, through which all 
hardware blocks of  a radio transceiver are written. 
In Bluespec, a developer describes the execution 
semantics of  the design through Term Rewriting 
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Systems (TRS). TRS is a computational paradigm 
based on the repeated application of  simplification 
rules [22]. The next step is compiling the TRS into 
RTL codes. TRS has the capability of  generating 
efficient hardware designs. The main difference 
between a Verilog interface and a Bluespec interface 
is that the former is merely a collection of  wires 
with no semantic meaning, while the latter includes 
handshake signals for blocks communication. 
Therefore, Bluespec facilitates latency insensitive 
designs, which are essential to system construction 
via modular composition. Using Airblue, developers 
may find the need to modify the building blocks, 
or modules, to add new features, make algorithmic 
modifications, and tune the performance to meet 
throughput or timing requirements, or make FPGA-
specific optimizations.
4.2. diGital siGnal processor-based

1. Imagine Processor-based SDR: One of  the 
earliest SDR solutions that is fully based on a DSP 
developed at Stanford University in 2001 [23]. The 
Stanford Imagine project aimed at providing a signal 
and image processor that was C programmable 
and was able to match the high performance and 
density of  an ASIC. It is based on stream processing 
[24], which is similar to dataflow programming in 
exploiting data parallelism and is suitable for signal 
processing applications. This work paved the way to 
the development of  GPUs.
2. University of  Michigan's Software On-Demand 
Architecture (SODA): A high performance SDR 
platform based on multi-core DSPs with one ARM 
Cortex-M3 processor for control purposes and 
multiple processing elements for DSP operations. 
Using four processing elements can meet the 
computational requirements of  802.11a and 
W-CDMA.
3. ARM Ardbeg: A commercial prototype based 
on SODA architecture. The main enhancements 
of  Ardbeg compared to SODA are optimized 
SIMD design, Very Long Instruction Word (VLIW) 
support, and a few special ASIC accelerators, which 
are dedicated to certain algorithms such as Turbo 
Encoder/Decoder, Floating Point and Arithmetic 
Operations.
4. Atomix [34]: It is a declarative language describe the 
software in blocks, named atoms. We can implement 
any operation (signal processing or system handling) 
by an atom. Atoms can be used for realizing blocks, 

flow graphs, and states in wireless stacks. In addition, 
simple control flow makes atoms composability. It is 
important to note that an Atomix signal processing 
block implements a fixed algorithmic function, 
operates on fixed data lengths, is associated with a 
specific processor type, and uses only the memory 
buffers passed to it during invocation. The blocks will 
run fixed sets of  instructions executing uninterrupted 
on fixed resources using fixed memories. This results 
in having fixed execution times. Atoms can also be 
composed to build larger atoms. Using Atomix, 
radio software can be built entirely out of  atoms and 
is easily modifiable. Atomix based radio also meets 
throughput and latency requirements. The want of  
Atomix is that it is intended only for synthesis on a 
variety of  DSPs, but not for GPPs, GPUs, or FPGAs.
5. BeagleBoard-X15: A cooperative project between 
Texas Instruments [25], Digi-Key [26], and Newark 
element14 [27], BeagleBoard is an open-source SoC 
computer [28]. It features TI Sitara AM5728 [29], 
which includes two C66x DSPs, two ARM Cortex-A15, 
two ARM M4 cores [30], and two PowerVR SGX544 
GPUs [31]. With its relatively low price, the DSPs along 
with the co-processors make a powerful platform for 
implementing standalone SDRs.
4.3. General purpose processor-based:
1. Universal Software Radio Peripheral N-Series [32].
2. Ziria: A programming platform uses a domain 
specific language (DSL) Called Ziria.
3. Sora: A fully programmable software radio 
platform on PC architecture [33]. 
4. Lime Microsystems SDR: (Field Programmable 
RF transceiver (FPRF) technology).
5. Kansas University Agile Radio (KUAR): A Flexible 
Software-Defined Radio Development Platform. In 
addition, a Project for an M2M application platform 
that provides a Java/OSGi-based container for 
application running in service gateways. KURA 
covers I/O access, data service, watchdog service, 
network configuration and remote [64].
4.4. Graphics processinG unit-based:
1. OFDM for Wi-Fi Uplink SDR.
2. WiMAX SDR.
3. Signal Detection SDR.
4.5. hybrid desiGn (co-desiGn):
1. Wireless open-Access Research Platform (WARP) [36].
2. USRP Embedded (E) Series.
3. PSoC 5LP. 
4. Zynq-based SDR.
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4.6. sdr reference Guide

Table 2 compares a list of  available software-defined radio indicated above and others more in an effort to 
provide a reference guide for developers according to some standards:

Table 2
Comparison between available SDR

SDR-Name Frequency Bandwidth ADC
(Bit)

DAC
(Bit)

Sample rate Interface FPGA Price
US$

Apache Labs ANAN-
8000DLE [37]

0 kHz - 61.44 MHz x 16 16 x Gigabit Ethernet Altera Cyclone 
IV

4,395

AD-FMCOMMS5-EBZ 
[38]

70 MHz – 6 GHz 54 MHz 12 12 61.44 MSPS FMC (to Xilinx board) then 
USB 2.0 or Gigabit Ethernet.

1,125

ADALM-PLUTO [39] 325 MHz – 3.8 GHz 20 MHz 12 12 61.44 MSPS USB 2.0, Ethernet&WLAN with USB-OTG Xilinx Zynq Z-7010 148

AFEDRI SDR [40] 30 kHz – 35 MHz, 
35 MHz – 1700 MHz

2.3MHz 12 80 MSPS USB 2.0, 10/100 Ethernet 249

Aaronia SPECTRAN 
V6 [41]

20 MHz – 6 GHz Up to 490 
MHz

16 16 2 GSPS Embedded or True IQ data via 2 x 
USB 3.2 Gen1, 1 x USB 3.1 GEN2

XC7A200T-2 
(930 GMACs)

3,400

AirSpy R2 [42] 24 – 1700 MHz 10 MHz 12 N/A 10 MSPS ADC sampling, up to 80 
MSPS for custom applications

USB None 170

AirspyHF+ [43] 9 kHz -31 MHz
(60 -260) MHz

660 kHz 18 N/A 36 MSPS USB 199

AOR AR-2300 [44] 40 kHz – 3.15 GHz x N/A 65 MSPS Embedded system (no 
computer needed), USB

3,299

ASR-2300 [45] 300 MHz – 3.8 GHz x X <40 MHz (Programmable) USB 3.0 SuperSpeed 1,500

Bitshark Express RX [46] 300 MHz – 4 GHz x 105 MSPS (RX only) PCIe 4,300

bladeRF 2.0 micro [47] 47 MHz – 6 GHz 56 MHz 12 12 61.44 MSPS USB 3.0 SuperSpeed Altera Cyclone V 480

ColibriDDC [48] 10 kHz – 62.5 MHz 38 – 312 kHz 14 N/A 125 MSPS 10/100 Ethernet 650

COM-3011 [49 20 MHz – 3 GHz Ext External ADC required (I/Q output) USB 345

Cyan [50] 100 kHz – 18 GHz 1 – 3 GHz 12 – 16 16 1–3 GSPS ADCs 2.5 GSPS DACs 4x 40Gbps QSFP, Ethernet Intel Stratix 10 SoC 73,500

DRB 30 [51 30 kHz – 30 MHz Ext External ADC required (I/Q output) LPT parallel port 390

DX Patrol [52] 100 kHz–2GHz 8 2.4 Msps USB 115

ELAD FDM-S1 [53] 20 kHz–30 MHz 192- 3072 kHz 14 N/A 61.44 MHz USB Xilinx 420

ELAD FDM-S2 [54] HF:9 kHz – 52 MHz / 
FM:74 MHz - 108 MHz / 
VHF:135 MHz - 160 MHz

192 kHz – 6 MHz 16 N/A 122.88 MHz USB 2.0 Xilinx Spartan-6 600

ELAD FDM-DUO [55] HF:10 kHz – 54 MHz 192 kHz – 6 MHz 16 X 122.88 MHz Embedded system + 3x USB 2.0 Xilinx Spartan-6 1300

Elecraft KX3 [56] 0.5 – 54 MHz
(144–148 MHz optional)

14 X 30 kHz USB or embedded system 
(no computer needed)

900

FLEX-6700 [57] 0.01 – 73, 135 – 165 MHz 24-192kHz 16 16 245.76 MSPS Gigabit Ethernet Xilinx XC6VLX130T 7000

CDRX-3200 [58] 0.01 – 100 MHz 48 – 250 kHz 24 - 48-250 kSPS Gigabit Ethernet Xilinx XC5VLX30T

LBRX-24 [59] 950 – 2150 MHz 150 kHz– 80 MHz 16 - 150 KSPS – 80 MSPS 10 Gigabit Ethernet (x4) Xilinx XC6VHX380T

FLEX-6600M [60] 0.01 – 54 MHz 24 – 192 kHz 16 16 245.76 MSPS Gigabit Ethernet Xilinx XC6VLX130T 
or XC7A200T

5000

FLEX-1500 [61] 0.01 – 54 MHz 48 kHz 16 16 48 kHz USB - 650

Hermes-Lite2 [62] 0 to 38.4 MHz 1.536 MHz 12 12 76.8 MSPS Ethernet Altera Cyclone IV 300

Iris-030 [63] 50 MHz – 3.8 GHz 122.88 MHz 12 12 122.88 Msps (SISO) 61.44 Msps 
(MIMO)

Gigabit Ethernet or 24.6 
Gbps High-Speed Bus

Xilinx Zynq 7030 2,400

KUAR Radio [64, 65] 5 GHz TX 30 MHz
RX 600 MHz.

6 16 160 Msps Embedded PC built + 
ComExpress 1.4 GHz Pentium M

Xilinx Virtex II 
Pro P30

-

KerberosSDR [66] 24MHz - 1.7GHz 4* sample rate 8 2.4 Msps USB 150

LimeSDR [67] 100 kHz – 3.8 GHz 61.44 MHz (120 
MHz internally)

12 X 61.44 Msps USB 3.0, PCIe Altera Cyclone 
IV

800

LimeSDR-Mini [68] 10 MHz – 3.5 GHz 30.72 MHz 12 X 30.72 Msps USB 3.0, PCIe Altera MAX 10 160

LD-1B [69] 100 kHz – 30 MHz Ext External ADC required (I/Q output) USB 285

Matchstiq [70] 300 MHz – 3.8 GHz x X 40 MSPS (RX/TX) Embedded System or USB Xilinx Spartan 6 4,500

MB1 [71] 10 kHz – 160 MHz 38 – 312 kHz 16 14 160 MSPS (RX), 640 MSPS (TX) 10/100 Ethernet, WLAN (optional) 5,600

Mercury [72] 0.1 – 55 MHz x 122.88 MSPS USB (via Ozy) or Ethernet (via Metis) 469

Myriad-RF [73] 300 MHz – 3.8 GHz x Programmable (16 selections);
0.75 – 14 MHz, Bypass mode

standard connector FX10A-
80P

None 300

Noctar [74] 100 kHz – 4 GHz 200 MHz x x PCI Express ×4 2,500

Odyssey TRX [75] 0.5 – 55 MHz x 122.880 Msps ADC sampling, 
48k-960k output sample rate

LAN, Wi-Fi, USB Altera Cyclone 
IV

450

Perseus [76] 10 kHz – 40 MHz 1.6 MHz 16 80 MS/s (16 bit ADC) USB 2.0 1200

PCIe SDR MIMO [77 70 MHz – 6 GHz x 61.44 Msps PCIe (1x) 1700
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5. Development Tools
In this paragraph, we offer the common development 
tools, which Researches typically use in the process of SDR 
design and implementation for different design approaches. 
We also provide an overall comparison between them to 
highlight the differences as shown in Table 4.

5.1. High Level Synthesis (HLS)
Table 3 presents a summary of  HLS tools. The 
Tools in table all provide a set of  area and timing 
optimizations such as resource sharing, scheduling, 
and pipelining. Nevertheless, not all of  them are 
capable of  generating testbenches for the design.

RADIOELECTRONICS A SURVEY OF SOFTWARE RADIOS: RECONFIGURABLE PLATFORMS, 
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Table 2
Comparison between available SDR (prolongation)

SDR-Name Frequency Bandwidth ADC
(Bit)

DAC
(Bit)

Sample rate Interface FPGA Price
US$

PM-SDR [78] 100 kHz – 50 MHz 192 kHz Ext External ADC USB 220

PrecisionWave 
Embedded SDR [79

1 MHz – 9.7 GHz 2x RX: 155 MHz x 310 MSPS Embedded System Gigabit 
Ethernet / USB / JTAG / Audio

Xilinx Zynq Z-7030 4000

QS1R [80 10 kHz–62.5 MHz x 130 MHz USB Altera Cyclone III 1010

Quadrus [81] 0.1 – 440 MHz x 80 Msps ADC sampling, 
48k-1.536M output sample rate

PCI 1550

Realtek RTL2832U 
DVB-T tuner [82]

24 – 1766 MHz 
(R820T tuner)

Matches sampling rate 8 2.8 MHz USB 10

RDP-100 [83] RX, 0 – 125 MHz;
TX, 0–200 MHz

x RX: 250 MSPS
TX - 800 MSPS

Embedded System x

RTL-SDR V3 
Receiver Dongle [84]

0.5 – 1766 MHz Matches sampling rate 8 2.4 MHz 2.4 MHz 21.95-
25.5

SDRplay [85] 1kHz – 2 GHz 10 MHz 14 Two independent tuners, each 
with 11 built-in preselection filters. 
3 antenna ports

USB None 290

SDR-IQ [86] 0.1 kHz – 30 MHz x 66.666 MHz 66.666 MHz 525

SDR-IP [87] 0.1 kHz – 34 MHz x 80.0 MHz Ethernet 3000

SDR-LAB SDR04 [88] 0.4 – 4 GHz x 40 MHz USB 3.0 SuperSpeed x

SDRX01B [89] 50 kHz – 200 MHz Ext < 2 MHz External ADC 
required (I/Q output)

Ethernet or USB usually, but 
other interfaces are available in 
MLAB modular system

100

SDR Minor [90] 0.1 – 55 MHz x 122.880 Msps ADC sampling, 
48k-960k output sample rate

LAN 10/100 200

SDRstick UDPSDR-
HF2 [91]

0.1 – 55 MHz x 122.88 Msps 1G Ethernet via 
BeMicroCV-A9

Altera 400

SDR MK1.5 Andrus 
[92]

5 kHz – 31 MHz (1.7 
GHz downconverter opt.)

x 64 MSPS USB 2.0, 10/100 Ethernet 480

SDR-4+ [93] 0.85 – 70.5 MHz x 48 kHz (integrated soundcard) USB × 2 260

SDR(X) HF, VHF & 
UHF [94]

0.1 – 1850 MHz 
(R820T tuner)

x Optimized for HF amateur bands 
with 4 user selectable pre-select 
HF filters

USB 100

SoftRock RX 
Ensemble II LF [95]

180 kHz – 3.0 MHz Ext External ADC required (I/Q 
output)

USB 97

Spectre [96] 0.4 – 4 GHz 200 MHz 16 310 MSPS USB, Serial, JTAG, 10Gbit/s 
SFP+ Ethernet

10,000

SunSDR2 Pro [97] 10 kHz – 160 MHz 38 – 312 kHz 16 14 160 MSPS (RX), 640 MSPS (TX) 10/100 Ethernet, WLAN (embedded) 1,595

ThinkRF WSA5000 [98] 50 MHz – 8 GHz, 18 
GHz or 27 GHz

x 125 MSPS 10/100/1000 Ethernet 3,500-
14,140

USRP B210 [99] 70 MHz – 6 GHz 56 MHz x 56 Msps USB 3.0 Xilinx Spartan 6 XC6SLX150 1,100

USRP N210 [100] DC – 6 GHz Up to 40 MHz 16 25 Msps for 16-bit samples; 
50 Msps for 8-bit samples

Gigabit Ethernet Xilinx Spartan 
3A-DSP 3400

1,717

USRP X310 [101] DC – 6 GHz Up to 160 MHz x 200 Msps Gigabit Ethernet, 10 Gigabit 
Ethernet, PCIe

Xilinx Kintex-7 
XC7K410T

4,800

UmTRX [102] 300 MHz – 3.8 GHz Up to 28 MHz 12 12 13 MSPS x2 Gigabit Ethernet Spartan 6 LX75 1,300

WARPv3 [103] 2.4 GHz and 5.8 GHz 40 MHz 12 12 40 Msps Dual Gigabit Ethernet Xilinx Virtex-6 LX240T 7000

WinRadio [104] 9 kHz – 50 MHz x N/A 100 MSPS USB 950

XTRX Pro [105] 30 – 3700 MHz 120 MHz 12 12 120 MSRP SISO, 90 MSRP MIMO Mini PCIe Xilinx Artix7 50T 599

Table 3: HLS Tools
Xilinx Vivado HLS Intel FPGASDK 

OpenCL
Cadence Stratus 
HLS

Synopsys Synphony 
C Compiler 

Maxeler 
MaxCompiler

MATLAB HDL Coder HLS

Input C/C++/SystemC C/C++/SystemC C/C++/SystemC C/C++ MaxJ Algorithm & Modeling

Output VHDL/Verilog/SystemC VHDL/Verilog VHDL/Verilog VHDL/Verilog/SystemC VHDL VHDL/Verilog/SystemC

Test bench Yes No Yes Yes No Yes

Optimizations Yes Yes Yes Yes Yes Yes

Compatibility Xilinx FPGA Intel FPGA All All All All
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The SCA, despite its military origin, is under 
evaluation by commercial radio vendors for 
applicability in their domains. The adoption of  
general-purpose SDR frameworks outside of  
military, intelligence, experimental and amateur 
uses, however, is inherently hampered by the fact 
that civilian users can more easily settle with a fixed 
architecture, optimized for a specific function, and as 
such more economical in mass market applications. 
Still, software-defined radio's inherent flexibility can 
yield substantial benefits in the longer run, once 
the fixed costs of  implementing it have gone down 
enough to overtake the cost of  iterated redesign 
of  purpose built systems. This then explains the 
increasing commercial interest in the technology. 

The Open Source SCA Implementation 
– Embedded (OSSIE [108] project, provides 
SCA-based infrastructure software and rapid 
development tools for SDR education and research. 
The Wireless Innovation Forum funded the SCA 
Reference Implementation project, an open source 
implementation of  the SCA specification. (SCARI) 
can be downloaded for free.

According to what previously mentioned, we 
conclude that each SDR is unique concerning 
the design methodology, development tools, 

performance, and end application.
5.3. Case Study: (Hardware-Software Co-Design 
Workflow for System on Chip Platforms)
This paragraph Explain an academic Example 
Design supports our Article idea using MATLAB 
& Simulink & HDL Coder to develop an SDR with 
a desktop computer and SoC platforms. Figure 3 
shows the design flow for SoC platforms that 
the aforementioned tools offer and how they are 
connected.

The HDL Coder Hardware-Software Co-
design workflow helps automate the deployment 
of  MATLAB and Simulink design to a Zynq-7000 
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5.2. Tools
1. MATLAB & HDL Coder.
2. LabVIEW.
3. GNU Radio.
4. Vivado HLS & SDSoC.
5. Compute Unified Device Architecture (CUDA) [106].
6. Joint Tactical Radio System (JTRS) [107]: Was a program of  the US military to produce radios that 
provide flexible and interoperable communications. Examples of  radio terminals that require support 
include hand-held, vehicular, airborne and dismounted radios, as well as base-stations (fixed and maritime). 
Allow radio components to be distributed across heterogeneous computer hardware, including FPGAs, 
DSPs, and GPPs. This goal is achieved using SDR systems based on an internationally endorsed open 
Software Communications Architecture (SCA). This standard uses CORBA on POSIX operating systems 
to coordinate various software modules. The program is providing a flexible new approach to meet diverse 
soldier communications needs through software programmable radio technology. All functionality and 
expandability is built upon the SCA.

Table 4
Development Tools & Platforms

MATLAB & Simulink Vivado HLS & 
SDSoC

LegUP GNU Radio Lab View CUDA

Input MATLAB/Graphical C/ C++/ System C С Graphical/Python/C++ Graphical C/C++/Fortran/Python

Output MATLAB/C++/RTL C/RTL C/RTL C/RTL C/RTL Machine Code

Platform GPP/GPU/DSP/FPGA GPP/FPGA GPP/FPGA GPP/GPU/DSP/FPGA GPP/GPU/DSP/FPGA GPU

License commercial commercial open-source open-source commercial commercial

Fig. 3. Hardware-Software Co-Design Workflow for SoC.
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platform or Intel SoC platform. We can explore 
the best ways to partition and deploy our design by 
iterating through the following workflow.
1. MATLAB and Simulink Algorithm and 
System Design: we begin by implementing our 
design in MATLAB or Simulink. When the design 
behavior meets requirements, decide how to 
partition our design: which parts we want to run 
in hardware, and which parts to run in embedded 
software. The part of  the design that we want to 
run in hardware must use MATLAB syntax or 
Simulink blocks that are supported and configured 
for HDL code generation. 
2. HDL IP Core Generation: Enclose the hardware 
part of  our design in an atomic Subsystem block or 
MATLAB function, and use the HDL Workflow 
Advisor to define and generate an HDL IP core.
3. Embedded System Tool Integration: As part 
of  the HDL Workflow Advisor IP core generation 
workflow, we insert our generated IP core into a 
reference design, and generate an FPGA bitstream 
for the SoC hardware.

The reference design is a predefined embedded 
system integration project. It contains all elements 
the Intel or Xilinx software needs to deploy our 
design to the SoC platform, except for the custom 
IP core and embedded software that we generate.
4. SW Interface Model Generation (requires a 
Simulink license and Embedded Coder license): 
In the HDL Workflow Advisor, after we generate 
the IP core and insert it into the reference design, we 
can optionally generate a software interface model. 
The software interface model is our original model 
with AXI driver blocks replacing the hardware part.

If  the designer or researcher have an Embedded 
Coder license, he/she can automatically generate the 
software interface model, generate embedded code 
from it, and build and run the executable on the 
Linux kernel on the ARM processor. The generated 
embedded software includes AXI driver code 
generated from the AXI driver blocks that controls 
the HDL IP core.

However, if  do not have an Embedded Coder 
license or Simulink license, he/she can write the 
embedded software and manually build it for the 
ARM processor. The following diagram shows 
the difference between the original model and the 
software interface model as shown in Figure 4.
5. SoC Platform and External Mode PIL: Using 

the HDL Workflow Advisor, we program our 
FPGA bitstream to the SoC platform. We can then 
run the software interface model in external mode, 
or processor-in-the-loop (PIL) mode, to test our 
deployed design. 

Finally, if  our deployed design does not meet the 
design requirements, we should repeat the workflow 
with a modified model, or a different hardware-
software partition.

6.  FUTURE DIRECTIONS & 
CONCLUSIONS
We thing that future Directions of  SDR Researches 
support the goals and key actions of  the Europe 
2020 initiative and the Digital Single Market and in 
particular focuses on:
• Eliminating the digital divide;
• Efficient use of  spectrum;
• Promoting investments, competition and 

innovation; and
• Protecting general interest objectives such as 

cultural diversity and media pluralism.
In addition, on the EU level, radio spectrum 

policy has three main goals, which are:
• The harmonization of  spectrum access 

conditions across the Union's internal market, 
enabling interoperability and economies of  scale 
for wireless equipment.

• A more efficient use of  spectrum;
• Improve availability of  information about the 

current use, plans for use and availability of  
spectrum.
In our Research, we presented a comprehensive 

overview of  the various design approaches and 
reconfigurable platforms adopted for SDR solutions. 
This includes GPPs, GPUs, DSPs, FPGAs, and Co-
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Fig. 4. The difference between the original model and the software 
interface [110].
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design. We explained the basic architectures. Then 
reviewed the major current and early SDR platforms, 
whether they were developed by the industry or in 
academia; Due to the different features of  design 
approaches and development tools, we found that it 
was important to compare them against each other 
based on a set of  metrics as a guide to developers. 
Finally, we offered some of  the SDR research 
challenges and topics that are predicted to improve 
in the near future, helping to advance SDRs and their 
wide adoption.

Finally, we think that SDR solutions are going 
to be mainstream and that their ability to implement 
different wireless communication standards with 
high levels of  flexibility and reprogrammability 
will be considered the norm. In a few last words 
this Research concluded to: that the driving factors 
for the high demand of  SDR include network 
interoperability, readiness to adapt to future updates 
and new protocols, and more importantly, lower 
hardware and development costs.
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1. INTRODUCTION AND PROBLEM 
DEFINITION
Well known that DRFM technology was 
developed in 80s and found broad application in 
the systems of  a radar-location, radio navigation, 
radio-electronic counteraction and a radio 
communication [1-9]. The priority belongs to 
works [1,6,8,9]. The DRFM technology allows 
to carry out storing and repeated reproduction 
of  radio signals in a strip of  frequencies several 
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hundreds of  megahertz, with dlitelnost of  signals 
tens of  milliseconds and in the big dynamic 
range.

At the same time experience of  use of  
DRFM technology revealed a number of  
problems which solution is defined by the 
prospects of  its development and emergence of  
new technologies. The main problem consisted 
in obtaining digital copies of  signals in the wide 
frequency and dynamic ranges.

Usually, the bearing frequency of  entrance 
signals a priori is unknown, only frequency 
range, for example in the eighties, it is ~4÷18 
GHz is often known. From the moment of  
emergence of  DRFM for the last 40 years, in 
connection with continuous expansion of  range 
of  distribution of  frequencies of  the suppressed 
DEN, the main efforts of  developers were 
directed to increase in operating range ∆Fp  of  
frequencies of  DRFM, i.e. the problem was 
constantly aggravated.

It is known that the operating range of  
DRFM is defined by the frequency of  sampling 
of  signals in time and this dependence is set by 
expression:

∆FР ≤ ∆Fd,

where Fd = 1/T – frequency, and T – an 
interval (period) of  sampling of  a signal in time. 
Consequently, the only way of  expansion of  
operating range of  frequencies of  the DRFM 
device is increase in its frequency of  sampling 
which is 600 MHz today, and the GHz is required 
600÷3000. Range of  the remembered signals 
with ∆FР ≤ ∆Fd = 3000 MHz is sufficient F for 
the majority of  technical applications.

Power of  entrance signals is also a priori 
unknown and can change in the range up to 
60÷70 dB In these conditions there is a problem 
of  transformation of  signals to numeric words, 
their subsequent storing and investment of  the 
created signals with interfering modulation, their 
transformation from "figure" to an analog form 
and strengthening.

It is known [10], that with the fixed signal 
amplitude for achievement of  level of  parasitic 
components of  a signal no more minus 30 dB it 
is necessary to transform to two not less than 4 
categories of  (bit) long everyone. Total length of  
the numeric word has to be not less than 8 bits, 
and the volume of  the memory device of  the 
DRFM device has to be 8∙∆FР∙W and bit where 
W – radio signal duration.

If  amplitude of  an entrance signal changes 
in the range up to 60 dB (103 time), then for 
achievement of  an identical step (increment) of  
quantization ∆ quadrature with any amplitude of  
a signal it is necessary to increase word length up to 
18÷20 of  categories, and STORAGE volume to 
(18÷20) ∆FР∙τi and bit. Compression of  dynamic 
range by means of  the amplifier with logarithmic 
characteristic allows to squeeze dynamic range 
in ~100 times and to respectively reduce length 
of  the numeric word to 12 bits. The serious 
constraint reduces the length of  the digital words 
to 8÷10 bits. In both cases, additional parasitic 
components of  the spectrum of  the reproduced 
signal on the harmonics of  the carrier frequency 
are generated. Serious difficulties arise in the 
case of  wide carrier change bands of  ~100÷500 
MHz or more when several signals at different 
frequencies enter the DRFM operating band. In 
this case, signal restriction generates additional 
parasitic signal components, which cannot be 
eliminated without special measures.

Method of  dynamic range compression with 
the help of  AGC circuits does not eliminate 
problems of  multi-signal situation, as well 
as method of  separate amplitude and phase 
conversion [10]. Also, traditional approach the 
range width which it is commensurable with a 
working strip of  frequencies ∆FР and it does not 
solve a problem of  storing and reproduction of  
broadband signals. Signal restriction produces 
additional parasitic components in the spectrum 
of  the reproduced signal, the levels of  which 
may be significant. This also applies to coarse 
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quantization, which in the first approximation 
prevents such a transition.

It is generally accepted that a large 
dynamic range of  processed signals and A/D 
converter bit are interconnected. On noise 
of  the receiver σ it is taken away 1-3 category 
ADC, consider quantization commotion SD 

/ 2 3 0.6 ,σ∆ = ∆ ≈ ∆  where ∆ - the price of  the 
younger category ADC and at big word length 
of  the L of  ADC (L >> 1) neglect commotion 
of  quantization. For Fd = 3 GHz at L = 12 we 
have the forecast of  volume of  the memory 
device at quadrature processing 2∙12∙∆FР∙τi and 
bit on an entrance at 3 selections of  two 12-bit 
words approximately for 1 nanosecond.

Due to the widespread introduction of  the 
TO methods, emergence PLD and DSP, an 
opportunity to redistribute strengthening of  
a path, to carry out the digital multichannel 
filtration (DMF), to make narrower strips of  
certain canals and, thus - to increase extreme 
sensitivity opened (even for short impulses from 
10÷50 of  nanosecond).

Regardless of  the counting system, the 
rounding method, the representation of  digital 
data in "integers," with a "fixed" or "floating" 
comma, simply increasing the sampling rate of  
the ADC Fd  to 3 GHz results in a substantial 
increase in the bit rate resulting in "bit 
redundancy" in the TO path.

2. DESCRIPTION OF "BIT 
REDUNDANCY" EFFECT
Fig. 1 shows the dependence of  the increase 
in the bit capacity of  the ADC on the duration 
of  the stored radio signal W from 0 to 1.5 μs 
(accordingly increase of  number of  samples 
from 1 to 213 and more) At Fd  ≈ of  3 GHz, 
which results (in limit) in output bit increase to 
21 (the lower straight line) and possibilities of  
realization of  dynamic range of  a path up to 120 
dB that on 70÷100 dB exceeds necessary, i.e. is 
superfluous.

On the top straight-line growth (on the 
module) is shown to word length for binary ("it 
is binary – sign") quantization below – 4-bit, 
allowing to have the output dynamic range of  
50÷80 dB sufficient for high-quality reproduction 
of  the digital copy of  a signal. Simply increasing 
the bit rate during processing (without taking 
special measures) does not lead to reduction 
of  quantization noise, because in a system with 
"fixed point" at accumulation of  quantization 
error (in the absence of  receiver noise) have 
(from count to count) the same value and sign (+ 
or –) and at summation in the TF ("accumulate," 
i.e. are not mutually compensated), and there is 
no improvement in the quantization signal-to-
noise ratio.

In order to maintain the required dynamic 
range of  the CP path under "rough quantization" 
conditions, it is proposed to select commotion 
from the following principle condition (1) 
(described by the expression):

σ << ∆.         (1)

This means, that current intermediate counts 
"can be" rough. Weak signals, commensurate or 
smaller quanta, in the first approximation can be 
lost (inside the quant), and in other situations, 
on the contrary – to be emphasized (at the 
boundaries of  the quanta).

RADIOELECTRONICS CHAOTIC SIGNAL PROCESSING AND GENERATION IN DRFM 
TECHNOLOGIES: ACCOUNTING FOR RESOURCE CONSTRAINTS

Fig. 1. Diagram of  increase of  ADC converter digit capacity 
L depending on pulse duration W.
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3. CHAOTIC PROCESSING WITH LOW 
DIGIT CAPACITY: ROUGH STATISTICS
The chaotic DCP has been applied before. 
Consequently, stochastic ADCs and other 
structures were considered in [11]: it did not 
address special issues related to reducing sampling 
and quantization noise in DRFM devices.

In work [11] it is proposed to use stochastic 
interpolation of  "rough" range samples to 
measure the range. When measuring target 
coordinates in this manner (essentially by the 
Monte-Carlo method), an interpolation task such 
as range D has been reduced to an interpolation 
additive measurement task Δx by measuring the 
associated probability p = Δx/Δ, where Δ is an 
element of  discreteness, a quantization step by 
the measured parameter x.

In step [12-13], analysis of  processing and 
generating signals in the radars with VTs was 
performed using randomization techniques. 
Solutions to eliminate uncertainty in the setting 
of  probe signal parameters and in the selection 
of  methods of  processing and decision-making 
under resource constraints in VTs systems are 
justified, but this issue is solved in order to miss 
the suppression of  passive interference in IR 
radio interference.

The works [14-19] consider a stochastic 
approach to solving traditional radar problems: 
detection, evaluation, filtering. Stochastic radar 
[14] is based on the concept of  introducing 
artificial stochasticity into the process of  
processing and generation of  radar signals, which 
assume, along with natural stochasticity due to 
random nature of  input signals, randomization 
of  reception-transmission process conditions. 
The solutions given therein are analogs.

The theoretical base of  stochastic radar, and 
similar to the proposed approach, is the Monte-
Carlo method. Further we will understand an 
essence of  this method in relation to a solvable 
task in which signals in delta ∆ are not excluded 
from processing, and we turn into some 
probability. Analogy of  problem solution (by 

VTS systems type in radar [13]) also determined 
the necessity of  rational use of  dynamic range, 
with respect to analyzed signal, and - subtraction 
of  interference (dominance) before processing.

4. COMPENSATION OF THE 
DOMINANT SIGNAL BY "IF-CP " TYPE 
OF CIRCUIT IN STS SYSTEM
In the case under consideration, the injector 
filter (IF) is designed to compensate (subtract) 
the dominant signal (passive interference) from 
the sum of  signals in a multi-signal situation in 
order to reduce the dynamic range of  the MMF 
circuit made in [13] in the form of  a multi-
channel coherent storage device (DRFM of  the 
total signal) with their subsequent separation.

The object of  the CO in this pattern is the 
vibration coming from the receiver output x , 
which is the sum of  the analyzed signal S  and 
the dominant signal C .

The input signals for the ADC are the 
quadrature components xc and xs - respectively, 
the real (cosine) and imaginary (sine) parts of  
the complex vector x .

A distinctive feature of  the RO(РО) circuit 
is the presence of  a random additive generator 
(RAG) designed to generate a random noise 
voltage r Nξ +



 additive with elements iξ


, i = 
1,2,...,r+N. The coherent store KN-TMF, 
distributes a set of  harmonicas of  "a group 
signal" on the separate "streamlets" forming 
"narrow" channels in a working strip ∆FР can be 
realized on DPF algorithm:

2 2 ,c sz f f= +  (2)

1

0
( ) ,k

N
jia

c s i
i

f k f jf x e
−

−

=

= + = ∑

  (3)

where αk = 2πk/N - setting of  k-th channel for 
inter-period run of  signal phase from target; N 
- number of  analyzed pulses in the packet and 
simultaneously (for DMF) number of  frequency 
channels; k = 0,1,2,...,N-1 - channel number;   
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iP ci six x jxΦ = +  - temporary quadrature samples 
of  signal at RF output.

As an indicator of  system efficiency, we use 
the improvement factor [15]:

J = rout/rin = KG/KC,        (4)

where rout = PCout/PGout, rin = PCin/PGin is the ratio of  
the power of  the useful signal to the power of  
the dominant signal at the output and input, 
respectively; KG = PGin/PGout is the suppression 
factor of  the dominant signal; KC = PCin/PCout 

is the transmission factor of  the analyzed 
signal.

First, we will analyze the passage of  the 
dominant signal. Fig. 2 shows the canonical 
diagram of  one quadrature channel of  RF 
of  r order, which for binomial weighting 
coefficients

( 1) ( 0,1,2,..., ),i i
i ra C i r= − =  (5)

where i
rC  is the number of  combinations from r 

to i, identical to the scheme r-FIR.

In deterministic quantization, the current 
digital count is related to the level of  compensated 
interference (dominant signal) ratio (Fig. 2, 

0ξ =


):

C = XΔ + ΔC,
where X = E{C/Δ} is the function of  the whole 
part, ΔC = R{C/Δ} is the fractional fraction of  
the relation C/Δ.

Let [0, ],ξ ∈ ∆


 then at the output of  ADC 
digital samples are generated X + μi, i = 1,2...,   
where

1,  with probability / ,  for ;
0,  with probability 1 ,  for .

C C
i

C

p
q p

ξ
µ

ξ
= ∆ ∆ > ∆ −∆

=  = − ≤ ∆ −∆
 

Using the accepted symbols, the power of  
the dominant signal PG at the output of  the RF 
is represented as:

2

0
( 1) ,

r
i i C

s r i
i

CP M C µ
−

  − ∆  = ∆ − +   ∆    
∑  (6)

where M{...} is the mathematical expectation 
operator.

At independent tests M{μi} = p, M{μ2
i} = p2, 

M{μiμj} = M{μi}M{μj} = p2, get

2 2

0
( ) .

r
i

G r GO
i

P pq C P
=

= ∆ =∑  (7)

Signals from the output of  the dominant 
signal compensator in the DMF unit are subjected 
to transformations (1) and (2). Considering (for 
simplicity) the operation of  one ("central") 
channel numbered k = N/2 (N is even), the 
expression for power deterministic at the output 
of  the N-point DFT block:

2

1 1
( 1) ,

N r
i C

Gout r j i
j i

C
P M C µ −

= =

   − ∆   = ∆ − +    ∆      
∑ ∑  (8)

Because for this channel αk = π, sinjπ = 0, cosjπ = 
(-1)j.

Without disturbing the commonality for 
the same frequency channel, the expression (8) 
taking into account (7) is converted to a view

2 2

0
( ) .

r
i

Gout r GO
i

P Npq C NP
=

= ∆ =∑  

Considering further that the maximum value 
of  the dominant signal is C = Δ2i-1, and also 
that the amplitude of  the analyzed signal, for 
example at the Nyquist frequency (dk = π)v, after 
passing through the IF and the CH is increased 
by a factor 2rN, it is desirable to characterize 
the degree of  suppression of  the dominant 
signal for the PO processing by a normalized 
suppression factor.

2 2( 1) 2 2( 1) 2

2
0

2 (2 ) 2 2 .
( )

L r L r

GNR r i
GO ri

N NK
P N pq C

− −

=

∆
= =

∑
 (9)
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Fig. 2. Canonical scheme of  stochastic IF r-th order.
                             Delay elements for period T
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The minimum value of  the suppression 
factor is achieved for the interference lying in 
the middle of  the quant (for them) ("antinode" 
are formed):

2
2 2

2
0

22 2 .
( )

r
L L

GNRM r i
ri

NK
C

η
=

= =
∑

 (10)

At the determined quantization the 
dominating signals lying in quantum 
completely are suppressed, and the dominating 
signals lying on its borders are suppressed to a 
lesser extent as the level of  not compensated 
remains at the exit of  the IF and KN can 
reach the size N2(r-1)∆. Therefore, the value 
of  the normalized suppression factor for 
deterministic processing:

2 2( 1) 2
2

2 2( 1) 2
2 (2 ) 2 .

2

L r
L

GNDM r
NK

N

−

−
∆

= =
∆

 (11)

Next, in expression (8), the coefficient η > 
1, i.e., PO, has advantages over deterministic 

processing (DP). Actually 
2

2

0 0
( ) ,

r r
i i
r r

i i
C C

= =

 
> 

 
∑ ∑  since, 

a 
0

2 ,
r

i r
r

i
C

=

=∑  we get:

2 2 2

2 2
2

0 0

2 2 2 1.
2( )

r r r

r rri ir r
i i

N N N
C C

η

= =

= > = = ≥
 
 
 

∑ ∑
 (12)

Analysis of  expression (9) shows that degree 
of  suppression of  dominant signals in case of  
RO is determined not only by bit L of  ADC, 
but also by order r of  IF, as well as by number 
N of  accumulated samples in DMF unit. By 
selecting N and r respectively, the number of  
quantization levels of  the input ADC can be 
significantly reduced M = 2L to achieve the 
desired suppression. Programming on the 
PLD divides the CP into two units: IF and CP 
the implementation of  which is significantly 
simplified due to the sharp reduction of  the 
CP discharge. In DO processing, as seen in 
(19), the degree of  suppression is determined 
by ACD converter discharge L, wherein the 
specific suppression per bit does not exceed 6 
dB.

5. ANALYSIS OF SIGNAL 
TRANSMISSION
The passage of  weak signals commensurate 
with quantum   and less was analyzed. The 
nonlinearity of  the step amplitude characteristic 
can show results in that, if  the amplitude of  
the useful signal S < Q{x/Δ}Δ, where x = C ± 
S, Q{x/Δ} is a function of  the distance to the 
nearest integer x/Δ, such a signal is lost during 
processing due to nonlinearity of  the "dead 
zone" type. Randomization of  the processing 
allows linearizing said nonlinearity and thus 
detecting the signal from the target located inside 
the quant of  the  ADC [13].

The power of  the useful signal at the output 
of  the ADC+N-Surgical DMF processing 
device was defined as the increment of  the 
sum power, which is caused by the analyzed 
signal. It is shown that at PO the power of  
the analyzed signal, even if  it is inside the 
quantum Δ (B = 0), at the output of  the DC 
device is not equal to zero. Absence of  "dead 
zone" in amplitude characteristic of  RP device 
is explained by effect of  "linearization of  
nonlinearity" of  ADC.

Linearized characteristic of  ADC is 
shown in Fig. 3: Dependencies are built on 
the amplitude PCout for the analyzed signal S 
at ΔC = 0 (curve 1) and ΔC = Δ/2 (curve 3). 
The same figure shows that the corresponding 
constraints at NO (curves 2 and 4). As can be 

RADIOELECTRONICS

Fig. 3. Relations of  normalized power of  output signal 
S, commensurate with quant size for compared CA 

methods.
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seen from the figure (curves 1 and 3), the effect 
of  eliminating the "dead zone" in which weak 
signals were lost, was found. Consequently, 
linearization of  non-linearity of  the "dead 
zone" type allows to detect weak signals, the 
amplitude of  which is commensurate and less 
than quantum Δ.

If  the amplitude of  the useful signal is not 
too small compared to Δ, its power at the output 
of  the RO device:

2
2 2 1 2( 2 ) 2 .

2

r
r

Cout
N SP N S−= =

Given that PCin = S2/2, the gain of  the useful 
signal is represented by

2 2/ 2 .r
C Cout CinK P P N= =  (13)

It follows from the obtained formulas 
that the specified coefficient of  improvement 
of  the SDT-P filter with the corresponding 
selection of  parameters N and r, IF and CD 
can be achieved with less than the deterministic 
processing of  the number of  quantization 
levels in the input ADC. Gain (equivalent) 
digit capacity of  ADC on an entrance ∆Leq = 
log2η, where η, is determined by formula (10). 
In this example, the dominant signal was taken 
at frequency 0. For other cases, the IF circuit 
is supplemented by a phase changer, which 
is automatically adjusting IF HX "zero" to a 
frequency channel numbered "k," in which the 
dominant signal is detected.

For RO, by introducing random factors into 
the CP process as an addition to the digital 
copy of  radio signals and a digital copy of  
random perturbations under CMF conditions, 
the levels of  parasitic components in the 
spectrum of  reproduced signals are reduced 
by 20-30 dB.

Consequently, digital multichannel frequency 
filtering (DMF) of  the signals in the DRFM device 
itself  and the randomization of  rough samples 
are an alternative to traditional construction, but 
with multi-bit processing.

6. CONCLUSION
The article explores the possibility of  
using "low-discharge" ("Rough") readings 
(statistics) in radio frequency storage 
technology (DRFM technologies).

It is proposed to use randomization of  
measurements by the Monte Carlo method, which 
uses “rough” (“Boolean”) statistics in statistical 
tests to reduce (“smooth”) quantization noise.

In order to reduce the requirements 
for dynamic range in multi-signal mode, it 
is recommended to identify the dominant 
signal and exclude it from further processing.

The obtained recommendations are useful 
for developers of  DRFM technology, and the 
knowledge gained is needed for specialists in the 
field of  randomization of  physical measurements.
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1. INTRODUCTION
Half  a century ago, MIPT began the study 
of  grid-characteristic numerical schemes. A 
direct study of  such schemes was conducted 
under the direction of  K.M. Magomedov 
and A.S. Kholodov [1,2] and, subsequently, 
their students [3]; The application of  these 
schemes to the problems of  mechanics of  a 
deformed rigid body was dealt with by V.N. 
Kukujanov with students [4,5,6]. This aspect 
of  the problem was considered in more 

detail in [7]; the procedure for constructing 
the characteristic form of  the equations of  
dynamics of  elastic-viscoplastic bodies with a 
symmetric stiffness matrix was also considered 
there. Such a matrix has a large number of  
materials used in industry and construction, 
however, there are materials for which this 
matrix is   asymmetric.

These materials include crystals with defects 
and crystals grown under nonequilibrium 
conditions [2, 3]. In addition, dynamic dynamics 
loading of  statically stressed structures [4] and 
loading of  thin-walled structures taking into 
account the influence of  shear deformation [5] 
leads to the equations of  dynamics and statics 
with an asymmetric elastic matrix.

In [1], when constructing the characteristic 
equations of  dynamics, two main methods 
were used: 1) the construction of  the matrix 
form of  the equations of  motion and the 
defining equations, and 2) the diagonalization 
of  symmetric matrices, which are the main 
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minors of  the third order of  the stiffness 
matrix. After that, the final form of  the 
equations was obtained using simple algebraic 
transformations.

In the case of  an asymmetric stiffness 
matrix, the matrix form of  the equations of  
dynamics is constructed elementarily, but the 
procedure of  diagonalizing the minors using 
orthonormal matrices is impossible. Therefore, 
in this case, it is necessary to use a different 
trick – unitary triangulation according to Shur. 
As a result, characteristic equations can still 
be constructed, while they possess some new 
properties.

2. THE CONSTRUCTION OF THE 
CHARACTERISTIC FORM OF 
EQUATIONS OF DYNAMICS FOR 
BODIES WITH AN ASYMMETRIC 
ELASTICITY MATRIX
We construct the characteristic equations 
using the matrix form for writing variables and 
Cartesian coordinates {xi}. The equations of  
motion have the form

; , 1, 2,3,i ij i jp V i jρ∂ = ∂ =  (1)
where ∂i ≡ ∂/∂xi, ∂t = ∂/∂t, pij are the stresses,  
Vj  – particle velocities, ρ  – body material 
density: summation is carried out here and 
thereafter on repeated Roman indices.

We introduce additional row matrices
1 2 3

1 1 2 2 3 3 1 2

1 3 2 1 2 3 3 1 3 3

, , ,

, , , ,
,

, , , ,

i i i i

i j i j i j i j
ij

i j i j i j i j i j

e

q

δ δ δ

δ δ δ δ δ δ δ δ

δ δ δ δ δ δ δ δ δ δ

=

=
 (2)

where δij is the Kronecker symbol and also 
write the defined variables: and in the form of  
matrix rows:

1 2 3

11 22 33 12 13 21 23 31 32

, , ,

, , , , , , , , .

V V V V

P p p p p p p p p p

=

=
 (3)

Using matrices (2) and (3), equation (1) can 
be written as

,T T
j j tQ P Vρ∂ = ∂  (4)

somewhere ,T
j i ijQ e q=  there

1

1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 ,
0 0 0 0 1 0 0 0 0

Q =  

2

0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0 ,
0 0 0 0 0 0 1 0 0

Q =

3

0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 .
0 0 1 0 0 0 0 0 0

Q =

We do not consider plasticity; therefore, the 
relationship between stresses and asymmetric 
deformations has the form
pij = cijklγkl,          (5)
where γkl = ∂uk/∂xl is the strain tensor, uk 
displacement, cijkl stiffness tensor, which in 
matrix form has the form of  a positive definite 
asymmetric matrix

11 12 13 14 15 16 17 18 19

21 22 23 24 25 26 27 28 29

31 32 33 34 35 36 37 38 39

41 42 43 44 45 46 47 48 49

51 52 53 54 55 56 57 58 59

61 62 63 64 65 66

c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c
c  c  c  c  c  c

C =

67 68 69

71 72 73 74 75 76 77 78 79

81 82 83 84 85 86 87 88 89

91 92 93 94 95 96 97 98 99

.
 c  c  c

c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c
c  c  c  c  c  c  c  c  c

 

Taking into account the expression of  
distortions through displacements, as well as 
using matrices (2), equations (5) can be written 
in matrix form

T T T
j jP CQ u= ∂  (6)

or, differentiating by i
.T T T

t j jP CQ V∂ = ∂  (7)

Equations (4) and (7) are a complete system 
of  matrix equations for determining matrix 
rows P and V.
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Before performing further transformations, 
we note a number of  properties of  the 
constructed matrices

(1,1,1),

(1,1,1,1,1,1,1,1,1),
,

T
i j ij

T
i i

T T
i j

Q Q diag

Q Q diag
Q CQ

δ

θ θ

=

=

≡ ∆

 (8)

where θ –  is the orthonormal matrix of  the 
third order, Δ – the matrix is triangular; when 
i = j the matrix Δ has positive eigenvalues and, 
if  all elements of  the central minor of  the 
third order   QiCQj  are positive, the largest 
eigenvalue of  the matrix Δ is one [4].

Let the stress wave propagate along the axis 
xα of  the coordinate system {xi}. We multiply 
(7) on the left by Qα and apply the Schur 
theorem to the matrix TQ CQα α , that is, replace 
it with T

α α αθ θ∆ ; grouping in (4) and (7) we get
,

, ; ;
.

T T T
t j j

T T T T T
t j j

Q P V Q P
j

Q P V Q CQ V

α α

α α α α α α

ρ

β γ α β γ α

θ θ

∂ − ∂ = ∂

= ≠ ≠ ≠

∂ − ∆ ∂ = ∂

 (9)

We multiply both equations (9) from the 

left by 
T
αθ , introduce the notation:

,  ,

,  ,

,  ,

T T T T

T T T T

T T T T

P Q P P Q P

P Q P P Q P

Q CQ Q CQ

α α α β α β

γ α γ γ α γ

αβ α α β α αγ α α γ α

θ θ

θ θ

θ θ θ θ

= =

= =

Ψ = Ψ =

 

with the help of  which equations (9) take the 
form

,

.

T T T T
t

T T T T
t

P V P P

P V V V
α α α β β γ γ

α α α α αβ β α αγ γ α

ρ∂ − ∂ = ∂ + ∂

∂ −∆ ∂ = Ψ ∂ +Ψ ∂
 (10)

We write the triangular matrix Δ in the form

0 0
0 , ,

α

α αβ β α β γ

αγ βγ γ

λ
χ λ λ λ λ
χ χ λ

∆ = > ≥  (11)

and divide it into two parts Δα = Λα + Eα, 
where  Λα – is the diagonal matrix

0 0 0 0 0
0 0 , 0 0 .
0 0 0

E
α

α β α αβ

γ αγ βγ

λ
λ χ

λ χ χ
Λ = =  (12)

Next, we write the matrix Λα in the 
form 2 ,Dα αρΛ = , where the matrix 

( , , )D diag D D Dα α αα αβ αγρ= ± Λ = ± ± ±  – is the 
matrix of  longitudinal and transverse velocities 
of  stress waves propagating in both directions 
along the axis xα. We multiply the first equation 
(10) on the left by |Da| and add the resulting 
equations, highlighting the characteristic part 
on the left.

( )( )

( )

( ) .

T T
t

T T

T T T

D P D V

V D P

V D P E V

α α α α α

β αβ α α β

γ αγ α α γ α α α

ρ∂ + ∂ − =

= ∂ Ψ + +

+∂ Ψ + + ∂

 (13)

Equations (13) are not characteristic due to 
the term taken in the frame and containing the 
derivative along the direction of  wave motion. 
To exclude it, we return to the second equation 
(10), multiply both its parts on the left by Δ-1 
and select TVα α∂ . In this case, we obtain the 
equation

1( ),T T T T
tV P V Vα α α α αβ β α αγ γ α

−∂ = ∆ ∂ −Ψ ∂ −Ψ ∂  (14)
where:

1 1

1 1 1

1 1

1 *

/ ,
( ) / ,

/ ,

0 0 0 0
0 0 0

0 0

0 0 0
0 0 .

0
E

αβ αβ α β αγ

αβ βγ β αγ α β γ

βγ βγ β γ

α α

α αβ β β

αγ βγ γ γ

αβ α α

αγ βγ

ε χ λ λ ε

χ χ λ χ λ λ λ

ε χ λ λ

λ λ
ε λ λ
ε ε λ λ

ε
ε ε

− −

− − −

− −

−

= − =

= −

= −

∆ = = +

+ = Λ +

 .

We substitute (14) into (13) and carry out 
the corresponding grouping; as a result, we 
obtain the equation.

1 *

1 *
3

1 *
3

( )( )

( )
{[ ( )] }

{[ ( )] },

T T
t

T
t

T T

T T

D P D V

E E P
I E E V D P

I E E V D P

α α α α α

α α α α

β α α α αβ α α β

γ α α α αγ α α γ

ρ
−

−

−

∂ + ∂ − =

= Λ + ∂ +

+∂ − Λ + Ψ + +

+∂ − Λ + Ψ +

 (15)
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where:

1 *

3

0 0 0
( ) 0 0 ,

0

(1,1,1).

E E

I diag

α α α αβ β

αγ γ βγ γ

ε λ
ε λ ε λ

−Λ + =
− −

=

We write (15) in scalar form using the 
two-valued definition Da  and the following 
notation:

1 *
3

1 *
3

, , , , , ,

[ ( )]

, , ,

[ ( )]

, , ,

T T

T T

P p p p V V V V

I E E V D P

I E E V D P

α αα αβ αγ α αα αβ αγ

α α α αβ α α β

β αβ ββ γβ

α α α αγ α α γ

γ αγ βγ γγ

−

± ± ± ±

−

± ± ± ±

= =

− Λ + Ψ ± =

= Π = Π Π Π

− Λ + Ψ ± =

= Π = Π Π Π

with which (15) can be represented in the form 
of  three pairs of  scalar equations
( )( ) ,
( )( )

,
( )( )

,

t

t

t

t

t t

D p D V
D p D V

p
D p D V

p p

αα α αα αα αα β αβ γ αγ

αβ α αβ αβ αβ

αβ β αα β ββ γ βγ

αγ α αγ αγ αγ

αγ γ αα βγ γ αβ β γβ γ γγ

ρ

ρ

ε λ

ρ

ε λ ε λ

± ±

± ±

± ±

∂ ± ∂ = ∂ Π + ∂ Π

∂ ± ∂ =

= ∂ + ∂ Π + ∂ Π

∂ ± ∂ =

= − ∂ − ∂ + ∂ Π + ∂ Π







 (16)

of  which we successively find the voltage 
– particle velocity pairs: from the first pair 
of  equations pαα and Vαα, from the second 
pair of  equations, substituting the previously 
obtained – pαα and Vαα into the right-hand 
sides, next pair – pαβ and Vαβ, finally, from the 
third pair, substituting into the right-hand 
sides all the previously obtained voltages and 
particle velocities, obtain remaining pαγ and 
Vαγ. After that, it is possible to reconstruct the 
row matrices Pa and Va and use them further 
to determine the remaining stresses Pβ and Pγ 
at fixed discontinuities. As you know, in this 
type of  equations, the spatial derivative of  
the defined variables in the direction of  wave 
motion (here it is TVα α∂ ) should be absent.

We return to equation (7), multiply both its 
parts on the left by θαQβ, express TVα α∂  using 

(14) and using the notation (10) we obtain for 
TPβ

1

1
3

( )

[ ](

).

T T T
t

T T T T T

T T

P Q CQ P

Q C I Q Q C Q V

Q V

β α β α α α α

α β α α α α α β α β α

γ α γ α

θ θ

θ θ θ θ

θ

−

−

∂ − ∆ =

− ∆ ∂ +

+ ∂

 (17)

Similarly, multiplying (7) from the left by 
θαQγ for TPγ , we obtain

1

1
3

( )

[ ](

).

T T T
t

T T T T T

T T

P Q CQ P

Q C I Q Q C Q V

Q V

γ α γ α α α α

α γ α α α α α β α β α

γ α γ α

θ θ

θ θ θ θ

θ

−

−

∂ − ∆ =

= − ∆ ∂ +

+ ∂

 (18)

Having determined , ,T T TP P Pα β γ  and TVα , the 
initial stresses and particle velocities are found 
by the formulas

,

.

T T T T T T T

T T

P Q P Q P Q P

V V
α α α β α β γ α γ

α α

θ θ θ

θ

= + +

=
 (19)

This completes the construction of  the 
characteristic form of  the equations of  
dynamics of  media with an asymmetric stiffness 
matrix. Naturally, in practically important cases, 
this problem should be solved by numerical 
methods. However, it should be noted that 
the matrix approach used in this paper reduces 
the determination of  the eigenvalues of  
matrices to third-order algebraic equations, 
which allows one to analytically perform the 
following operations:

1) find all the elements of  the lower 
triangular matrices Δα for all directions of  
wave propagation {xi} and, therefore, the 
matrices   Λα and Eα;
2) find the matrices θα corresponding to 
them
3) find all the coupling coefficients εαβ, 
εαγ, εβγ of  the inverse matrix 1

α
−∆  and then 

the matrices * ,Eα  1 *( ),E Eα α α
−Λ +  and all 

unchanged matrices in equations (16)-(18).

After these operations, the machine account 
for solving applied problems is sharply reduced.

GEORGE G. BULYCHEV
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3. SOME PROPERTIES OF 
CONSTRUCTED MATRICES 
AND MATRIX DIFFERENTIAL 
INVARIANTS
Analyzing the above construction of  the 
characteristic equations, as well as the 
construction carried out in [1], it is easy to see 
that each uses one kind of  auxiliary matrices. 
In [1] these are matrices ,T

i j ijR e r=  where

1 1 2 2 3 3 1 2

2 1 1 3 3 1 2 3 3 2

, , ,
, ,

i j i j i j i j
ij

i j i j i j i j i j

r
δ δ δ δ δ δ δ δ

δ δ δ δ δ δ δ δ δ δ

+
=
+ + +

In this paper, these are matrices .T
i j ijQ e q=

The structure of  these matrices is simple 
– they are dyadic products of  unit one-line 
three-component matrices ej, isolating the 
components of  the vector, also written as 
a one-line matrix, and similarly written unit 
matrices rij  and qij, isolating the components of  
symmetric and asymmetric tensors, written in 
the same form.

An important feature of  these matrices 
is that only one matrix is used in each of  the 
considered processes of  medium motion.

So the movement of  a symmetrically elastic 
medium can be represented by the following 
cycle – Fig. 1, where the main role in topology 
is played by matrices Ri: in the equations of  
motion they lower the dimension (row matrices 
Σ), and in the defining equations increase the 
dimension (row matrices V).

Matrices ei, Ri and Qi form the corresponding 
bases in three, six and nine-dimensional spaces, 
i.e.

1
3 6

1
9

, ,

; (1,1,1,2,2,2),

T T
i i i i

T
i i

e e I R R I

Q Q I diag

−

−

= = Π

= Π =
 (20)

where I3, I6 and I9 are the unit matrices of  the 
third, sixth and ninth order, which allows, using 
only their pairs, to find all the components of  
the velocity vector and stress tensors in the 
problems under consideration.

Table 1 presents the matrix differential 
invariants encountered in the problems of  
continuum dynamics and field theory and 
written in the Cartesian coordinate system 
{xi}. Here is indicated: ˆ,  v σ  and p̂  – a vector, 
symmetric and asymmetric tensors, V, Σ and 
P – they are also written in the form of  single-
line matrices;   φ – scalar, ∂i = ∂/∂xi.

The matrix Si corresponds to the 
vector product of  vectors and reflects the 
orthogonality of  the movement and the action 
caused by it.

In an arbitrary orthogonal coordinate 
system  {ai}, the same differential invariants 
have the form presented in Table 2
where

Fig. 1. The cycle of  motion of  a symmetrically elastic medium.

Table 1
Matrix differential invariants

T
i idiv v e V= ∂

 T
i igrad eϕ ϕ= ∂

ˆ T
i idiv Rσ = ∂ Σ ( )T T

i idef v R V= Π ∂


ˆ T
i idiv p Q P= ∂ T T

i iGrad v Q V= ∂


, ,  Levi - Civita tensorT T T
i i i ijk j k ijkrot v S V S e e V= ∂ =∈ ∈ − −
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Table 2
Matrix differential invariants

in an arbitrary orthogonal coordinate system  

0[ ( ( ))] T
i i i idiv v ln g h eV= ∂ + ∂ /

 T
i igrad eϕ ϕ= ∂

0ˆ [ ( ( ))
( )]

i i i
T

ijk j k i i

div Div ln g h
S ln h R

σ σ= = ∂ + ∂ / +

+∈ ∂ Σ ;
[ ( )]T T

i i ijk j k idef v R S ln h V= Π ∂ +∈ ∂


0ˆ [ ( ( ))
( )]

i i i
T

ijk j k i i

div p Div p ln g h
S ln h Q P

= = ∂ + ∂ / +

+∈ ∂ ;
[ ( )]T T

i i ijk j k iGrad v Q S ln h V= ∂ +∈ ∂


[ ( )] T T
k k i ijk j irot v ln h e eV= ∂ + ∂ ∈
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0 1 2 3 1 2 3  .

i i
i i i i ix x h a h grad a

g h h h i j k i j k iα β
∂ = ∂ / ∂ ; ∂ = ∂ ; =| |;

= ; , , , , = , , ; ≠ ≠ ≠
 

The expressions for matrix differential 
invariants presented in Tables 1 and 2 are 
convenient for matrix transformations: they 
have a block form, are written in a Cartesian 
(or accompanying Cartesian) coordinate 
system, and contain matrix rows of  physical 
components of  the defined variables that are 
affected by scalar - differential – ∂i and algebraic 
– (∂iln(g0/hi)) and  – (dklnhi) operators. These 
equations contain four types of  matrices, – 
ei, Ri, Qi and S, “stitching” individual scalar 
equations into groups and determining the 
structure of  these groups.

Like the original symbolic ones, the 
constructed matrix relations are invariant under 
coordinate transformations, however, the use 
of  these properties in matrix relations has its 
own peculiarities. Consider the transformation 
of  matrix invariants when rotating the 
coordinate axes.

We introduce the Cartesian coordinate 
system {yi}, with the axes rotated relative to the 
axes {xi} and the center coinciding with the 
center of  the system {xi}, and the transition 
matrix 3

T
j ji ie eθΘ =  from coordinates {xi} to 

coordinates {yi}; obviously θji = ∂yi/∂xi.
We transform the invariants written in 

tables 1 and 2 to variables {yi}, for which we 
introduce the matrices M3, M6 and M9, defined 
using the relations

3 3 3

6 3 9

ji i j ji i

j ji i j

S S M R
R M Q Q M
θ θ

θ

Θ = , Θ =

= , Θ = .
 (21)

Multiplying expressions (21) from the left, 
respectively, by T T

j jS R,  and T
jQ , and using 

equalities (20), we define these matrices in the 
form

3 3 6 3

9 3

0 5 T T
j ji i j ji i

T
j ji i

M S S M R R

M Q Q

θ θ

θ

= . Θ , =Π Θ ,

= Θ .
 (22)

It is easy to show that both M3 = Θ3 and 
M9 = Θ9 are orthonormalized and are rotation 
matrices in three-dimensional and nine-
dimensional space, the matrix M6 provides 
rotation of  the components of  the symmetric 
rotation tensor in six-dimensional space, but is 
not orthonormal, |M6| = 1.

Using the properties of  the constructed 
matrices ei, Ri, Si and Q, and carrying out a 
series of  identical transformations, it is easy to 
construct formulas that allow one to recalculate 
the matrix differential invariants written in the 
concomitant (lower index x) coordinate system 
rotated relative to it (lower index y)

3 3 3

3 3 3 6
1 1

3 9 6 3

T T
yx x y

T T T T
x y x y

T T T T
x y x y

div V V grad T grad Tdiv
rot V rot V Div Div
Div P Div P def V def V− −

= Θ , Θ = Θ ;
Θ = Θ , Θ Σ = Θ Σ ;
Θ = Θ , Θ Π =Π Θ ;

 (23)

9 3
T T T

x yGrad V Grad V= Θ Θ ,  

or, in general terms,
T T T

x i y jinv invΨ = Θ Θ Ψ .  (24)

Comparing formulas (23)-(24), we can 
formulate the following statement:

To write the matrix form of  any differential 
invariant (inv) from a column matrix ΨT in 
a Cartesian coordinate system {yi}, rotated 
relative to the accompanying Cartesian 
system {xi} by a certain angle, specified 
using the rotation matrix Θ3, it is necessary:
1) multiply the transformed matrix invariant 
on the left by the transposed rotation 
matrix  Θi, the order of  which   coincides 
with the number of  equations of  the 
group; for deformation should be used as 

1
1 1;def−Π ; Θ ≡

2) replace it ∂/∂xi with ∂/∂y;
3) in his argument, replace ΨT with the 
product ΘjΨ

T, where the matrix Θj has an 
order that matches the number of  elements 
in the column matrix ΨT.

GEORGE G. BULYCHEV
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Consider an example where auxiliary matrices, 
matrix differential invariants, and their 
properties are useful in solving the problem.

Let in the defining equation the elastic body 
statics ˆ c de f uσ = ,



 where ijkl
i j k lc c= ∋ ∋ ∋ ∋ , 

and cijkl– are the contravariant components of  
the tensor corresponding to the symmetric 
nondegenerate stiffness matrix. Let at the 
boundary with the normal xa, all derivatives of  
the displacement vector u  except ∂/∂xa, and 
three components of  the stress tensor σ̂  (σαα, 
σαβ, σαγ, α ≠ β ≠ γ) on this boundary are known.

It is necessary to construct the simplest 
equations for determining the remaining 
components of  the stress tensor.

Decision. We write the original equation in 
matrix form by introducing a non-degenerate 
matrix ,T ijkl

ij klC r c r=Π Π  which is the matrix 
expression of  c, both the row matrix of  stresses 
– Σ and displacements – U.

We multiply the resulting equation on the 
left by C-1, and we get the equation

1 1T T
xC Udef− −Σ = Π .  (25)

We draw attention to the fact that in the 
operator defx the derivatives ∂/∂xα of  the row 
matrix U are multiplied by the matrix TRα , 
therefore, to exclude them from equation (25), 
it is enough to multiply the latter by the matrix 
orthogonal Ra.

We construct such a matrix in the form 
6N I Rα α=  , where   – is the operation of  

deleting rows corresponding to the matrix Ra 
from the matrix I6. The matrices Ra and Na 
together form a six-dimensional basis (of  two 
three-dimensional), obviously

3

3 6

0 ,T T

T T T

N R R R I

N N I R R N N I
α α α α

α α α α α α

= , =

= , + = .
 (26)

We divide the components of  the stress 
matrix row Σ into two groups: the stresses 
acting on the site with a normal xa, – 

T TRα αΣ = Σ  and all the others – ,T T
n NαΣ = Σ  

and, obviously, .T T T T T
nR Nα α αΣ ≡ Σ + Σ  Let us 

1 T T
nn nrA C A N AN A N ARα α α α

−≡ , ≡ , ≡  then write 
equation (16) in the form

1T T T
nn n nr xA A N Udefα α

−Σ + Σ = Π .  (27)

The matrix Ann is the main submatrix of  
a non-degenerate matrix A and, therefore, is 
non-degenerate. Therefore, equation (27) can 
be divided on the left by Ann, after which it will 
take the form

1 1( )T T T
n nn nrxA N U Adefα α

− −Σ = Π − Σ .  (28)

Equation (28) satisfies the given 
requirements, however, when constructing it, 
it is necessary to calculate the matrix A, the 
inverse C, the submatrices Ann and Anr, and the 
matrix 1

nnA− . To simplify the calculations, we use 
the identity AC ≡ I6  and relations (26) that 
determine the decomposition of  matrices A 
and C the basis of  interest to us.

For submatrices Ann and Anr, we obtain the 
following relations:

3, 0nn nn nr rn nn nr nr rrA C A C I A C A C+ = + =  (29)

connecting submatrices of  interest with 

submatrices ,  
,  

T T
nn nr

T T
rn rr

C N CN C N CR
C R CN C R CR

α α α α

α α α α

= = ,

= =
 matrices C.

Note that relations (29) are not a standard 
block decomposition of  matrices A and C, since 
the submatrices under consideration do not 
form continuous blocks in the corresponding 
matrices, therefore (29) can be considered as 
a generalization of  the block decomposition 
of  nondegenerate matrices. For problems 
with real physical content, this generalization 
is very significant, since the bases for the 
decomposition are determined from the 
context of  the problem.

Solving equations (29) we find 1
nnA−  and 

1 ,nn nrA A−  and, substituting these expressions in 
equation (28), we finally obtain

1 1

1

( )T T
n nn nr rr rn x

T
nr rr

C C C C N Udef

C C
α

α

− −

−

Σ = − Π +

+ Σ
 (30)

equation satisfying all the requirements.

CHARACTERISTIC FORM OF EQUATIONS OF 
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4. CONCLUSION
In the work, the characteristic form of  
the equations of  dynamics of  deformable 
bodies with an asymmetric elastic matrix is   
constructed. As such bodies, there can be 
crystals with defects and a number of  thin-
walled and statically stressed building structures 
grown under nonequilibrium conditions.

It is shown that, in contrast to bodies 
with a symmetric matrix, in such bodies, 
longitudinal and transverse waves interact with 
each other inside the body. Since it is assumed 
that the tangential stresses σij and σji are not 
equal to each other, the obtained equations 
describe moment media, without additional 
assumptions, such as, for example, in the 
Cosserat pseudocontinuum theory [12].

During the construction, the simplest 
matrices e, R, Q, S were used, which allow both 
to group the defined variables and to select the 
necessary components from the constructed 
groups. They are either an elementary matrix a 
row of  the same dimension as the variable for 
which they are used, or they are a scalar, vector 
or dyad product of  such row matrices. It turned 
out that these matrices are enough to construct 
the matrix form of  all differential invariants in 
both Cartesian and any orthogonal curvilinear 
coordinate system.

It is convenient to use these matrices for 
various transformations of  coordinate systems, 
in particular, together with the usual rotation 
matrix θ, they allow one to construct rotation 
matrices for three, six, and nine-component 
vectors and write differential invariants in 
a rotated coordinate system relative to the 
original one. In three, six, and nine-dimensional 
spaces, the matrices e, R, Q, S form unit bases.

The following example shows that such 
a group approach allows one to quickly 
and comfortably solve various problems of  
mathematical physics.

In conclusion, we note that the 
transformations carried out in [7] and in this 
work, and the example considered above, do 
not exhaust all the possibilities of  using the 
mathematical apparatus described above.
REFERENCES
1. Magomedov KM. On the calculation of  the desired 

surfaces in spatial methods of  characteristics. 
DAN USSR, 1966, 171(6):1297-1300.

2. Magomedov KM, Colds AC. Grid-characteristic 
numerical methods. Moscow, Nauka Publ., 1988, 288 pp.

3. Petrov IB, Colds AC. On the regularization of  
discontinuous numerical solutions of  hyperbolic 
equations. ZhVMiFM, 1984, 24(8):1172-1188.

4. Kukujanov VN. Numerical solution of  non-one-
dimensional problems of  the propagation of  stress waves 
in solids. Vol. 8, 67 p. Moscow, 1967, VC AN 
USSR.

5. Kukujanov VN, Kondaurov VI. Numerical 
solution of  non-one-dimensional problems of  
the dynamics of  a solid deformable body. In: 
Problems of  the Dynamics of  Elastoplastic Media. 
Moscow,  Mir Publ., 1975, p. 40-84.

6. Bulychev GG, Kukujanov VN. Dynamic failure 
of  a prestressed fiber composite caused by fiber 
breakage. Izvestia RAS, ser. MTT, 1993, 3:207-214.

7. Georgy G. Bulychev. Method of  spatial 
characteristics in problems of  a mechanics of  
deformable solid body. Radioelectronics. Nanosystems. 
Information Technologies (RENSIT), 2018, 10(1)77-
90. DOI: 10.17725/rensit.2018.10.077.

8. Hirt J, Lot I. Theory of  dislocations. Moscow, 
Atomizdat Publ., 1972, 598 p.

9. Shafranovsky II. Crystals of  minerals. Curved, skeletal 
and dendritic forms. Moscow, Gosgeoltekhizdat 
Publ., 1961, 332 p.

10. Petrashen GI. Propagation of  waves in anisotropic 
elastic bodies. Moscow, Nauka Publ., 1980, p. 225-
234.

11. Britvin EI. Formation of  a stiffness matrix of  
thin-walled rods taking into account the influence 
of  shear deformation. Construction mechanics and 
calculation of  structures, 2017, 1:23-28.

12. Novatsky V. Theory of  elasticity. Moscow,  Nauka 
Publ., 1975, p. 797-805.



235

RENSIT | 2020 | Vol. 12 | No. 2

contents

1. introduction (235)
2. accountinG for static displacements in 

short-ranGe electronic theory (236)
3. method for calculatinG static 

displacement parameters (237)
4. calculation results and discussion 

(238)
5. conclusion (240)
references (240)

1. INTRODUCTION
In [1], short-range order in a polycrystalline 
Ni-14at.%Pt solid solution was studied by 
diffuse X-ray scattering, and its parameters 
were determined on the first six coordination 
spheres with allowance for the size effect. 
Earlier, in [2], the short-range order was 
studied in a single-crystal alloy Ni-23.2at.% 

Pt and the long-range nature of  interatomic 
interactions in disordered solid solutions of  
the nickel-rich Ni-Pt system was revealed. Such 
studies are of  considerable interest, since, as 
shown in [3], based on data on short-range 
order parameters in disordered solid solutions, 
it is possible to construct their atomic-
crystalline structure. In this connection, 
it is also of  interest to develop theoretical 
methods for determining short-range order 
parameters in disordered solid solutions on 
an arbitrary number of  coordination spheres. 
In [4], attempts were made to calculate the 
ordering energies by the pseudopotential 
method. However, no ordering energies were 
calculated on the far coordination spheres. 
In [5], a theory was developed, which was 
not previously applied, for calculating the 
ordering energies in a binary alloy on arbitrary 
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coordination spheres, taking into account the 
static displacements of  atoms due to the size 
effect.

The aim of  this work is to develop a method 
for calculating the ordering energies in binary 
alloys based on [5] in an arbitrary coordination 
sphere taking into account the linear size effect 
and to perform such a calculation using the 
example of  a disordered Ni-14at.%Pt solid 
solution.

2. ACCOUNT OF STATIC 
DISPLACEMENTS IN THE 
ELECTRONIC THEORY OF CLOSE 
ORDER
As shown in [5], the configurational energy of  
a disordered solid solution in the presence of  
static atomic displacements due to the size effect 
can be written as:

( )0 0
0

,conf A B i i i
i

E A B C C C V rα
≠

= − + ∑  (1)

where

( ) ( ) ( ) .i i iV r A r B r = − 
In this expression, the function A(ri) is the 

fraction of  the ordering energy recorded without 
taking into account the size effect:

( ) ( ) ( ) ( )1 1 12AA BB AB
i i i iA r V r V r V r= + −  (2)

and B(ri), taking into account the linear size 
effect, αi is the short-range order parameter 
on the ith coordination sphere of  radius ri, Ci 
is the coordination number, CA and CB are the 
component concentrations.

The energy of  pair interaction of  atoms of  
type A entering into formula (2) is written using 
the normalized characteristic function GAA(q), 
which includes the contributions of  electrostatic 
interaction and second-order perturbation 
theory:

( )
( )

( )A
1

0

2 sin ,AA AA i
i

i

Z qrV r G q dq
qrπ

∗ ∞

= ∫  (3)

( )
( )

( )
( ) ( )( )

2 2 4 204 0
22

A

1
.

116

q
AA

A
qqG q e w

q f qZ
η ε

επ

−

∗

−Ω
= −

−  (4)

The energies ( )1
BB

iV r  and ( )1
AB

iV r  are 
recorded in a similar way. In these expressions, 
wA, wB and ZA, ZB are the form factors of  model 
potentials and valency of  the components of  the 
alloy of  varieties A and B.

The contribution to the ordering energy due 
to the linear size effect can also be written using 
normalized characteristic functions in the form 
[5]:

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
, 2 2 2 2

, 1 1 1 1 ,

AB AA BB AB
i AA i i i BB i i

AB AA BB AB
AA i i i BB i i

B r V r V r V r V r

V r V r V r V r

   = ∆ − −∆ − −   
   −∆ − + ∆ −   

 (5)

where

( )
( )

( )2

2
cos( ) .AAA AA

i i

Z
V r G q qr dq

π

∗

= ∫  (6)

The functions ( )2
BB

iV r  and ( )2
AB

iV r  are defined 
similarly.

In this work, in calculating the ordering 
energies, we used form factors of  the model 
potential of  transition metals of  Animalu, which 
have the form [6]:

( ) ( )F F, ( ),bareW q F k k q B q= + +
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where
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F m F m
m

,  ,  ,Zx k R y k q R C
R

= = − =




( )22 22

2cos 1 ,  cos ' ,
22

m

F

x y qRq
xyk

θ θ
  + −

= − = 
 

jl are the Bessel spherical functions, Rl(cosθ) 
are the Legendre polynomials, Ω0 is the atomic 
volume,

( ) ( )
1*2

2
0

2 2

4 21 1
3

4 21 ln ,
2 8 2

F

F F

F F

Zeq f q E
q

k q k q
k q k q

πε
−

 = + − ×     Ω  
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 (11)

2 2

* ,
2

F
F

kE
m

=
  kF – is the Fermi momentum, m* is the 

effective mass of  the electron, ( )*2 21 ,effe eα= +
and f(q) is the correction for the exchange 
and correlation of  electrons. In the work, the 
function proposed by Hubbard and Sham was 
used.

( ) ( )
2

2 F
2 2 2

F s

2,  .
2 s

kqf q k
q k k π

= =
+ +

 (12)

The used parameter values of  the nickel and 
platinum pseudopotentials are given in Table 1.

The temperature correction was introduced 
by multiplying the form factors of  nickel and 
platinum by the factors exp(-M), where

2 2 2
2

2
3 ( ) ,

2 2 4s
B D

q q T XM u X
Mk

 = = Φ + Θ  


 (13)

2
su  are the mean square displacements, ћ is the 

Planck constant, T is the temperature, M is the 
mass of  the atom, kB is the Boltzmann constant, 
ΘD is the Debye temperature, Φ(X) is the Debye 
function, X = ΘD/T. The calculations were 
carried out for a temperature of  1000°C.

3. METHOD FOR CALCULATING 
THE STATIC DISPLACEMENT 
PARAMETERS
The parameters of  the static displacements ΔAA,i 
and ΔBB,i were calculated using the scheme for 
changing the sizes of  nickel and platinum atoms 
during the formation of  a solid solution, which 
is shown in Fig. 1 and is similar to the scheme 
used in [7]. It is assumed that the dependences 
of  atom sizes on concentration are close to 
linear and parallel to each other. In Fig. 1, these 
dependencies are shown by solid lines. Let 0

AA,ir  
and 0

BB,ir  there be interatomic distances of  atoms 
in pure metals, and 1

AA,ir  and 1
BB,ir  – in the alloy. 

Then you can get:
0 0

1 0 BB AA
AA AA B,r rr r C

K
−

= +  (14)

0 0
1 0 BB AA
BB BB A.r rr r C

K
−

= −  (15)

In equations (14) and (15), K is a fitting 
parameter. In the proposed model, the 
displacement parameters will be:

CALCULATION OF ORDERING ENERGIES BY THE 
MODEL POTENTIAL METHOD TAKING INTO...

Table 1
The values of the nickel and platinum pseudopotentials

A0 A1 A2 Rm
Θ Z m* RC αeff |EC|

Ni 0.99 1.05 0.98 2.2 73.6 2 1.0 1.304 0.063 0.093

Pt 0.97 1.11 0.85 2.6 101.6 2 1.0 1.512 0.071 0.091

0.0 0.2 0.4 0.6 0.8 1.0

3

2

1

r0
AA,i

r0
BB,i

r,A

CB,at.%

 Fig. 1. Model dependences of  interatomic distances between 
atoms of  grades A and B on the concentration of  the alloy 
in a linear approximation. Line 1 is the dependence 1

BB,ir  on 
concentration, line 3 is the dependence 1

AA,ir  on concentration, 
and line 2 is the dependence of  the radius of  the ith 
coordination sphere ri on the alloy concentration. Dotted lines 

are the distances between atoms in pure metals.
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1
AA,

AA, 1i
i

i

r
r

∆ = −  and 
1
BB,

BB, 1.i
i

i

r
r

∆ = −     (16)

In (16), ri is the radius of  the i-th coordination 
sphere can be estimated by a linear dependence 
on concentration (in Fig. 1, it is also shown by a 
solid line).

In this work, the fitting parameter K 
was found by fitting the short-range order 
parameters [ ]exp 1

lmnα  of  the polycrystalline alloy 
Ni-14at.%Pt, which was determined from the 
intensity of  diffuse x-ray scattering measured 
in [1]. Moreover, for a number of  K values, the 
sums of  standard deviations ( )2exp

1

1 ,
N

th
i i i i

i
C C

N
α α

=

−∑  
were calculated where Ci are coordination 
numbers, and the true value was taken to be the 
corresponding minimum value. The theoretical 
values of  the Ni-14at.%Pt alloy parameters th

iα  
were determined by the Krivoglaz–Klepp–Moss 
method [8] from the ordering energies ( )th

iV r  
calculated by the pseudopotential method. First, 
the Fourier components of  the values ( )th

iV r  
were calculated using the relation

( ) ( )
1

1 2 A B
B

k
V k

C C k

α =

+





 (17)

the Fourier transforms of  the short-range order 
parameters ( )kα



 were found. From these values, 
the short-range order parameters ( )th

irα  were 
determined using the inverse Fourier transform.

To verify the proposed scheme for calculating 
the ordering energies, we estimated the value of  
the temperature of  the order-disorder phase 
transition th

ñT , which, according to [9], is related 
to the value of  the Fourier transform of  the 
ordering energy ( ) ( ) mik r

m
r

V k V r e=∑










 by the 
relation:

( )2min ,th thA B
ñ m

B

C CT V k
k

 
= − 

 



 (18)

where mk


 is one of  the vectors of  the star 
associated with the order-disorder phase 

transformation. The calculation was carried out 
for the reflex (100).

4. CALCULATION RESULTS AND 
DISCUSSION
During the formation of  a solid solution, the 
sizes of  the atoms of  the components change 
[7]. So atoms that were larger in the initial state 
than in solid solution should decrease in size and 
fit into the middle lattice of  a virtual crystal. In 
contrast, smaller atoms should increase them. 
In both cases, the component atoms will be 
displaced from the nodes of  the crystal lattice 
of  the middle crystal, the lattice parameters 
of  which are found from reflections. At the 
same time, it is important to develop methods 
for assessing such changes. In this paper, an 
attempt is made to make such estimates in the 
simplified model shown in Fig. 1. Table 2 shows 
the atomic sizes of  Ni and Pt in pure metals and 
in a solid solution of  Ni-14at.% Pt. It is seen 
that in the solid solution, nickel atoms increase 
their size by 0.033Å to a value of  2.528Å, and 
platinum atoms decrease by 0.197Å to a value 
of  2.771Å. In this case, the decrease in the 
size of  platinum atoms exceeds the increase in 
the size of  nickel atoms by almost six times. It 
turned out that if  in the initial state the sizes 
of  nickel and platinum atoms differed by 0.283 
Å, then this difference in the solid solution was 
0.046 Å. This largely determined the calculated 
values of  the parameters ΔNiNi,i and ΔPtPt,i, which 
turned out to be equal to –0.0028 and 0.0182, 
respectively. This ratio corresponds to the 
predominant contribution of  static distortions 
due to the influence of  platinum atoms.

Table 3 shows the values of  the ordering energy 
components A(ri) and B(ri) for the first twelve 

VALENTIN M. SILONOV, LKHAMSUREN ENKHTOR

Table 2
The sizes of Ni and Pt atoms in pure metals and solid 

solution Ni-14at.%Pt
Content, at%Pt ri, Å rNi, Å rPt, Å

0 2.488 2.488 -

14 2.528 2.521 2.674

100 2.771 - 2.771
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coordination spheres, calculated using the model 
of  the transitional metal potential of  Animalu 
and taking into account static displacements. 
It can be seen that, in the first sphere, the 
energy contribution B(ri) is twice as large as the 
component A(ri), which indicates the importance 
of  taking into account static displacements in 
estimating the ordering energy of  disordered 
solid solutions. Also from the data Table 3 
shows that, in all other coordination spheres, 
the contribution of  energy B(ri) is predominant. 
This explains the previously failed attempts of  
such calculations [4-5].

The results of  calculating the ordering 
energies of  the Ni-14at.%Pt alloy for the first 
twelve coordination spheres are shown in the 
second column of  Table 4. They were obtained 
with a fitting parameter K of  1.233. It is seen 
that the calculated energies Vth(ri) corresponding 
to the minimum of  standard deviations 

( )2exp

1

1 ,
N

th
i i i i

i
C C

N
α α

=

−∑  with increasing coordination 
sphere number are of  a characteristic alternating 
character. Comparing the calculated and 
experimental values of  the short-range order 
parameters of  the Ni-14at.%Pt alloy given in 
the third and fourth columns of  the Table, we 
can note their satisfactory agreement. So for 
most coordination areas they coincided in sign 
and were close in magnitude. The value ( )mV k



 
calculated using the obtained ordering energies 

Vth(ri) was −287 meV, and the value of  the order 
– disorder phase transition temperature was 
519°С, which is consistent with the data given 
in [10].

In Figure 2 shows the dependence of  the 
ordering energies on the first twelve coordination 
spheres of  the Ni-14at.%Pt alloy on the radius 
of  the coordination sphere. For comparison, 
in Fig. 2 also shows the dependence of  the 
ordering energies of  the single-crystal alloy Ni-
23.2at.%Pt in the first eight spheres, calculated in 

Table 3
The values of the ordering energies A(ri) and B(ri) for 

the first twelve coordination spheres
Sphere number A(ri), meV B(ri), meV

1 16.78 -34.22

2 3.17 12.62

3 0.67 -2.35

4 -0.81 -4.28

5 0.15 1.12

6 0.48 2.10

7 0.01 -1.80

8 -0.30 1.34

9 -0.13 1.31

10 0.15 1.90

11 0.19 0.20

12 0.02 -4.96

Table 4
The ordering energies Vth (ri), theoretical ( )th

irα  and 
experimental [ ] ( )1

irα  values of the short-range order 
parameters of the Ni-14at.%Pt alloy

i Vth(ri), meV ( )th
irα [ ] ( )1

irα

1 50.40 -0.111 -0.041

2 -9.23 0.082 0.170

3 2.99 0.006 0.000

4 3.40 0.013 0.017

5 -0.95 -0.013 -0.010

6 -1.58 0.016 0.093

7 1.77 -0.009 -0.025

8 -1.62 0.001 0.024

9 -1.42 0.007 0.008

10 -1.72 0.06 0.030

11 -0.01 -0.001 -0.061

12 4.89 -0.002 0.013

2 3 4 5 6 7 8 9
-40

-20
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20

40

60

80

100
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m

eV
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 Fig. 2. The dependences of  the ordering energies for the Ni-
14at.% Pt and Ni-23.2 at.% Pt alloys on the radii of  the 
coordination spheres: ○ – for the Ni-14at.% Pt alloy; ■ – for 

the Ni-23.2 at.% Pt alloy according to [2].
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[2] by the Krivoglaz–Klepp–Moss method using 
short-range order parameters in the first fifteen 
coordination spheres, which were experimentally 
determined by the X-ray method. It can be seen 
from the figure that both dependences have a 
similar quasi-oscillating character. The values of  
the ordering energies for the first four and eighth 
coordination spheres coincided in sign. For the 
Ni-23.2at.%Pt alloy, the ordering energies in 
the first two coordination spheres were slightly 
higher in absolute value than the corresponding 
values for the Ni-14at.%Pt alloy. In the third 
and fourth spheres, they turned out to be close 
in magnitude. In general, their satisfactory 
coincidence can be noted. This suggests the 
promise of  using pseudopotentials of  transition 
metals [6] for calculating the ordering energies 
and related characteristics of  disordered solid 
solutions.

5. CONCLUSION
Thus, taking into account the linear size effect in 
the electronic theory, for the Ni-14at.%Pt alloy, it 
was possible to carry out a numerical calculation 
of  the ordering energies and the neighbor 
parameters for twelve coordination spheres. In 
the calculations, the fitting of  the theoretical 
values of  the short-range order parameters to 
their experimental values determined by the 
method of  diffuse x-ray scattering was used. The 
contribution of  static atomic displacements to 
the ordering energy is estimated. The obtained 
values of  the ordering energies made it possible 
to estimate the temperature of  the order-disorder 
phase transition for the Ni-14at.%Pt alloy.
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1. INTRODUCTION
Previously, it was reported that a new 
fractal, which is a Sierpinsky carpet 
modification [1], was used to simulate 
a complex domain structure on the 
surface of  uniaxial magnetic single 
crystalline plates [2]. In this paper, the 

properties of  this fractal are considered 
in more detail, its Hausdorf  dimension 
is determined, and the results of  
experiments on the observation of  
light diffraction by black-and-white 
bitmap images of  different prefractal 
generations are presented.

The essence of  fractal modification 
is illustrated in Fig. 1, where three 
successive stages of  construction 
of  the classic (upper row) and 
modified (lower row) Sierpinsky 
carpets are shown. The black color 
in the drawings is used for displaying 
fractal elements, and the white color 
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is used for displaying voids (holes). 
For a classic carpet, in the first step, 
the black square with sides of  l is 
divided into nine equal-sized squares 
with sides of  l/3, and the middle 
square is thrown out; then a similar 
procedure is performed with each 
of  eight black squares bordering the 
central "white" square, which remains 
unchanged. Then the process is 
repeated for sixty-four squares with 
sides l/32, etc.

The construction of  the modified 
Sierpinsky carpet also begins with 
a solitary black square, from which 
the central square with sides of  l/3 is 
removed, but in the second step, in 
contrast to the classic carpet, a black 
square with sides of  l/32 is inserted into 
the center of  the figure. The third step 
is to divide the square into 81 squares in 
increments l/32 and then place a square 
with sides of  l/33 the opposite color 
(black in white and vice versa) in the 

center of  each of  them. This process 
can be continued indefinitely.

In contrast to the classic Serpinsky 
carpet, which is a connected topological 
set, the modified carpet does not 
have connectivity. Another distinctive 
feature of  this carpet is the lack of  
strict self-similarity, since the central 
square for any generation of  prefractal 
differs from all others by inversion of  
color.

The Hausdorff  dimension of  a 
modified Sierpinsky carpet is defined 
by a formula lim ,D df n

n
=

→∞
 where dn = 

lnNn/nln3, and Nn is the number of  
black squares with a length of  l/3n in 
the prefractal of  the n-th order. To 
simplify the calculation (assuming that 
the value of  l is equal to one without 
limiting generality) let's assume that 
the сentral square with a linear size 1/3, 
which is an inverse carpet of  the n-th 
order in relation to the original, moves 
and overlays any of  the eight side 
squares with the same linear size 1/3. 
The result is an entirely black square, 
where the number of  black squares 
with a linear size 1/3n is equal to 32(n-1). 
Each of  the other seven squares with 
a linear size of  1/3 is a modified cover 
(n-1)-th order, that is, the number of  
black squares with a linear size 1/3n in 
each of  them is equal to Nn-1. There is 
a recurrent relation Nn = 32(n-1) +7Nn-1, 
which implies that

GALINA V. ARZAMASTSEVA, MIKHAIL G. EVTIKHOV, 
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Fig. 1. Three successive construction stages of  
the classic (upper row) and modified (lower row) 

Sierpinsky carpets.
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Using the dependence Nn(n) we find 
that the dimension of  the modified 

Sierpinsky carpet is ( ) ( )2 2 ln 3 ln 9 2 8 7 9
lim 2,

ln 3

n

f n

n
D

n→∞

 − + + = =  
that is, as the order of  the prefractal 
increases, the entire source square 
is filled in, in contrast to the classic 
Sierpinsky carpet whose dimension is 
ln8/ln3 = 1.89.

2. THE DIFFRACTION 
PATTERNS AND THE 
FOURIER-IMAGES OF THE 
MODIFIED SIERPINSKI 
CARPETS
An experimental study of  the 
diffraction of  a collimated light beam 
(with a wavelength of  0.63 microns) in 
the Fraunhofer zone was performed on 
computer-generated black-and-white 
raster images of  modified Sierpinski 
carpets of  various generations 
transferred to a transparent film using 
a imagesetter with a resolution of  
1333 points per centimeter (3386 dpi) 
and a point size of  7.5 microns. The 
image of  the diffraction pattern on 
the screen in the diffraction plane was 
recorded using a digital camera. More 
detailed methods and features of  the 

described experiments are described 
in [3].

For numerical determination of  
Fourier images, black-and-white bitmap 
images of  modified Sierpinsky carpets 
were approximated by a grid function on 
a quadrate grid with a number of  nodes 
n1×n2, where the values n1 и n2 were 
chosen sufficiently large (up to 4096) 
to adequately approximate the smallest-
size prefractal details (in computer 
representation) and to enable the study 
of  prefractals with high generation 
numbers. In our experiments, specific 
values were chosen so that the parameter 
p, that is equal to the ratio of  the overall 
linear size of  the smallest element of  
the prefractal to the grid period, was at 
least 9. For the image digitized in this 
way, the fast Fourier transform was 
used to determine the values of  the 
quadrate of  the Fourier component 
modules, i.e., the spectral distribution 
of  the intensity of  diffracted radiation 
in the Fraunhofer zone. To display the 
intensity of  diffraction maxima on the 
plane, circles with a radius proportional 
to the intensity (or intensity logarithm) 
were used [3].

It was found that for modified 
Sierpinsky carpets, there is a marked 
difference between their Fourier 
images, i.e., diffraction patterns 
calculated from fractal pictures, and 
those observed in experiments. The 
central (fractal) parts for all diffraction 

MODIFIED SIERPINSKI CARPETFRACTALS IN PHYSICS
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patterns are almost identical, but the 
peripheral ("lattice") parts are slightly 
different. In the experimental picture, 
there are reflexes from a certain square 
lattice, which are weakly reflected 
on the calculated diffractograms. It 
was found that this discrepancy is 
due to the difference in the size of  
isomorphic black and white squares, 
which was confirmed by observing a 
model with the image of  a fractal on a 
transparent film under a microscope. 
When printing with a imagesetter, the 
laser beam partially illuminates the 
area outside of  the formed ("black") 
image, as a result of  which the black 
areas (squares) increase in size, and 
the white (not illuminated) areas, on 
the contrary, shrink. This difference 
in size is minimal for large white and 
black squares and maximal for the 
smallest squares, where diffraction 
mainly forms the peripheral part of  
the diffraction pattern.

The described difference between 
Fourier images and the experimental 
diffraction patterns for a modified 
Sierpinsky carpet depends on the 

coefficient cwb = rw/rb, where rw and 
rb, are the linear dimensions of  the 
smallest white and black squares on 
a transparent film respectively. This 
is illustrated in Fig. 2, which shows 
experimentally obtained (left) and 
calculated diffraction patterns at cwb = 
1.0 (center) and cwb = 0.64 (right) for a 
modified carpet of  the 6th order. This 
can be used to reduce the distortion 
described above by artificially reducing 
the size of  the black squares on the 
prefractal bitmap images. For the 
example in Fig. 2 on the right is a 
calculated diffractogram for a modified 
Sierpinsky carpet of  the 6th order at 
cwb = 0.64, which corresponds well to 
the experimental shown on the left, 
in contrast to the diffractogram in the 
center for the value cwb = 1.0.

The classic Sierpinski carpet is 
formed by sublattices consisting 
only of  black squares, so, despite the 
above-mentioned system error of  
the imagesetter, the experimental one 
(on the left in Fig. 3) and calculated 
(on the right in Fig. 3) diffractograms 
correspond well to each other.
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Fig. 3. Experimentally obtained diffraction pattern 
(left) and calculated diffraction patterns (right) for a 

classic Sierpinsky carpet of  the 6th order.

Fig. 2. Experimentally obtained diffraction pattern 
(left) and calculated diffraction patterns for   (center) and 
for   (right) for a modified Sierpinsky carpet of  the 6th 

order.
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The central part of  the diffraction 
pattern for the modified Sierpinsky 
carpet has spatial invariance (with a 
scaling factor equal to 3), as well as for 
the classical carpet.

Analysis of  the diffraction pattern 
allows us to find the Hausdorff  
dimension Df using the circle method 
(see for example [2]), based on the 
numerical determination of  the 
average resulting intensity of  diffracted 
radiation I  in circles with a center at 
the location of  the main diffraction 
maximum and with a variable radius 
equal to rk = r0 + kδr, where r0 and δr is 
the initial radius and the step of  radius 
change, k = 0,1,2,... and sequential use 
of  the next formula ( ) ( )exp ,0I r I Dk f= −  
from which it follows that the fractal 
dimension is equal to the modulus 
of  the angular coefficient of  the line 
approximating the dependence ( )I rk  
on the double logarithmic scale.

For the modified Sierpinsky carpet 
of  the 8th order, the dependence ( )I rk
for which is on double logarithmic 
scale using normalized variables 

ln ln 2Y I=  and X = lnrk/ln2 is shown in 
Fig. 4, the value of  Df was 1.936, which 
is significantly different from 2. The 
reason is that the value of  dn converges 
very slowly to the value 2. So, for n = 8 
the value of  Df equals 1.935, that well 
corresponds to a certain dimension 
value (see the dashed line in Fig.4 with 
module angular coefficient equal to 
1.935). Note that the coating method 
(see e.g. [4]) for this prefractal gives 
value Df = 2.

3. CONCLUSION
The main results of  the work performed 
are summarized as follows. For the 
geometric description of  a complex 
domain structure on the surface of  the 
uniaxial magnetic singlecrystal plates, 
an algorithm based on the use of  a 
previously unknown modification of  
the Sierpinsky carpet was developed. 
An example of  application of  the 
proposed algorithm for simulation 
a real observed domain structure is 
given. An experimental study of  light 
diffraction in the Fraunhofer zone was 
performed on computer generated 
images of  modified Sierpinsky carpets 
of  different generations transferred 
to a transparent film using a high-
resolution imagesetter with a small dot 
size. The observed diffraction patterns 

MODIFIED SIERPINSKI CARPETFRACTALS IN PHYSICS

Fig 4. Dependence for a modified Sierpinsky carpet 
of  the 8th order with the use of  normalized variables 

ln ln 2Y I=  and X = lnrk/ln2 on a double 
logarhyme scale (angular coefficient module of  the 

dashed line equals 1.935).
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were compared with Fourier images of  
prefractals pictures approximated by the 
grid function. The difference between 
experimental and calculated diffraction 
patterns for the modified Sierpinsky 
carpet was found to be an artifact, 
and the reason for this difference was 
revealed.
The work was carried out at the 
expense of  budget financing within the 
framework of  the state assignment.
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1. INTRODUCTION
The steady increase in the number of  mobile 
radio-electronic equipment: radio stations, 
smartphones and many other devices [1], 
together with an increase in intelligence 
capabilities and a significant reduction in 
power consumption, results from a decrease 
in the size of  the elements on the integrated 
circuit (IC), in which conductive tracks and 
pads make up a significant part [2]. At present, 
industrial technologies for the production of  
ICs involve the use of  active devices, the sizes 
of  which reach tens or several nanometers 
[3]. Therefore, the use of  conductive films 
of  nanometer thicknesses in the production 

of  electronic components is a future-
oriented trend, though further studies of  their 
electrodynamic properties are still needed.

On the other hand, studying the 
electrodynamic properties of  the films are 
interesting in view of  their inclusion in complex 
metostructures [4], which make it possible to 
achieve absorption of  80–90% [5]. It should 
be noted that pure conductive films with 
thicknesses from 2 to 7 nm can significantly 
(up to 50%) convert the electromagnetic fields 
energy of  the radio range of  1 ... 400 GHz [6,7] 
into thermal energy. Although this property 
of  the films limits their use in “conductive” 
electronics, such resistive properties are useful 
for stealth technologies [8], as well as for 
creating thin-film filters, protective shields, or 
specialized sensors [9].

The topology of  the dielectric-metal 
interface is one of  the key issues in creating 
such absorbing structures as it determines 
the specifics of  the electrodynamic properties 
of  the structure as a whole [10]. Most of  the 
research work on this topic deals with the 
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study of  the interaction of  radiation and metal-
dielectric structures based on solid substrates 
[11, 12]. However, the prospects for creating 
flexible devices, as well as the possibility of  
simplifying the production of  flexible screens 
and antennas, require special consideration of  
the interaction of  electromagnetic radiation 
with a metal-dielectric structure on polymer 
substrates [13]. Consequently, the aim of  the 
present paper is to identify the specifics of  the 
interaction between electromagnetic radiation 
from the microwave range and the MDS, in 
relation to the surface geometry of  the flexible 
substrate.

2. THE EXPERIMENTAL RESEARCH 
TECHNIQUE AND THE OBJECT OF 
THE RESEARCH
Studies of  the relative powers of  reflected, 
transmitted, and absorbed waves (optical 
coefficients) in the range 8.2–12.2 GHz 
were carried out using the Mikran P4226 
vector network analyzer (Fig. 1). To obtain 
normalized data and calculate the losses of  
the waveguide system, at the beginning and 
end of  the experiment, the measurements of  
the parameters on clean flexible substrates 
were made with an attached 200 μm thick 
aluminum plate, exceeding the skin layer for 
the conductor at the lower boundary of  the 
working frequency range. To compensate for 

the influence of  coaxial-waveguide transitions, 
as well as other factors, calibration was 
performed using a reflection measure and a 
quarter-wave line (TRL: Thru, Reflect, Line) 
[14], which made it possible to obtain fairly 
accurate results.

The direct interaction between the 
microwave and the samples was determined 
by the matrix of  S-parameters, the main 
components – S21 and S11 – corresponding to 
a direct drop from the first port, were chosen. 
As the initial measurements showed, the 
properties of  the measuring waveguide path, 
with the structure under study, are close to the 
properties of  a reversible four-terminal circuit, 
i.e. the transmission coefficient is the same in 
both directions. Accordingly, we used the main 
components S21 and S11, corresponding to a 
direct drop from the first port of  the vector 
analyzer. The coefficients of  transmitted, 
reflected and absorbed power were determined 
using the obtained S-parameters (Fig. 2):
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Metal-dielectric structures were fixed in 
the geometric center of  the waveguide path, 
perpendicular to the axis of  the waveguide 
with standard dimensions of  23×10 mm. 
To avoid the capacitive and inductive effect 
of  metallization on the measuring system, 
the effective area of  interaction of  radiation 
and the samples was 10% of  the waveguide 
area - 6×6 mm. The samples were placed on 
the geometric center of  the waveguide cross 
section and were fixed by a dielectric substrate 
made of  synthetic foam, "transparent" for 
electromagnetic radiation. Thus, the sample 
was affected by the maximum power of  H10 
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Fig. 1. Installation block diagram.
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wave electric field and the major part of  the 
wave energy interacted with a nanoscale 
conducting film.

Films made of  lavsan (polyethylene 
terephthalate), fluoroplastic and teflon were 
taken as the basis for MDS. This paper 
presents the results of  studying MDS with 
lavsan films, since the results involving the 
study of  fluoroplastic and teflon substrates 
differ insignificantly. The conductive part 
was deposited by the method of  magnetron 
sputtering of  the target using the URM 
3.1279.0129 installation with additional ion 
beam processing. What is more, the planetary 
rotation of  the substrates ensured uniform 
coating deposition, and in combination with 
adjusting the deposition time, it was made 
possible to obtain a range of  the conducting 
layers thicknesses: 1, 3, 5, 7, 10, 20, 50 nm.

The initial assessment of  the substrates 
surfaces of  was carried out using an optical 
interference microscope LOMO MII-4M in 
broadband radiation of  a white LED with 
subsequent detailing of  the relief  using red 
and blue lasers. A more detailed analysis of  
the formation process and morphological 
characteristics of  aluminum nanofilms was 
carried out using an NT-MDT nanoeducator 2 
scanning atomic force microscope, to compare 
them with the absorption, transmission, and 
reflection spectra.

3. DISCUSSION OF THE RESULTS
Along with a number of  advantages, there 
is one more benefit to the method of  using 
10% of  the interaction area in the waveguide 

– its significant sensitivity to diffraction. 
As a result, a monotonic decrease in the 
transmission coefficient T (Fig. 2a) and an 
increase in the reflection coefficient R (Fig. 
2b) for thin conducting films do not correlate 
with theoretical calculations, which show 
independence of  T, R on the frequency and, 
accordingly, independence of  the absorption A 
on the frequency as well [6,15]. This is not due 
to the specifics of  the physical properties of  
active MDS, but is accounted for by a decrease 
in the diffraction properties of  the object 
under study with a decrease in the wavelength.

In accordance with the established concepts, 
the reflection coefficient should vary from the 
minimum value corresponding to the substrate 
without metal (d = 0), and monotonically 
increase to the value corresponding to the 
formed film (d > 15 ... 20 nm). However, in the 
range of  film thicknesses 5 < d <10 nm, there 
is a deviation from the monotonicity of  the 
reflection coefficient growth (Fig. 2b), which is 
associated with the relief  of  the film.

The maximum absorption of  an aluminum 
film on lavsan is achieved at the conducting 
layer thickness d = 7 nm (Fig. 2c). This is due to 
the transition of  the MDS from the dielectric 
(d = 0) with the geometric dimensions of  6×6 
mm, to film structures of  greater thickness, 
causing electric short circuiting of  the space. 
This leads to a change in conductivity from 
0 to values characteristic of  the bulk of  a 
continuous material, in our case Al ~3.8·107 

S/m. It is with the thickness d = 7 nm that the 
specific conductivity reaches about 106 S/m [6, 

NANOSYSTEMS PHYSICAL AND ELECTRODYNAMIC PROPERTIES OF NANOSCALE 
CONDUCTIVE FILMS ON A POLYMER  SUBSTRATE

                                        a                                               b                                                        c
Fig. 2. Frequency dependences of  the coefficients: a - passage; b - reflection; c - absorption.
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9], and there occurs the maximum conversion 
of  the induced currents to thermal energy.

For an in-depth understanding of  the 
nature of  the nonlinear interaction effect at 
the thickness of  7 nm, the growth dynamics 
of  a conductive material on a flexible substrate 
was analyzed.

4.  THE CORRELATION 
BETWEEN ELECTRODYNAMIC 
CHARACTERISTICS AND FILM 
MORPHOLOGY
A general analysis of  surface morphology, 
carried out by a sequential study of  optical 
microscopy with subsequent analysis of  AFM 
images, revealed a more complex surface 
morphology of  MDS on flexible substrates 
compared to solid ones [16]. From an 
aggregate analysis of  profilograms, it follows 
that the polymeric substrate made of  lavsan 
has relatively large height differences (Fig. 3a), 
however, in contrast with solid amorphous 
substrates, the change in height occurs rather 
slowly and smoothly, within small areas, and 
the surface is quite smooth (PTFE and Teflon 

films have similar the reliefs). It should be 
noted that the surface of  the substrate was not 
pre-processed.

After deposition of  aluminum with the 
thickness of  5 nm (Fig. 3b), lateral micro-
formations, reaching tens of  nanometers in 
height, are visible on the substrate. With longer 
spraying, the number of  conductive micro-
formations increases significantly (Fig. 3c,d). 
With an approximate coating thickness of  10 
nm (Fig. 3d), the formation of  a smoother 
surface in observed in the AFM image, with 
elevation drops larger than 7 nm.

The quantitative analysis of  the correlation 
between the electrodynamic parameters of  
the radiation effects and the surface topology 
was based on statistical data and the root-
meansquare value of  roughness (Zq), which 
was determined by measuring the value of  the 
deviations from the midline:

1/2
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j
j

Zq z
N =

 
 =
 
 

∑

where zj is the deviation of  the j-th point, N is 
the number of  points in the image.

A non-standard increase in the absorption 
coefficient for films with thicknesses of  7 
nanometers correlates quite well with the 
dependence of  Zq on their thickness (Fig. 4). 
A sharp increase in the root-meansquare 

NANOSYSTEMSALIM S-A. MAZINOV

                     a                                            b

                     c                                            d
Fig. 3. Dynamics of  changes in the surface morphology using 
a border detection filter (Pruitt filter): a - clean substrate; b - 5 
nm aluminum film; c - thickness 7 nm; d - thickness of  10 nm.

Fig. 4. The dependence of  the change in the root mean square 
roughness on the thickness of  the coating.
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value of  roughness of  the coating indicates a 
transient process of  the conversion of  localized 
nano and micro objects into a continuous 
conductive layer, which leads to an increase 
in the total conductivity. An intermediate step 
in this process is the formation of  “bridges” 
between metal formations, which is the reason 
for the growth of  Zq. However, the average 
conductivity of  the floor bridges at the initial 
stage of  growth is small, as is the conductivity 
of  the crystallites themselves at small sizes, 
taking into account possible oxidative 
processes. Therefore, part of  the induced 
incident microwave energy of  alternating 
current is transformed into Joule heat on a 
non-ideal conductor.

The increase in the reflected wave energy 
at thicknesses of  more than 10 nm (Fig. 2b) 
is accounted for by the increase in induced 
currents, which include inductive and capacitive 
components. The general conduction currents, 
in turn, are due to the emergence of  stable 
galvanic bonds between individual conductive 
islands and the primary growth of  connecting 
“bridges”, as confirmed by a sharp decrease 
in Zq at an increase in the conductive layer 
thickness (Fig. 4). A further process of  the 
conductive material deposition leads to the 
formation of  a continuous conductive film 
having not only a uniform atomic structure, 
but also sufficient uniformity in thickness, 
which is exactly due to the relatively smooth 
surface of  the substrate. This, in turn, leads to 
a sharp increase in conductivity, approaching 
the conductivity of  a bulk material, which 
leads to an increase in the conversion of  the 
incident wave into the reflected wave by means 
of  increased currents.

5. CONCLUSION
 The study of  the interaction of  EMR and MDS 
on flexible substrates showed the identical 
nature of  absorption, as well as it did in their 
solid-state counterparts, the main feature being 

the absorption coefficient peak occurring 
within a small range of  the conductive layer 
thickness. A feature of  the interaction of  
electromagnetic radiation and a flexible layered 
structure of  aluminum-lavsan is the resonance 
at the thickness of  7 nm, which is greater than 
that of  similar solid structures.

In the case of  our study, the key point 
determining the reflection and absorption of  
MDS was the modification of  the resistive 
properties of  the aluminum conductive layer. It 
is the specifics of  the lavsan surface geometry, 
where smoother peaks were observed between 
the heights of  100-150 nm, that formed the 
conductive layer by means of  islands, which 
were connected by bridges as they increased. 
Exactly at the instance of  the conductive bridges 
formation in the structure, the conductivity 
arises, converting the energy of  the incident 
radiation into joule heat. Further growth of  
the conductive layer leads to smoothing of  the 
relief  and forming a continuous structure with 
conductivity approaching that of  the bulk, 
thereby increasing the reflected wave fraction.
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1. INTRODUCTION
Currently, exploration seismology [1,2] is one 
of  the most reliable methods for finding oil 
and gas deposits and preparing the rock before 
deep drilling. The ongoing research is aimed 
at determining the structure of  geological 
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formations, as well as the possible location of  
the hydrocarbon field. Dense carbonate rocks 
and deep-lying sandstones account for an 
increasing share of  exploration. Hydrocarbon-
containing formations of  such rocks are 
usually penetrated by systems of  subvertical, 
uniformly oriented fractures of  various 
scales, filled with liquid [3,4]. They determine 
the reservoir properties, being the basis for 
constructing models of  fields to justify their 
development modes.

One of  the founders of  the theory of  
seismic migration was J. F. Claerbout [5,6]. 
With the advent of  modern high-performance 
computing systems, considerable efforts have 
been made to develop new high-precision 
methods [7,8] for solving inverse seismic 
problems. Initially, all methods were based 
on an acoustic approach that did not take 
into account the influence of  shear waves. To 
overcome this drawback, a two-wave elastic 
model was used [9]. Nowadays the great 
interest for seismologists is the identification 
of  fractured zones. This is due to the high 
permeability of  the medium and the potentially 
high content of  hydrocarbons. Various 
mathematical models have been developed 
taking into account the complex structure of  
the geological medium [10-12]. Diffracted 
waves are in the process of  a comprehensive 
study by exploration geophysicists. A large 
number of  scientific papers are devoted to 
numerical modeling of  seismic reactions from 
fractured media [13,14].

In recent years, machine learning methods, 
and in particular deep neural networks, have 
shown impressive results in many areas, such 
as computer vision, speech recognition, and 
machine translation. For example, in the field 
of  computer vision, it was possible to solve 
many problems that were previously unsolved, 
such as the classification problem [15], the 

recognition problem [16], and the image 
generation problem [17].

One of  the significant advantages of  deep 
learning methods is that these methods can be 
transferred to many other areas related to the 
processing of  large amounts of  data. One such 
area is the task of  seismic exploration. Several 
works in this area have already been carried out. 
In [18], the problem of  detecting a fault in 2 
dimensions using a deep convolutional neural 
network was solved. Synthetic data obtained by 
solving large direct problems were used as data 
for training the neural network. In [19], a similar 
problem was solved in 3 dimensions. The great 
advantage that is highlighted in these works is 
that the input data for deep learning algorithms 
do not require special processing and, therefore, 
such methods can be easier to use than standard 
seismic methods. Flexibility and relative 
simplicity make such methods effective to solve 
practical problems. So, in [20], deep neural 
networks are used to detect CO2 emissions, and 
in [21], these methods are used to detect and 
classify defects in composite materials.
formulation of the problem

In this paper, we consider the process of  solving 
the inverse problem of  exploration seismology 
of  systems of  unidirectional macrofractures 
(Fig. 1) using convolutional neural networks. 
The following notation is introduced in the 
figure: α – fracture inclination angle, h – the 
height of  fractures, d – the distance between 
fractures (a parameter characterizing the 
density of  fractures at a given horizontal extent 
of  the system). The horizontal dimension in 
all experiments was considered constant and 
equal to 1000 m. The angle of  inclination of  
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Fig. 1. The scheme of  macrofractures system.
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the fractures varied in the interval from -15° to 
+15° relative to vertical, the height of  fractures 
varied from 50 to 200 m, the distance between 
fractures – from 50 to 200 m.

The training set was formed using 
mathematical modeling of  direct two-
dimensional problems using the grid-
characteristic method on unstructured 
triangular meshes [22].

In the considered inverse problems, the 
elastic characteristics of  the geological medium 
were considered known: longitudinal wave 
velocity 2250 m/s, transverse – 1250 m/s, the 
density of  medium – 1180 kg/m3. The system 
is placed in depth of  2000 m. A plane wave was 
excited on the surface of  the earth, propagating 
deep into the geological medium. The response 
of  the reflected and diffracted waves, which 
were formed when the incident wave front 
passed through the system of  fractures, was 
recorded on seismic receivers located on the 
surface above the system of  fractures with an 
interval of  50 m (100 receivers in total).

The problems in which the following 
parameters were varied were considered:
• the angle of  inclination of  the fractures;
• the height of  the fractures;
• the angle of  inclination and the height of  

the fractures at the same time;
• fracture density (distance between fractures);
• simultaneously, all three parameters - the 

angle, height and density of  fractures.
Qualitatively, the influence of  the height 

and distance between fractures on the response 
picture was described in [23].

2. MATERIALS AND METHODS
2.1. methodoloGy for direct problem 
solvinG

The determining equations system of  a linearly 
elastic medium can be represented in the form 
[24]:

ijT
,  .

t
ji ji k i

ij
kj k j i

T VV V VI
t x x x x

ρ λ µ
 ∂ ∂ ∂ ∂ ∂ ∂

= = + +    ∂ ∂ ∂ ∂ ∂ ∂   
∑  (1)

where Vi – the velocity component, Tji – the 
stress tensor, ρ  – the density of  medium, λ and 
μ – the Lame coefficients, Iij – the component 
of  unit tensor. By entering the vector of  
variables { }, , , , ,x y xx yy xyu V V T T T=



 the system (1) 
write as:

1,2

0.i
i i

u uA
t ξ=

∂ ∂
+ =

∂ ∂∑
 

 (2)

The numerical solution of  (2) is found using 
the grid-characteristic method [25]. We carry 
out coordinatewise splitting and by changing 
variables we reduce the system to a system 
of  independent scalar transfer equations in 
Riemann invariants:

0,   1, 2.i
i

w w i
t ξ

∂ ∂
+Ω = =

′∂ ∂

 

 (3)

For each transfer equation (3), all nodes 
of  the computational mesh are bypassed, and 
characteristics are omitted for each node. From 
the time layer n, the corresponding component 
of  the vector w  transfer to the time layer n+1 
as

( ) ( )1 ' ' ,n n
k i k i kw wξ ξ ω τ+ = −

where τ – the time step.
After all the values are transferred, we go to 

a reverse transition to the vector of  the desired 
values u .

The interpolation on unstructured 
triangular meshes is considered. Values at each 
point are found using values at mesh reference 
points ( )ijklw r   and their weights ( )ijklp r  as:

( ) ( ) ( )
, , ,

.ijkl ijkl
i j k l

w r p r w r= ∑     

The grid-characteristic method allows the 
most correct algorithms to be applied at the 
boundaries and contact boundaries of  the 
integration domain [26,27].

The boundary condition can be written in 
common view as:

( )1 2, , ,u t dξ ξ τ+ =


D
where D – some matrix 5×2, d



 – some vector, 
( )1 2, ,u tξ ξ τ+

 – the values of  the desired 
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velocity components and the components of  
the stress tensor at the boundary point at the 
next time step.
2.2. mathematical models of fractures

In real exploration seismology problems, one 
has to deal with heterogeneity in the nature 
of  the interaction of  elastic waves with the 
surface of  a fracture as it passes through it. A 
fracture is a complex heterogeneous structure 
[4,28]. In places, the flaps of  the fractures are at 
some distance and are separated by a saturating 
fluid or gas [28], in some points adhesion is 
observed, the walls are closely adjacent to 
each other under the action of  pressure forces 
[29]. In addition, fractures can be classified 
according to the nature of  saturation: fluid or 
gas [28, 29].

In the problem under consideration, 
discrete fractures models based on the concept 
of  an infinitely thin fracture were used. The 
fracture was defined as a boundary or contact 
boundary with a certain boundary condition.
а) Gas-saturated fracture

The gas-saturated fracture model simulates 
well the behavior of  fractures filled with air or 
gas at a shallow depth of  100-150 m [29]. At 
great depths, under the influence of  pressure, 
fractures with air close, and gas acquires the 
properties of  a liquid.

The fracture is defined as the boundary 
condition of  free reflection on the flap flaps:

0.n =
T

b) fluid-filled fracture

In most practical problems, fractures are filled 
with fluid: water, oil, liquefied gas, etc. [22,28,29] 
Therefore, it was advisable to develop a model 
to describe such a situation.

A fluid-filled fracture is defined as a contact 
boundary with the condition of  free sliding 
[22]:

,   ,   0.a b a b
a b n nv n v n f f f fτ τ= = =⋅ − =⋅

   

   

Such a contact boundary completely 
transmits longitudinal vibrations without 
reflection and completely reflects transverse 
waves. Such a picture corresponds to the 
real situation: the values of  the propagation 
velocities of  longitudinal waves in liquids and 
densities are comparable with the values of  
velocities and densities of  geological media; 
while the rates of  transverse vibrations in 
liquids are close to zero.
c) Glued fracture

At great depths under the influence of  
pressure, it happens that the flaps of  the 
fractures touch so that the elastic waves almost 
completely pass through the fracture. In this 
case, it will optimally use the contact condition 
of  complete adhesion [22]:

,,   a b a bv v f f= = −
 

 

where v  are velocities of  closed boundary 
points, f



 – the force acting to the boundary, 
a and b are the first and the second flaps of  
fracture.
d) partially-Glued fracture

In real exploration seismology, partially glued 
fractures can occur [22,29], in which part of  
the surface of  the flaps is sticky and part is 
separated by a fluid or gas. Such fractures show 
partial transmission of  the elastic wave front, 
which affects the amplitudes of  the response 
waves in the seismograms.

A model of  the fracture was developed, 
where at different points of  the flaps the 
conditions of  gas-saturation (fluid-filling) and 
complete adhesion were randomly set. The 
number of  certain points was regulated by a 
weight coefficient – the coefficient of  gluing. 
Such a model made it possible to specify 
gas-saturated and fluid-filled fractures with a 
percentage of  sticking points from 0 to 100% 
percent.
2.3. the neural network structure

In all experiments, a similar neural network 
architecture was used. Samples were generated 
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during the solution of  the direct problem, the 
structure of  the objects supplied to the input 
of  the neural network coincided, the set of  
target variables differed.

Each object was a set of  measurements of  
the horizontal and vertical components of  the 
velocity (Vx, Vz) of  vibrations. Velocity data 
was obtained from a series of  evenly spaced 
sensors and measured at equal time intervals.

Based on this, each sample was transformed 
into a three-dimensional object (velocity 
component, number of  sensors, number of  
time measurements) of  size (2, 100, 300), 
respectively (Fig. 2).

To predict the angle of  inclination, a 
convolutional neural network was used. 
Convolutional networks have worked well in 
solving problems of  classification, regression, 
segmentation, etc. on visual-, audio- and other 
data.

The convolutional network differs from 
other types of  neural networks by the presence 
of  convolutional and pooling layers. These 
layers can significantly reduce the number of  
network parameters, accelerate the speed of  
learning.

The following types of  layers were used in the 
current task: convolutional layer, MaxPooling 
layer, fully connected layer. Experiments were 
carried out with the addition of  Dropout 
layers, but their use impaired the accuracy of  

the predictions. Here is a brief  description of  
each of  the layers used.
а) fully connected layer

The fully connected layer is a classic for 
most types of  neural networks. In this layer, 
each neuron from the previous layer is 
connected to the neuron of  the next layer 
(Fig. 3). Layers of  this group are used in 
many types of  tasks: their advantage is that 
they take into account the maximum amount 
of  information and connections between 
neurons. The disadvantage is the large number 
of  parameters, which is equal to the number 
of  edges in conjunction with the number of  
output neurons. Another drawback is the fact 
that a large number of  parameters can degrade 
the convergence of  the optimized function.
b) convolutional layer

Convolutional layers are a characteristic feature 
of  the convolutional neural network (Fig. 4). 
Their feature is that instead of  pairwise 
combining of  outgoing and incoming neurons, 
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Fig. 2. The scheme of  learning and validation sets.

Fig. 3. Fully connected layer.

Fig. 4. Convolutional layer.
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only certain local neurons are combined. 
The next feature is the joint use of  the same 
scales for different ribs, which speeds up and 
simplifies training. For clarity, the convolutional 
layer scheme can be represented in the form of  
a filter sliding along the selected axes (there can 
be 1,2,3 or more). One filter passes through 
all possible points and forms the next level of  
neurons by scalar multiplication of  the filter 
values by the values of  the object. The number 
of  parameters is equal to the product of  the 
number of  filters and the filter size. During 
the current experiments, two-dimensional 
convolutional layers were used, in which one 
axis corresponded to the measurement time 
and the second to the position of  the sensor. 
Thus, a two-dimensional map of  signals is 
created.

As the advantages of  this type of  layers 
it should be noted a small number of  
parameters that are limited by the size of  the 
filter, the sharing of  weights. These factors 
accelerate the training of  the neural network 
and find specific features of  objects along the 
indicated axes. It is these features that make 
convolutional neural networks very popular 
for solving pattern recognition tasks (2 axes - 
width and height of  the image), text analysis 
(1 axis - letter / word position in the text) or 
audio (one axis - time, or two axes - time and 
sound frequency)

Of  the disadvantages - the use of  this type 
of  layer is limited to certain types of  tasks.
c) maxpoolinG layers

MaxPooling (also called AveragePooling) 
layers are also typical for convolutional neural 
networks. These layers are nonparametric, 
and their work is to select the maximum (or 
average) value inside the given window and 
transfer this value to the neuron of  the next 
layer (Fig. 5). Pooling layers allow us to reduce 
the number of  neurons in the next word 4 (9, 
16, ...) times, thereby reducing the number of  

weights on the next layers. In practice, these 
types of  layers are almost universally used in 
the training of  convolutional neural networks 
to improve their convergence.

In neural networks, output signals from 
neurons pass through a non-linear activation 
function. Examples include hyperbolic 
tangent, sigmoid, ReLU (Restricted Linear 
Unit, function of  the form y = max (0, 
x)). Without activation functions, a neural 
network (or a subset of  its layers) would turn 
into a simple linear function, so the presence 
of  nonlinear activations is an essential 
component of  a neural network. The choice 
of  activation function is left to the discretion 
of  the researcher. In this work, we used the 
ReLU activation function, the graph of  which 
is shown in Fig. 6.

The general view of  the neural network used 
for the above experiments can be described as 
follows:

INFORMATION TECHNOLOGIES

Fig. 5. MaxPooling layer.

Fig. 6. The graph of  activation function ReLU.
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1. Convolutional layer (32 filters (cores), 3×3 
core size, ReLU activation function)

2. MaxPooling layer (size 2×2, without 
activation function)

3. Convolutional layer (32 cores, 3×3 kernel 
size, ReLU activation function)

4. MaxPooling layer (size 2×2, without 
activation function)

5. Fully connected layer (64 neurons, ReLU 
activation function)

6. The output layer (1,2,3 neurons depending 
on the task)
The output layer for the problems under 

consideration was different. In the case of  the 
angle of  inclination, thickness, density - one 
neuron, the angle of  inclination and thickness - 
two neurons, all parameters are three neurons. 
As a loss function (loss function), the value 
Mean Squared Error (MSE, root mean square 
error) was used. During the training, the Mean 
Absolute Error metric (MAE, average modulo 
error) was also monitored. These metrics can 
be used both for a one-dimensional quantity 
and for multidimensional vectors

( )2

1 1

1 1,   .ˆ ˆ
N N

i i
i i

MAE y y MSE y y
N N= =

= − = −∑ ∑
neural network traininG

The neural network was trained in 32 mini-
batches. The Adam optimization algorithm 
(adaptive moment estimation) was chosen. This 
optimization algorithm has many advantages 
(low memory requirements, simple and 
computationally efficient). The Adam algorithm 
is different from the classical stochastic 
gradient descent methods, which maintain 
a constant training speed during training to 
update weights. In the Adam algorithm, the 
training rate is updated taking into account the 
estimates of  the first and second moment. This 
algorithm is well established for optimization 
of  regression problems by neural networks. In 
these experiments, the initial convergence rate 
was set to 0.001.

3. RESULTS
The neural network was trained and validation 
was carried out on sets of  solutions of  the 
direct problem for the tasks with variations: 
the angle of  inclination of  the fractures, the 
height of  the fractures, the angle of  inclination 
and height at the same time, the density of  the 
location of  the fractures (the distance between 
them) and all three parameters at the same 
time.
anGle of inclination

For the problem with a variation in the angle 
of  inclination of  fractures in the system in 
the range from -15 to +15 degrees relative 
to the vertical (subvertical fractures), training 
was performed on a set of  4021 solutions of  
the direct problem and then validation was 
performed on a set of  1981 control samples. 
Fig. 7 shows a graph of  the dependence of  
the average error in recognition on the epoch 
of  training (32 epochs in total). It can be seen 
that a sufficiently low error is achieved – less 
than 1%.
heiGht of fractures

For a problem with a variation in the height of  
fractures in a system in the range from 50 to 
200 meters, training was performed on a set of  
4018 solutions to the direct problem and then 
validation was performed on a set of  1980 
control samples. Fig. 8 shows a graph of  the 
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Fig. 7. Graphs of  the metrics MAE and MSE 
depending on the number of  the training epoch (a) for 
the training (MAE, MSE) and validation (MAE_
val, MSE_val) sets with varying angles. Dependence 
of  the error in determining the angle of  inclination of  
fractures on the number of  the epoch of  training (b).

                      a                                      b
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dependence of  the average error in recognition 
on the epoch of  training (32 epochs in total). 
It can be seen that a sufficiently low error is 
achieved - about 1%.
simultaneous variation in inclination 
and fracture heiGht

For the problem with simultaneous variation 
of  the angle of  inclination of  fractures in the 
system in the range from -15 to +15 degrees 
relative to the vertical (subvertical fractures) 
and the height of  fractures in the system 
in the range from 50 to 200 meters, training 
was conducted on a set of  4020 solutions of  
the direct problem and then validation was 
performed on a set of  1981 control samples. 
The Fig. 9 shows a graph of  the dependence 
of  the average error in recognition on the 

epoch of  training (total 32 epochs). It can be 
seen that a sufficiently low error is achieved - 
about 3-4%.
fracture density (the distance between 
fractures in system)
For a problem with a variation in the density 
of  fractures (distance between fractures) in a 
system in the range from 50 to 200 meters, 
training was conducted on a set of  3350 
solutions of  the direct problem and then 
validation was performed on a set of  1650 
control samples. Fig. 10 shows a graph of  the 
dependence of  the average error in recognition 
on the epoch of  training (a total of  32 epochs). 
It can be seen that a sufficiently low error is 
achieved - about 2%.
simultaneous variation of all three 
parameters

For a problem with simultaneous variation 
of  the angle of  inclination of  fractures in the 
system in the range from -15 to +15 degrees 
relative to the vertical (subvertical fractures), 
the height of  fractures in the system in the 
range of  50 to 200 meters and the density 
of  fractures (distance between fractures) in 
the system in the range of  from 50 to 200 
meters, training was conducted on a set of  
4020 solutions of  the direct problem, and then 
validation was performed on a set of  1981 
control samples. Fig. 11 shows a graph of  the 
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Fig. 8. Graphs of  the metrics MAE and MSE 
depending on the number of  the training epoch (a) for 
the training (MAE, MSE) and validation (MAE_
val, MSE_val) sets with varying fracture heights. The 
dependence of  the error in determining the height of  
fractures on the number of  the epoch of  training (b).

                      a                                      b

Fig. 9. Graphs of  the MAE and MSE metrics 
depending on the number of  the training epoch (a) for the 
training (MAE, MSE) and validation (MAE_val, 
MSE_val) sets with variation in the angle and fracture 
height. The dependence of  the error in determining the 
angle of  inclination and the height of  the fractures on 

the number of  the training epoch (b).

                      a                                      b

                      a                                      b
Fig. 10. Graphs of  the MAE and MSE metrics 
depending on the number of  the training epoch (a) for the 
training (MAE, MSE) and validation (MAE_val, 
MSE_val) sets with varying fracture densities. Dependence 
of  the error in determining the density of  the location of  

fractures on the number of  the training epoch (b).
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dependence of  the average error in recognition 
on the epoch of  training (32 epochs in total). 
It can be seen that a sufficiently low error is 
achieved - about 5-7%.

4. CONCLUSION
The research showed good applicability for 
solving the inverse problems of  exploration 
seismology of  macrofractures layers of  
machine learning techniques, in particular 
convolutional neural networks, with training 
sets obtained by solving direct problems 
by mathematical modeling using the grid-
characteristic method. In the most complicated 
formulation — when varying the three main 
parameters of  a unidirectional fracture system 
(inclination angle, height and fracture density) 
— we got a recognition error of  only 5-7%, 
which is a fairly good indicator.

Low error indices make it possible to 
complicate the task by introducing additional 
parameters for variation (for example, the 
spatial position of  the system of  fractures, as 
was done for a single fracture in [30]). What 
will be done in further research.
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"Vultus est index animi"
("Eyes are the soul mirror")
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1. INTRODUCTION
Studies of  eye movement in the visual 
perception of  various information are 
intensively conducted to solve a number of  
physiological and psychological problems. 
Each person has a structure of  lines, dots 
and colors in the eye iris combined in unique  
combinations. Some people may have similar 
eye color, but the lines and dots on the iris 
themselves are as unique as fingerprints. 
It is known that almost everything can be 
determined at a person’s eyes: his mood, 
character traits, truthfulness of  words and 
many other aspects of  his inner world. An 
analysis of  the involuntary eyes reaction to 
information can tell a lot not only about the 
individual physiological characteristics of  the 
human visual apparatus, but also about the 
cognitive and psychological characteristics of  
the individual, his preferences, positive and 
negative emotions caused by information, 
about of  hidden and suppressed feelings and 
emotions.

Recently, another important aspect of  
research in this area has appeared - the effect of  
oculomotor reactions on visual acuity [1]. High 
visual acuity is extremely important in various 
life situations and for many professional tasks, 
from confident recognition of  objects to 
driving cars and airplanes. It is well known 
that the optical and anatomical characteristics 
of  the eye contribute to good vision and 
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spatial resolution, but the effect of  reflex eye 
movements on improving visual acuity has not 
been studied. Thus, the study of  oculomotor 
activity in the perception of  information is 
quite an urgent task.

2. EQUIPMENT AND RESEARCH 
METHODS
The eye movement trajectory during visual 
perception of  information consists mainly 
of  local fixations, when the gaze is fixed 
in the area of  individual image elements, 
and saccades, when the gaze is transferred 
from one element to another. If  the eyes 
movement in saccades is more less obvious 
and understandable, then in the fixations the 
situation is much more complicated, both in 
terms of  the time spent by the gaze in them, 
and in terms of  the gaze trajectory [2]. With 
visual perception of  information of  the order 
of  90% of  the time, the gaze is in fixations 
and, apparently, at this time the formation and 
cognitive awareness of  the visual pattern by 
the human brain occurs.

The intensity of  this activity is far from 
always the same and strongly depends on 
the nature of  the presented images. For 
example, at reading of  familiar signs (letters, 
numbers, and other signs) are perceived almost 
automatically (at a reflex level), it does not 
require a long examination, and it remains only 
to understand the text and follow the content 
of  what is read. With a general perception of  
graphical information (pictures, figures) with 
neutral content, in the absence of  fine details 
or a masked image in them, the pattern of  eye 
movement is very different from the pattern 
when reading and consists practically of  only 
saccades.

In this work, eye movement was register 
using a computer installation with eye tracking 
technology iView XTM High Speed 1250 
IT from the German company SMI GmbH 
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(resolution < 0.01°, sampling frequency 1250 
Hz). In the experiment, the observer's head is 
located at a certain distance from the monitor 
screen (80 cm), on which the desired image is 
presented, and in order to avoid involuntary 
movements and turns, it is fixed in a special 
device. The installation works in the “dark 
pupil” mode. Herewith, the eye is illuminated 
by a point source of  infrared radiation, and the 
infrared video camera performs high-speed 
shooting of  the eye. In the image, the position 
of  the pupil is determined programmatically 
(in IR rays it is a dark oval) and its size, as well 
as the position of  the corneal flare, which is a 
reflection on the cornea of  an infrared light 
source. In the image, the position of  the pupil 
and its size are determined programmatically 
(in IR rays it is a dark oval), as well as the 
position of  the corneal light patch, which is 
a reflection on the cornea of  an infrared light 
source. The direction of  gaze is calculated 
based on a vector connecting the positions 
of  the corneal light patch and the center of  
the pupil. The power level of  the IR source is 
sufficient for experiments, but does not exceed 
the value dangerous to the eye. The parameters 
of  the infrared eye image after processing by 
a special computer program are saved in the 
data file.

Before starting measurements in the 
calibration process, the deviation of  the 
observer’s pupil from its central position is 
determined on the system of  special reference 
points on the monitor screen. On the 
developed algorithm, the relationship between 
the position of  the pupil and the position on 
the monitor screen of  the observer's gaze on 
the image is determined. As a result of  using 
this algorithm, we can track on the monitor 
screen a gaze at the image, rather than eye 
movement.

Of  the several possible types of  eye 
movement, differing in temporal and spatial 

characteristics, three basic characteristics of  
eye movement were registering at the setup 
when observing the image: saccades, fixations, 
and the pattern of  eye movements formed by 
the successive selections from fixations and 
saccades. The trajectories of  displaying the 
movement of  the gaze were constructed by 
connecting the points with time-successive 
coordinates, determined by the sampling 
frequency of  the digital measuring system.

For the study of  involuntary eye movements 
that are not related to cognitive processes in 
the brain, two types of  gaze displacements 
are of  interest: microsaccades (fixations) 
- short displacements with a sharp change 
in direction associated with the process of  
accommodation of  the visual apparatus, and 
relatively longer saccades associated with gaze 
transfer to another place and having an average 
of  approximately one direction [4,5].

A pattern of  eye movement image in the 
fixations area is a multiplicity of  closely and 
randomly located points on which the gaze 
passes sequentially. Herewith a comparative 
statistical analysis of  the points distribution  in 
the fixation region is of  interest. A comparative 
model for the pattern of  eye movement 
image in the fixations region can be the 
random distribution with specified parameters 
(size of  the fixation region, dispersion and 
approximately the same points density over 
the entire fixation area, average displacement). 
Thus, if  using the random number generator we 
create an artificial “random” fixation (СF) with 
the necessary parameters, then its statistical 
characteristics and some parameters can serve 
as if  standards when comparing with similar 
characteristics of  real fixations (RF). The 
evident differences in these characteristics, that 
are detected, are likely to be due to cognitive 
processes in the brain.

The gaze movement in the fixation area is 
also characterized by the temporary distribution 
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of  points in it. If  the RF is divided into separate 
fragments and the position of  the center of  
gravity is determined for each fragment, then 
connecting them with a solid line, it turns out 
that the centers of  fragments gravity as if  drift 
along the whole fixation, further complicating 
the creation of  the SF model (Fig. 1).

From general considerations, the movement 
of  the gaze in fixations should provide the 
solution of  two problems: retention of  the 
image of  some moment considered image 
element in the fovea region (the central area of  
the retina is the region of  the highest density 
of  cones) and ensuring the absence of  the 
effect of  receptors saturation [6].

The experiment involved several testees 
aged 20 to 65 years. Let us conditionally denote 
them by the letters E, O, V, M, Z, P4, P5 and 
P7. The first five were asked to view, for no 
specific task, for 10 seconds, three neutral 
images Fig. 1a,b,c (we will conditionally denote 
them by F, T, and W), which at each subsequent 
observation turned 45° relative to the previous 
position, moreover, in testees M and Z the 

coordinates of  both the left and right gaze were 
registering, but with a frequency f = 500 Hz.

Testees P4, P5, and P7 were asked to read 
11 short texts (3-4 lines), herewith the first 
version of  each text fully corresponded of  
orthography, while the reading of  the next 
five versions of  the same text was deliberately 
complicated by distortions: punctuation marks 
and gaps between words were excluded, extra 
spaces were inserted, the letters in the words 
changed places and at the same time the words 
were rearranged or torn.

3. ANALYSIS OF THE GLANCE 
MOVEMENTS TRAJECTORY IN THE 
FIELD FIXATIONS AREA
For the CF model, the probability of  
implementation of  several approximately 
unidirectional consecutive displacements 
(hereinafter referred to as multiple 
displacements, moreover by the 
displacement multiplicity k, we mean the 
number of  consecutive, unidirectional 
displacements) should decrease sharply with 
increasing multiplicity k. The experimental 
data show that the number of  such multiple 
displacements in real fixations (RF) always 
exceeds the analogous number for CF 
at the identical statistics (full number of  
displacements in fixation). The procedure 
for detecting multiple displacements in the 
RF is as follows: when the RF length is equal 
to N, the sums of  the lengths of  k successive 
displacements were calculated (obviously 
such sums were accumulated (N-k+1)), 
then from the each thus obtained sum was 
deducted the length of  displacement from 
the beginning of  the first displacements 
to end of  k-th. If  the obtained difference 
turned out to be less than a tenth of  the 
average displacement length in the RF, 
then it was believed that the data of  k 
displacements have approximately the same 
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Fig. 1a,b,c. Images of  various structures presented in the 
experiment: a - "fractal" (F); b -"tree" (T) and c - "wave" (W).

             a                           b                             c
   

Fig. 1. Sequential fragments of  fixation (shown in color) with a 
length of  50 points. The centers of  gravity of  fragments drift along 

a thick solid line.
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direction, otherwise these k displacements 
were not considered unidirectional.

The described procedure for the multiplicity 
k = 4 is illustrated in Fig. 2. In fact, the resulting 
displacement along k segments of  the broken 
line is compared with the sum of  the lengths of  
the same segments elongated along a straight 
line (in one direction). Note that one tenth of  
the average displacement length is of  the order 
of  0.04-0.2 mm and is a rather hard selection 
criterion.

In total, more than 103 fixations of  various 
lengths were processed. The processing results 
are presented in graphs (Fig. 3a and 3b), showing 
the ratio of  the multiple displacements number 
to the total displacements number depending 
on the multiplicity k. In the same axes, a similar 

relation was constructed for artificial random 
fixation of  the СF, which was generated so that 
the average displacement length in it was the 
same as in the RF, and the number of  points 
coincided exactly.

The appearance of  the CF and RF graphs 
is exactly the same, the multiple displacements 
number in the СF for any multiplicity is always 
less than in real ones, and for multiplicity k > 
4 they are completely absent (the fixation 
contains about 50,000 points), while in 
real fixations there are displacements, the 
multiplicity of  which reaches 7 even with a 
shorter duration.

At the same time, a very small scatter in 
the values (graphs practically merge) of  the 
indicated dependences for real fixations, 
irrespective of  the testee and the object under 
consideration, attracts attention.

Of  particular note is the fact that these 
dependencies for real fixations have a very 
small spread in values (the graphs practically 
merge), regardless of  the testee and the 
object under consideration. Apparently, this 
indicates that the mechanism (algorithm) of  
eye movement in fixations is identical in all 
testees. Given the temporal characteristics of  
movement, we can assume the presence of  a 
specific video processor (apparently located in 
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 Fig. 2. A fragment of  real tracking, in which 4 consecutive 
displacements made in approximately the same direction and 
a dashed line highlighting the movement between the start and 

end points of  the track are highlighted in a bold line.
 

Fig. 3b. Dependence of  the fraction of  multiple displacements 
on the multiplicity k (the red curve for the CF is the rest for 

the RF).

Fig. 3a. Dependence of  the fraction of  multiple displacements on 
the multiplicity k (the red curve for the CF is the rest for the RF).
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the brain), which should be as close as possible 
to the muscles performing these movements 
[6]. Based on the experimental data, a search 
was carried out for possible preferred 
directions with multiple displacements in the 
fixation region. Since we know the starting and 
ending points of  displacements, depending on 
which one is closer to the center of  fixation, 
one could be judge a certain preferred 
direction of  multiple displacements and draw 
conclusions about their purpose. However, 
the analysis of  the tracks showed that such a 
predominant direction does not exist, up to 
a multiplicity of  k = 4, with large multiples 
a certain difference appears, but it is not 
provided statistically, the angular distributions 
of  multiple displacements do not reveal any 
the peculiarities.

4. EYE MOVEMENT ANALYSIS 
WHEN READING TEXTS
Obviously, when reading texts, the gaze 
movement is strictly determined. This fact is 
easily confirmed by numerous gaze tracking, 
which easily recognizes the movement along 
the lines, with a certain number of  stops in 
fixations, saccade movement between words 
and return saccades, returning the gaze to the 
beginning of  the next line [5,6]. Herewith, 
the gaze spends the same 90% of  the time in 
fixations and, apparently, at this time the reading 
and preliminary comprehension of  what is 
read takes place. The idea of  the experiment 
described below was to make the look spend 
more time in fixations, artificially complicating 
the process of  reading and perceiving the text, 
distorting it in a certain way. How this is done 
can be illustrated by the example of  one of  
11 texts. First, we give the source text and 5 
distorted versions of  it.
1) any point that is estimated to be located 
at the same distance from the eyes as the 
fixation point forms two projections of  the 
corresponding points of  the retinas,

2) anypointthatisestimatedtobelocatedatthesa
meistancefromtheeyesasthefixationpointform
stwoprojectionsofthecorrespondingpointsofth
eretinas,
3) a n y p o i n t t h a t i s e s t i m a t e d t o b 
e l o c a t e d a t t h e s a m e d i s t a n c e f  r o 
m t h e e y e s a s t h e f  i x a t i o n p o i n t f  
o r m s t w o p r o j e c t i o n s o f  t h e c o r r 
e s p o n d i n g p o i n t s o f  t h e r e t i n a s,
4) anyp ointt hati se stimatedt ob el ocateda 
tt hes amed istancef  romt hee yesa st hef  
ixationp ointf  ormst wop rojectionso ft hec 
orrespondingp oints o ft her etinas,
5) ayn pin ot taht is esemtaidt to eb lotacdet 
ta hte sema dinsatcne form hte esye sa het 
faxiniot piotn fomsr wto porjetcoisn fo het 
cerropsodnign piotsn fo hte rientsa,
6) an y po int th ati ses ti ma te d to bel oca teda 
tthes am ed ist an cef  ro mt hee yesa st he fi xa 
ti onp oi nt for mst wop ro je cti on sof  thec or 
re spon di ng po in tso fther et in as.

At first glance, the above examples show that 
the perception of  distorted texts is significantly 
more difficult compared to undistorted ones 
and, accordingly, the time spent in fixations 
should increase, because Saccades do not 
seem to require such an increase in time. 
Let us denote the ratio of  the time spent in 
fixations to the total time spent reading text 
through Fk(i,j), where k is the index belonging 
to a particular testee, i is the text number, j is 
the variant of  its distortion. The calculation 
results are shown in Fig. 4a,b,c, in the form of  
corresponding matrices of  size (11×6), where 
each element of  the matrix is a ratio of  time 
Fk(i,j), expressed as a percentage.

Unfortunately, to make some unambiguous 
conclusion from the data in Fig. 4. quite 
difficult. Only testee F4 spent the least time 
reading all eleven versions of  the undistorted 
text. In testees F5 and F7, this conclusion was 
not confirmed.
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5. ANGULAR DISTRIBUTIONS OF 
DISPLACEMENTS IN FIXATIONS 
AND SAKKADES
Along with the study of  approximately 
unidirectional, sequential displacements of  the 
gaze movement in the fixations and saccades, 
it is also important to study the angles at which 
individual displacements are made for times t = 
0.8 ms or t = 2.0 ms, depending on the frequency, 
with which the gaze position was recorded. 
For each displacement, the angle at which it 
occurred was calculated, and the angle was 
counted counterclockwise from the horizontal 
axis. The angles were calculated separately for 
displacements belonging to fixations, saccades, 
or the whole tracking, herewith the belonging 
of  each point to a fixation or saccade was 
determined in a standard way programmatically 
and displayed as the corresponding attribute in 
the data file. Ultimately, angular displacement 
distributions were constructed in polar or 
Cartesian coordinates.

Typical distributions in Cartesian 
coordinates are shown in Fig. 5. It should 
be noted that the size of  the fixation region 
is usually small, its area is about 1–100 mm2, 
and, as a rule, the entire fixation is completely 
projected onto the retina fovea region. In 

this case, the fixation area is the area of  a 
rectangle located in the plane of  the monitor 
and having an angular size of  the order of  one 
degree and the lengths of  the sides of  which 
are determined by the extreme coordinates of  
the fixation points along the corresponding 
axes.

A certain spread of  points belonging to 
the fixation can determined by the noises of  
the recording system. But if  the noises of  the 
system played an overwhelming role, then the 
displacements angular distribution in polar 
coordinates would be an almost strict circle, 
which is quite easily verified using a random 
number generator in the corresponding CF 
model. However, all angular distributions 
for displacements in real fixations and 
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                   fixations                            saccades
Fig. 5. Integral (total) angular distributions for fixations and 
saccades (testee E, 8 image positions T). About 200 fixations 

and saccades were studied.

Fig. 4. Tables of  the ratio of  the time Fk (i, j) spent in fixations to the total time spent reading the text.
a)F4 (testee no.4) b)F5 (testee no. 5) c)F7 (testee no. 7)
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saccades show obvious deviations from the 
circumference, and this statement is true 
for fixations and saccades of  any duration. 
The characteristic signs of  asymmetry are 
manifested in distributions for virtually every 
fixation. To a lesser extent, the above statement 
refers to saccades because of  significantly less 
statistics.

Similar distributions take place for all 
testees; asymmetry, expressed to a greater or 
lesser extent is clearly present in all angular 
distributions.

The perception of  rotated images observed 
by subjects M and Z was also studied, herewith 
the coordinates of  the gaze for the left and 
right eyes were recorded simultaneously. 
Corresponding angular distributions are 
presented in Fig. 6, from which it is obvious 
that the distributions of  testee Z are almost the 
same, while for M they are slightly different, 
and the difference is manifested for any 
orientation of  the image, which is apparently 
due to some individual characteristics of  the 
visual apparatus.

It is noteworthy that the asymmetry of  
the angular distribution of  the direction of  
displacements when observing neutral images 
for saccades is almost the same as for fixations. 
A completely different situation is observed 
when the eye movement is predetermined to 
be rigidly determined (for example, reading). 
In Fig. 7 shows the angular distribution of  
displacements in all saccades that arise when the 

testee P reads six variants of  the second text. 
The asymmetry clearly changed in a completely 
predictable way, the angular distribution in the 
fixations practically remained the same.

We also studied the change in the direction 
of  gaze movement during the implementation 
of  two successive displacements. Obviously, 
this change is determined by the difference 
in the angles of  directions of  the two 
indicated displacement. f  the angles for the 
displacements vary from 1° to 360°, then the 
difference of  these angles will take values 
from -359° to + 359°.

For comparison, we consider a model 
of  artificial random fixation (CF), for 
which the angular distribution of  the  gaze 
displacements direction will be uniform, and 
in polar coordinates it will be a circumference. 
For such a model fixation, the rotation angles 
of  the displacements are determined as the 
difference when subtracting the previous 
angle from the subsequent angle. The 
angular distribution of  such rotation angles 
(or deviation) is shown in Fig. 8. The same 
distribution is given there for real fixations 
(RF) of  testee E, taking into account all image 
orientations T (AgW1elT). The number of  
points in the CF and the RF is taken so that 
the statistics are the same (88,615 points). 
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Fig. 7. Angular distributions for all saccades that arise when 
the testee P reads six variants of  the second text (7598 points 

in total).

 

Fig. 6. Angular distributions for fixations (testee M - on the 
left, Z - on the right).
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The fundamental difference between one 
distribution and another one is obvious.

Moreover, the distribution for “perfect” 
fixation (CF) remains unchanged, if  by the 
angle of  rotation we mean the angle between 
any pair of  displacements. For real fixations 
(RF), this statement is false, which is shown 
in Fig. 9, which shows the distributions for 
the rotation angles of  displacements whose 
ordinal numbers differ by 1 (AgW1elT) and 
2 (AgW2elT). With increasing difference 
in ordinal numbers, the distribution strives 
for Rnd in Fig. 8 for CF. Apparently, such a 
difference in the distribution of  real fixations 
from “purely random” ones indicates a certain 
correlation of  the nearest two or four gaze 
displacements, which is completely absent in 
the random process.

The angular distribution for the 
displacements in the fixations, presented 

in Fig. 5 includes purely noise offsets, the 
distribution of  which is an almost strict 
circumference. If  we take the radius of  such 
a circumference equal to the minimum value 
in the full distribution (in the indicated case, 
this value is 132) and exclude it from the full 
distribution, then we can obtain the angular 
distribution of  real gaze displacements, which 
is presented in Fig. 10.

The distribution clearly shows the 
predominance of  vertical and horizontal 
directions in the angular distributions of  
displacements in fixations and saccades. This 
is possibly due to the natural coordinate 
system in the perception of  visual information 
associated with the horizon line and vertical 
direction (gravity direction).

6. ANALYSIS INFLUENCE OF NOISES 
OF RECORDING EQUIPMENT
The distribution (Fig. 10) clearly shows the 
predominance of  vertical and horizontal 
directions in the angular distributions of  
displacements in fixations and saccades, 
which is apparently associated with the system 
of  oculomotor muscles. The oculomotor 
muscles help to carry out the coordinated 
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 Fig. 10. The corrected angular distribution of  AgFET-132.

Fig. 9. Distributions for rotation angles of  displacements 
whose ordinal numbers differ by 1 (AgW1elT) and 2 

(AgW2elT).

Fig. 8. Angular distributions for the angles of  deviation 
of  the "ideal" fixation (Rnd), for all fixations of  the test 
E taking into account all the orientations of  the image T 

(AgW1elT).
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movement of  the eyeballs, and also, in 
parallel, provide a high-quality perception of  
visual information. The motor function of  
the eye is provided by six muscles - four of  
them are straight, and two are oblique. Their 
names are associated with the peculiarities of  
the course in the eye cavity, where they are 
located, as well as with the place of  attachment 
to the eyeball wall. Thanks to these muscles, 
the eyes can perform numerous movements, 
both unidirectional and multidirectional. 
Unidirectional turns are up, down, left and 
others, and multidirectional - bringing the 
gaze to one point.

When measuring the trajectory of  eye 
movement, there are always noises that are 
random in magnitude and direction and are 
superimposed on real gaze displacements. For 
the registering equipment used, the resolution 
is 0.01°, and the working accuracy is 0.25 ° - 0.5 
° [10], which in the image plane on the monitor 
is 0.14, 3.5 and 7.0 mm, respectively (distance 
to the image is equal 800 mm).

To study the angular distribution of  gaze 
displacements in fixations and saccades, a 
landscape image with a pronounced horizon 
line and with a set of  vertical elements was 
used. To reduce the influence of  the dominant 
directions (vertical and horizontal), the image 
was rotated 315 degrees (Fig. 11).

The division of  the trajectory of  eye 
movement into fixed states and saccades was 
carried out according to known methods [4].

To study statistical characteristics, it is 
necessary to first perform the following 
operation: find the coordinates of  the "center 
of  gravity" (mean values) for each sampling (or 
simply the center of  the fixation) and subtract 
the corresponding mean values from each 
of  its coordinates. Having performed such a 
transfer operation for each fixation and having 
built a cumulative tracking system, one can 
get a complete picture of  the gaze movement 
in all fixations when viewing this image. By 
performing this transfer operation for each 
fixation and building an aggregate tracking 
system, one can get a complete picture of  the 
gaze movement in all fixations when viewing 
that image. Having processed the total set of  
trackings, we get statistical characteristics, the 
distribution of  points in fixations, for example, 
along the X and Y axes, corresponding to the 
variance of  distributions, etc. The advantage of  
this approach is that it is possible to compare 
the fixations obtained when viewing different 
patterns by the same testee, and by combining 
them, one can easily collect the necessary 
statistics.

Fig. 12a shows an aggregate of  the set of  
points for all fixations in one image, plotted 
relative to a single center of  gravity. The 
trackings registered by the measuring system 
in fixed states (fixations), corresponding to 
the gaze displacements in these areas, at least 
visually look very similar to a random process. 
In order to compare the results, Fig. 12b shows 
samplings for a true normal process, generated 
by a random number generator with dispersions 
in X and Y the same as for the experimentally 
recorded process.

When observing the trackings of  eye 
movement built for a aggregate of  fixations, 
it is seen that the gaze moves within a limited 
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Fig. 11. Test images to study the angular distribution of  gaze 
displacements in fixations and saccades.
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area in a chaotic manner (Fig. 12a). It can be 
seen from the figure that individual points fall 
out of  the specified area, but, due to the large 
statistics, this practically does not affect the 
final result.

A typical example of  such an angular 
distribution for the image in Fig. 11 is shown 
in Fig. 13. It can be seen that the angular 
distribution demonstrates clear asymmetry for 
all displacements of  Ns (green line), as well 

 

Fig. 12. a - the aggregate of  the set of  points in all image 
fixations, obtained in the experiment, b - modeling of  the 

fixation by random number generator samples.

as for smaller (red line) and larger (black line) 
values.

By analyzing the angular distribution 
for different values of  gaze displacements, 
it is possible to determine the threshold 
displacement value when the distribution 
becomes asymmetry. It should be noted 
that in this case it is necessary yet to exclude 
"transitional" displacements from fixations 
to saccades and vice versa, although they are 
unlikely to have any effect on the summar 
angular distributions, due to their small number 
and the absence of  any selected direction in 
the fixation. The resulting distributions are 
shown in Fig. 14 at different values of  the gaze 
displacement (LV). The distribution statistics 
include 267,290 displacements.

Fig. 14 clearly demonstrates that with an 
increase in the cutoff  level (displacements 
whose length is less than the LV threshold 
are taken into account), the asymmetry in 
the angular distribution increases, more and 
more the horizontal and vertical directions of  
the gaze diaplacement begin to prevail, and 
ultimately the angular distribution tends to the 
shape of  a cross (Fig. 13).

 
Fig. 13. Angular distribution of  displacements in all 

fixations for the image in Fig. 11.

 Fig. 14. Distributions of  displacements along the length 
(left), threshold (0.5, 1.0 and 2.0 mm, vertical line on the 
graphs on the left), less which the displacements are selected 

and angular distributions are plotted for them (right).
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Thus, up to gaze displacements LV = 1 mm, 
we are dealing with noises of  the registering 
measurement system, the maximum of  which 
is approximately 0.8 mm, which have a normal 
distribution along the length, and are uniformly 
distributed over the angle, which  and observed 
in Fig. 14. With the growth of  displacements, 
noises in angular statistics plays an ever smaller 
role, and the role of  real of  gaze displacements is 
increasing, as indicated by the angular distribution 
by changing its shape, deviating more and more 
from the correct circumference.

7. CONCLUSION
The paper explores some features of  the gaze 
movement in fixations and saccades during 
visual perception of  images and reading texts. It 
is shown that in the fixations region there are so-
called multiple displacements, the frequency of  
which exceed two or more times  than that for 
model artificial random fixations.

It has been shown that the left and right eye 
tracking  may differ. This is observed both on the 
trackings itself  and on the angular distributions 
of  displacements.

It is shown that the angular distributions of  
gaze displacements are not uniformly. Vertical 
and horizontal directions evidently stand out on 
they. This is characteristic not only for strictly 
deterministic processes (reading), but remains 
true and when considering neutral images, 
including those rotated at different angles.

It was determined the noise error of  the eye-
tracking recording system  when registering the 
gaze displacements. It is shown that down to 
gaze displacements of  the order of  1 mm, the 
noises of  the registering measurement system 
prevails, which have a normal distribution along 
the length, and are uniformly distributed over 
the angle.

REFERENCES
1. Janis Intoy, Michele Rucci, Finely tuned eye 

movements enhance visual acuity. Nature 
Communications, 2020, 11:795, doi: 10.1038/
s41467-020-14616-2, www.nature.com/

naturecommunications.
2. Menshikova GYa, Belyaev RV, Kolesov VV, 

Ryabenkov VI. The evaluation of  individual 
differences using fractal analysis of  scanpaths. 
Abstract Book of  18-th Europien Conference on Eye 
Movements (ECEM), 16-21 Aug. 2015, Vienna, 
Austria; http://www.jemr.org/online/8/4/1.

3. Guestrin ED, Eizenman M., General Theory of  
Remote Gase Estimation Using the Pupil Center 
and Corneal Reflections. IEEE Transitions on 
biomedical engineering, 2006, 53(6):1124-33.

4. Salvucci D, Goldberg J. Identifying fixations and 
saccades in eye-tracking protocols. Proceedings of  
the Eye Tracking Research and Applications Symposium, 
New York, ACM Press, 2000.

5. Rostislav V. Belyaev, Vladimir V. Kolesov, Galina 
Ya. Men’shikova, Alexander M. Popov, Viktor I. 
Ryabenkov. Study of  the special features of  the 
perception of  videoinformation by the fractal 
analysis of  the traectory of  the eyes motion. 
Radioelectronics. Nanosystems. Information Technologies 
(RENSIT), 2011, 3(1):56-68.

6. Kirpichnikov AP. Eye video processor: 
Micromovements as a factor of  accommodation 
and video processing. 12th International Conference 
"Digital Signal Processing and Its Application, 
DSPA-2010, Image Processing and Transmission", 
Moscow-2010, pp.170-172.

7. Rostislav V. Belyaev, Vladimir V. Kolesov, 
Galina Ya. Menshikova, Alexander M. Popov, 
Viktor I. Ryabenkov. Dynamics of  reverse 
saccades of  reading texts and its connection 
with the peculiarities of  eye movement. 
RENSIT, 2018,10(1):117-127, DOI: 10.17725/
rensit.2018.10.117.

8. Rostislav V. Belyaev, Vladimir V. Kolesov, Galina 
Ya. Men’shikova, Alexander M. Popov, Viktor I. 
Ryabenkov. Quantitative criterion of  individual 
differences of  the eyes movement trajectories. 
RENSIT, 2015, 7(1):25-33.

9. Tom Foulsham, Alan Kingstone. Asymmetries 
in the direction of  saccades during perception 
of  scenes and fractals: Effects of  image type and 
image features. Vision Research, 2010, 50:779-795.

10. Barabanschikov VA, Zhegallo AV. Eye-Tracking 
Methods: Theory and Practice. Psychological Science 
and Education, 2010, 2(5). (psyedu.ru, ISSN: 2587-
6139).



275

RENSIT | 2020 | Vol. 12 | No. 2

contents

1. introduction (275)
2. materials and methods (276)

2.1. standard (276)
2.2. simulation (279)
2.3. systems (279)
2.3.1. coarse timinG (280)
2.3.2. coarse frequency 
synchronization (280)
2.3.3. fine timinG (280)
2.3.4. fine frequency 
synchronization (281)
2.3.5. frequency offset trackinG 
(281)
2.3.6. equalizer (282)

3. results (282)
4. discussion (284)

5. conclusion (284)
references (285)

1. INTRODUCTION
The IEEE 802.11ah standard was developed 
by Institute of  Electrical and Electronics 
Engineers to support various Internet of  
Things (IoT) and Machine-to-Machine (M2M) 
applications. Its main features are low energy 
consumption, number of  stations (STA) 
connected to a single access point (AP) is up 
to 8192 and radio connection distance up to 
1 km [1]. This connection distance is possible 
because of  sub-1GHz band operation and 
usage of  Modulation Coding Scheme 10 
(MCS10). This scheme arouse interest since 
it allows synchronization systems operation 
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with negative values of  signal-to-noise ratio 
(SNR).

For now, there is one publication about 
synchronization systems for IEEE 802.11ah 
receiver [2]. In this paper algorithms of  
coarse and fine synchronization as well as 
residual frequency and phase offset (RFO) 
compensation are outlined. There is also 
improved channel estimation method is 
presented with SIG field usage. Preamble 
synchronization algorithms which were 
used in the paper is similar to algorithms 
for previous Wi-Fi standards (a/g/n/
ac) [3], after all, ah is very close to them. 
At the same time, we did not reproduce 
productivity of  RFO compensation system 
for MCS0, and MCS10 there was not 
examined at all. That is why systems from 
articles [4, 5] were chosen.

In the first case [4] was proposed blind 
estimation method for schemes with 
modulations from QPSK and higher. The 
method uses time-frequency decision 
feedback loop (TF-DFL). It gives quite 
good performance in SNR range from 4 
dB and higher since relation of  bit error 
rate (BER) vs SNR loses around 0.15 dB 
to theoretical limit. In the same article 
authors show relation of  BER for the most 
common method which requires usage of  
pilot sequences. In this case lose to theory 
is about 1 dB, but in the same time this 
approach gives better performance with 
SNR bellow 4 dB. A description is given in 
the paper [5].

In our work synchronization algorithms 
performance for IEEE 802.11ah receiver 
with additive white gaussian noise (AWGN) 
channel with low values of  SNR is 
considered that were used in the previous 
Wi-Fi standards.

2. MATERIALS AND METHODS
2.1. standard

There are many various applications provided 
by IEEE 802.11ah [6] from smart grids, 
security systems and targeted advertising to 
surveillance systems, increasing connection 
distance to existing hotspots and outdoor 
Wi-Fi to offload traffic in cell networks. 
Some applications require coverage of  large 
territories by means of  single AP.

Typical IEEE 802.11ah network 
architecture is shown at Fig. 1 [1]. This 
architecture is a centralized network that 
contains root AP, Relays and STAs. The 
Relay consist of  Relay STA, relay function 
and Relay AP. At Fig. 1 Relay STAs of  Relay 
1 and 2 are connected to root AP. Relay STA 
of  Relay 3 is connected to Relay AP of  Relay 
1. STA 1, which is not AP, is connected to 
Relay AP of  Relay 1. Similarly, STAs 2 and 3 
are connected to Relay AP of  Relay 3, as well 
as STAs 4 and 5 are connected to Relay AP 
of  Relay 2. To transmit a frame, for example, 
from STA 1 to Root AP, it should use relay 
function from Relay AP to Relay STA of  
Relay 1. The same but inverse way is passed 
by frames from Root AP to STA 1.

To reduce latencies in this architecture 
Transmission Opportunity (TXOP) 
mechanism is provided. Meanwhile, 
mandatory access method is Enhanced 
Distribution Channel Access (EDCA). 
Besides, there are two optional access 
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Fig. 1. Relay network architecture in IEEE 802.11ah.
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methods: Restricted Access Window (RAW), 
Target Wake Time (TWT). The first one 
allows to reduce channel load by dividing 
devices into groups. Within this group there 
is distribution limited time windows for 
packet transmission. The second method 
allows to control packet transmission time 
from each STA. More information about 
these methods can be found in standard [1] 
or in papers [7,8].

On PHY standard provides data 
transmission with rate from 150 kbit/s over a 
distance of  up to 1 km. This result is achieved 
by usage of  unlicensed sub-GHz band and 
MCS10. The key parameters of  MCS10 and 
the closest to it schemes that were used in 
our work are shown in Table 1. Papers [8, 
9] and document [11] provide a detailed 
calculation of  the radio link budget for our 
case. We are also interested in what kind of  
losses on implementation and fading are 
allowed. According to [12], in previous Wi-Fi 
standards, these losses accounted for about 
12 dB. These losses are calculated using the 
following formula:
M[dB] = RecSens – 30 – PMIN,
where RecSens [dBm] – minimum receive 

sensitivity at which packet error rate (PER) is 
equal to 10%, PMIN[дБ] = SNR + 10lgkT0W 
+ NF receiver sensitivity, SNR – minimum 
theoretical signal-to-noise ratio at which 
PER = 10%, for example, for MCS10 it is 
closely equal to –3.23 dB, [J/K] – Boltzmann 
constant, T0 = 293 [K] – the standard noise 
temperature, W [Hz] – bandwidth, а NF [дБ] 
– receiver noise figure.

When calculating the radio link budget, 
the ah working group set the noise 
coefficient value NF = 7 dB [11]. Fading and 
implementation loses for MCS10 are equal 
to the same 12 dB with the corresponding 
receiver sensitivity.

The main features of  MCS10 are: x2 data 
repetition on half  of  the subcarriers, short 
training field (STF) 3 dB gain (Fig. 2). Due 
to repetition relation of  BER vs SNR for 
MCS10 shifts to the negative side by 3 dB 
relative to MCS0, since the energy of  the 
transmitted symbols is doubled. Thus, an 
operation area of  MCS10 lies in the range of  
negative SNR. Fig. 3 shows the shift of  the 
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Table 1
IEEE 802.11ah parameters of MCS10/0/1

Parameter Designation MCS10 MCS0 MCS1

Receiver sensitivity RecSens [dBm] -98 -95 -92
Sampling frequency 1/Ts [MHz] 1
Sampling period Ts [μs] 1
FFT length Nfft 32
FFT period Tfft [μs] 32
Distance between subcarriers 1 [ ]

fft s

f kHz
N T

∆ = 31.25

Number of subcarriers modulated Ndsc 24
Number of pilot subcarriers Np 2
Cyclic prefix duration Tgi [μs] 8
OFDM symbol duration TF [μs] 40
Relative code rate R 1/2
Code constraint length k 7
Modulation - BPSK QPSK
Generating polynomial - [133 171] Fig. 3. Repetition result in MCS10.

Fig. 2. S1G_1M packet format.
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BER curve in this case. Packets transmitted in 
MCS10 mode have S1G_1M format. Packet 
structure in this format is shown in Fig. 2.

STF is the short training field, which is 
used by an automatic gain control system 
and a coarse synchronization system. LTF 
is a long training field, which is used by fine 
synchronization system and equalizer. GI 
means guard interval. SIG is a signal field, 
which carries service information about the 
packet. Data is a data field, which contains a 
payload.

Data transmission on orthogonal 
subcarriers Fig. 4 in the time domain can be 
described 

2

( ) ,fft

j it
T

ig t e
π

=

where Tfft – FFT duration, i – index of  the 
corresponding subcarrier.

Orthogonality means that the following 
condition is met

0

( ) ( ) 0, for .
fftT

i lg t g t dt i l= ≠∫
In particular, in standard IEEE 802.11ah 

to transmit some symbols sequence c = {c1, 
c2, ..., cN} by means of  OFDM modulation, it 
should be split into blocks of  M symbols, 
M = 6 for MCS10. 

Next, scrambling is performed. The 
scrambler structure is shown in Fig. 5, under 
delay blocks their default states are written. 

Scrambler’s output is cS.
Now sequence cS goes to the convolutional 

encoder, the parameters of  which are given 
in Table 1. The result is a block of  12-bits 
cc. Then the repetition is performed. The 
essence of  the operation is to copy blocks of  
12-bits. The copy is added modulo two with 
the sequence s = [1 0 0 0 0 1 0 1 0 1 1 1] and 
then the result is concatenated with block cc, 
thus getting 24-bits block cx2.

Afterward goes interleaving, which 
allows reducing the probability of  correlated 
multiple errors. An interleaver has a size of  8 
rows and 3 columns.

Then the blocks of  symbols are converted 
by BPSK baseband modulator into 
modulating sequences. To get an OFDM 
block, pilot sequences and protective zeros 
are added into modulating sequence. Then 
IFFT for each block is performed, thus 
modulating the orthogonal subcarriers. In 
discrete-time, this looks like

21

0
.[ ] ,  0

fft
fft

j knN
N

k fft
k

s n c e n N
π−

=

= ≤ <∑
where Nfft is FFT size.

A CP consisting of  the last 8 samples 
of  the current OFDM block is added to its 
beginning, so the OFDM symbol is obtained. 
After that, windowing is performed that 
smooth the amplitude of  nearby samples at 
the OFDM symbols borders.

Then digital-to-analog conversion is 
performed. After interpolation, the signal in 
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Fig. 5. Scrambler structure.

Fig. 4. Orthogonal subcarriers in MCS10.
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continuous time looks like
21 1

0 0
( ) ( ),0 .

fft fft
fft

j ktN N
T

k k k fft
k k

s t c e c g t t T
π− −

= =

= = ≤ <∑ ∑
OFDM symbol creation process is shown 

in Fig. 6.
On the receiver side, the signal after being 

transferred from the carrier, amplified and 
analog-to-digital converted looks like

2[ ] [ ] [ ],ot s otj f nTr n s n e w nπ θ+= +

where w[n] – n-th sample of  WGN, fot and θot  
– some frequency and phase offsets.
2.2. simulation

A simulation was performed using the 
synchronization systems described below, as 
well as equalizer with an estimation of  the 
channel transfer function using the least square 
(LS) method for the case of  AWGN channel 
with random frequency shifts (Fig.  5). MCS10 
packets containing 256 octets of  information 
were transmitted. Packets that did not pass 
SIG cyclic redundancy check (CRC) were 
not counted. That is how synchronization 
failures were filtered out. Frequency offset 
simulates effect of  frequency instability in 
the transmitter and receiver heterodynes. The 
standard sets the limit of  frequency instability 
of  the transmitter's heterodyne equal to 
±20 ppm. Thus, for a carrier frequency equal 
to 1 GHz, it turns out that the offset after 
receiver frequency conversion should not 
exceed ±40  KHz.

To compare our model with other digital 
data transmission systems the following 
relation between an energy per bit per noise 
power spectral density and SNR is fair

10lg 10lg .dsc p

fft

N N
SNR EbNo R

N
+

= + +

where SNR = Ps/Nw, Ps – the power of  a 
received signal, Nw – the power of  WGN, 
EbNo – the energy per bit per noise power 
spectral density, Ndsc – number of  data 
subcarriers, Np – number of  pilot subcarriers, 
Nfft – FFT size, R – code rate.

The formula for converting BER to the 
PER has the following form [9]:

1 (1 ) ,LPER BER= − −

where L – number of  transmitted information 
bits in a packet. This formula is valid only if  
the errors are independent of  each other.

The sample size is calculated based on the 
following ratio [14]:

2
2

0

1 ,pN t
pϕ ε

−
=

where tφ = 1.96 is the gaussian distribution 
quantile for significance level equal to 5%, N 
– the size of  sample bits, ε0 – related precision 
of  estimation, p – the desired probability.

Incorrect operation criteria of  the 
synchronization system have been adopted: 
for coarse time synchronization – case 
when an estimate is out of  range of  values  

[160;208]t∈ μs, for fine timing – a difference of  
estimated value from the true value with some 
coarse timing estimate, for coarse frequency 
synchronization – case when an estimate is 
out of  range [ 31.25;31.25]coarsef∆ ∈ − kHz, for 
coarse and fine frequency synchronization 
together – case when an estimate is out of  
range [ 2;2]coarse finef f∆ + ∆ ∈ − kHz.
2.3. systems

The synchronization system provides OFDM 
symbols selection at the moment when they 
begin, as well as performs frequency offset 
compensation. The offset occurs cause of  
both transmitter and receiver heterodynes 

INFORMATION TECHNOLOGIES

Fig. 6. Model block diagram.
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detuning and the Doppler shift.
The synchronization system divides into 

time and frequency systems, and each of  
them also into coarse and fine. Besides, there 
is a time synchronization up to an integer 
number of  samples and up to fractional 
one. Fractional time synchronization is not 
considered in this paper. Now let us look at 
them separately.
2.3.1. coarse timinG

The coarse frequency synchronization is 
performed over the STF of  the received 
packet. To do this, the autocorrelation of  the 
signal [3] is calculated using the formula

1

0
[ ] *[ ] [ ],

L

i
R n r n i r n i M

−

=

= + + +∑

where ( )* - complex conjugate, L – the 
size of  a sliding window, it influences on a 
value of  autocorrelation estimate averaging. 
In this model L = 80, i.e. a half  of  STF 
length. M = 8 is a period of  elementary 
STF sequence. Value M should be multiple 
of  8, although, with its increase, the delay at 
the autocorrelator output also increases. By 
varying the value of  M, you can get the peak 
of  autocorrelation at the start of  LTF.

Furthermore, a time point is looked 
for, which corresponds to this maximum, 
through comparison with some level [3] or 
by differencing and finding a zero [2]. In this 
work, the second method was used, since, 
for the first one, the problem of  determining 
the level arises for small values of  SNR. 
Otherwise, the algorithm's accuracy will be 
unsatisfactory.

Differentiation is performed using a 
differentiator, which can be described by 
equation

1

0
[ ] [ ] [ 1],

N

i
D n R n i R n i

−

=

= + − + −∑
where N – averaging window length, 

increasing this value leads to the coarse 
timing estimate with less noise in it, but as 
a payment, it also leads to some mean bias, 
i.e. coarse synchronization will be delayed on 
a corresponding number of  samples. In the 
model N = 32.

The coarse timing is influenced by a 
moment when the packet was detected since 
its algorithm depends on the number of  STF 
elementary sequences that are involved in the 
autocorrelation estimation. As the essence 
of  the algorithm lays a conclusion that the 
beginning of  autocorrelation estimation is 
located in some interval of  values relative to 
the real beginning, it allows us to achieve a 
clear peak in LTF beginning moment, which 
means a more accurate estimate.
2.3.2. coarse frequency synchronization

The average value of  the STF autocorrelation 
phase was used as an initial or coarse estimate 
of  the frequency offset

[ ] ,
2coarse

c

R nf
Tπ

∠
∆ =

where ∠  – complex argument, Tc = TsM – 
elementary STF sequence duration, M = 8 
– number of  samples in elementary STF 
sequence.

The more elementary sequences are 
incorporated in calculations, i.e. the faster 
AGC and detection systems, the more 
accurate this estimate.
2.3.3. fine timinG

Before demodulation of  OFDM symbol 
data part, it requires to know exact moment 
of  its beginning. That’s why after receiving a 
signal of  LTF beginning performs capture of  
the next 32 samples, then FFT is performed 
in order to obtain frequency domain signal. 
In the frequency domain a product of  this 
result  iLTS  and reference conjugated LTS. 
The result is transferred back to the time 

INFORMATION TECHNOLOGIESFEDOR B. SERKIN, ANTON Yu. DUBROVKO



281

RENSIT | 2020 | Vol. 12 | No. 2

domain and complex modulus is taken.
| ( { } { }*) |,i ixcorr IFFT FFT LTS FFT LTS=

where i = 1,2,… – number of  current LTS.
Now maximum sample is in search and its 

argument is fine timing estimate
arg(max{ }),ifine it xcorr=

where arg( ) – argument of  real function.
This value is a number of  samples, which 

should be skipped to start capturing the 
payload.
2.3.4. fine frequency synchronization

When OFDM symbol payload is correctly 
selected from the total sequence, you can 
refine the coarse frequency estimate. For this 
mean phase difference between maximum 
samples of  cross-correlation of  close 
LTF symbols is computed, i.e. the phase 
shift during one OFDM symbol caused by 
frequency offset.




1

3

1

max( ) max( ) ,
2

.

i

i

i i
fine

F

fine fine
i

xcorr xcorrf
T

f f

π
−

=

∠ −∠
∆ =

∆ = ∆∑
As a result of  refining the variance of  

aggregated estimate (sum of  coarse and fine) 
significantly reduced (Fig. 11).
2.3.5. frequency offset trackinG

The presence of  a frequency offset caused by 
inaccuracy of  estimates of  preamble-based 
synchronization systems described higher 
due to the presence of  AWGN strongly 
affects the performance of  the receiver, so 
it has to be compensated. For this purpose, 
tracking algorithms are used. Algorithms 
from works [4, 5] were studied.

Primarily we consider the most common 
pilots tracking method [5] without 
AWGN influence to avoid overloading of  
mathematics. Pilot subcarriers are averaged 
and phase is estimated



 

 

,7 , 7,7 , 7

,7 , 7,7 , 7

Im{ }
arctan ,

Re{ }
i ii i

i
i ii i

P p P p
P p P p

ϕ − −

− −

 +
 =
 + 

where i – index of  the current OFDM 
symbol, P7 – element of  scrambling sequence 
for 7th subcarrier, 7p̂  - received element pilot 
sequence for 7th subcarrier.

After estimation goes compensation of  
data vector
 ,ij

i iD D e ϕ−=

where Di = {di,1, di,2, ... di,24} – data vector, а 
, ,

ij
i k i kd c e ϕ=  – k-th data subcarrier of  i-th 

OFDM symbol.
Now let us look on the method from 

[4], so called Time Frequency – Decision 
Feedback Loop (TF-DFL). In it instead of  
pilot subcarrier all non-zero subcarriers are 
used. This method (Fig. 7) uses loop that is 
for a phase estimation is locked in a frequency 
domain and for a frequency estimation is 
locked in a time domain.

First of  all, for data vector Di' hard decision 
demodulation is performed. Thess estimates 

,1 ,2 ,24{ , ,..., }i i i iC c c c′ ′ ′ ′=  are used to remove data 
from data vector, as a result only complex 
shift is remained for each subcarrier

,1 ,2 ,24{ , ,..., }.i i ij j j
iA e e eψ ψ ψ=

Then their phase is estimated
Im{ }arctan .
Re{ }

i
i

i

A
A

ϕ
 

=  
 

These phases are averaged
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Fig. 7. TF-DFL block diagram.
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26

,
1

1 ,
26i i k

k
ϕ ϕ

=

= ∑
and the result is multiplied by time loop 
parameter alt = 0.12. Then after integration 
compensation vector 1

t
ije −− Ψ  is produced. At 

the end it is multiplied on a current OFDM 
block in time domain.

To estimate residual phase offset, phases 
are multiplied by frequency loop parameter 
alf = 0.012. From the result compensation 
vector 1

f
ije −− Ψ  is produced by integration which 

corrects current subcarriers in frequency 
domain

1 .
f
ij

i iD D e −− Ψ′ =

Reproduced results of  TF-DFL tracking 
from the paper [4] are shown in Fig. 8, Also 
on the same figure BER curve for pilots-
based tracking algorithm [5] is presented. 
This results were obtained with 802.11ah 
signal in MCS1 mode without coding and 
with bandwidth of  1 MHz.
2.3.6. equalizer

In addition to synchronization systems, the 
equalizer was used in several measurements. 
It measured channel transfer function with 
the LS method [15]. This type of  equalizer 
was chosen for its ease in implementation. 

Besides, there was no multipath propagation 
in the model, which means that LS equalizer 
should not lose in performance against 
its optimal analog. The estimation was 
performed using synchronized LTF symbols. 
The estimates were averaged, based on the 
assumption that the channel change on the 
packet duration is insignificant. This process 
is described in detail below.

Let the spectral density (SD) of  the 
received signal for the k-th subcarrier be

'[ ] [ ] [ ] [ ],f f f fR k R k H k W k= +

where Rf[k], Wf[k], Hf[k] – accordingly, the 
SD of  the transmitted signal, the SD of  
AWGN, the channel transfer function for 
k-th subcarrier.

To estimate transfer function with LS 
method for i-th OFDM symbol on k-th 
subcarrier the following equation is used



' [ ]
[ ] .

[ ]

i
i f

f i
f

R k
H k

R k
=

Then the 4 estimates of  the LTF are 
averaged



4

1

1[ ] [ ].
4

i
f f

i
H k H k

=

= ∑
Finally, the signal is equalized in the 

frequency domain
'

'' [ ]
[ ] .

[ ]
f

f
f

R k
R k

H k
=
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Fig. 9. PDF of  coarse timing.Fig. 8. Reproduced BER curves from [4].
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3. RESULTS
This section presents measurements of  
synchronization system performance for a 
sample size of  180000 packets with SNR = 
–2 dB, random phase, and frequency offset 
(uniform distribution in range ±π and ±40 
kHz). Along with BER measurements which 
are done for a significance level of  5% and 
relative precision of  10%.

In Fig. 9 coarse timing histogram is 
presented.

In Fig. 10 and 11 coarse and a sum of  
coarse and fine frequency offset estimates 
histograms are presented.

In Table 2 probabilities of  preamble-
based algorithms failures are presented 
as well as relative precisions ε0 of  these 
probabilities and confidence intervals for a 
significance level of  5%. This table shows 
that the main contribution to the total 
probability is made by the fine timing and 

fine frequency synchronization. Based on 
this fact, the number of  packets was limited 
to the number, which gives close to 10% 
precision in measuring the probability of  
failure of  these systems. 

During the BER estimation the following 
cases were considered:
1. Ideal synchronization without equalizer for 

MCS0 and MCS10 (Fig. 12, Ideal sync.).
2. Preamble based synchronization with 

LS equalizer and zero residual frequency 
offset (Fig. 12, MCS10, RFO = 0).

3. Preamble based synchronization with LS 
equalizer and TF-DFL RFO compensation 
(Fig. 12, MCS10, TF-DFL).

4. Preamble based synchronization with 
LS equalizer and pilots-based RFO 
compensation (Fig. 12, MCS10, Pilots).

5. Preamble based synchronization with 
LS equalizer and pilots-based RFO 
compensation for traveling pilots (Fig. 12, 
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Fig. 10. PDF of  coarse frequency estimates.

Fig. 11. PDF of  sum of  coarse and fine frequency estimates.

Table 2
Failure probabilities for timing and frequency 

synchronization
System Pош ε0 εд

Coarse timing 3.333e-4 0.253 8.433e-5

Fine timing 2.400e-3 0.094 2.260e-4

Coarse frequency sync 1.667e-5 1.131 1.186e-5

Fine frequency sync 2.300e-3 0.096 2.213e-4

∑ 5.050e-3 - -

Fig. 12. BER curves of  our receiver model.
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MCS10, TrPilots)
6. Preamble based timing with LS equalizer 

and zero frequency offset (Fig. 12, MCS10, 
Ideal freq. sync.).

4. DISCUSSION
The probability of  coarse timing failure 
that was obtained (Table 2) is close to the 
probability presented in the working group 
(TGah) [16].

The synchronization errors and LS 
equalizer errors lead to 2.4 dB degradation 
of  receiver noise immunity relative to the 
theory.

Besides, a considerable contribution is 
made with timing systems failures that are 
illustrated with (MCS10, Ideal freq. sync.) 
curve in Fig. 12. In this case, degradation is 
around 1.8 dB.

At first, it is not clear why there is a 
difference in noise immunity between these 
two synchronization cases since for both 
there is no RFO. Here, the relationship 
between time and frequency estimates from 
each other plays a role. Before estimating 
the exact timing, the frequency offset is 
compensated with a coarse frequency 
estimate. As a result, a significant inaccuracy 
in the frequency estimate leads to an error 
in time estimate since the last one evaluated 
with cross-correlation.

Hence, the potential gain from improving 
frequency estimation systems is 0.6 dB. At 
the same time, the main contribution to 
degradation is made with fine estimation 
systems, since the probabilities of  coarse and 
fine differ by about 2 orders of  magnitude. 
As for the gain due to the improvement of  
timing systems, the probability of  an error 
in the fine timing system is about an order 
of  magnitude higher than in the coarse 
timing (Table 2), and it can be said that the 

improvement of  the fine timing will give a 
gain in the receiver's noise immunity.

For the case of  receiver operation with 
RFO compensation systems, the minimum 
loss (TF-DFL) relative to the theoretical 
boundary of  MCS10 is very significant and 
is 3.7 dB. Even relative to the idealized case 
for MCS0, the TF-DFL method applied to 
MCS10 loses 0.7 dB.

Comparing the receiver with the TF-DFL 
algorithm with zero RFO case gives 1.3 dB 
loss to the first one. Therefore, even within 
the framework of  the studied preamble-
based synchronization systems, it is possible 
to increase the receiver’s noise immunity by 
applying more advanced RFO compensation 
methods. 

Comparing the noise immunity of  classical 
pilot-based and TF-DFL methods, it is seen 
that TF-DFL shows better results, and the 
classical method does not help even traveling 
pilots (~3.5 dB gained). TF-DFL algorithm 
shows better results starting with BER ~1e-
2, as approaching the receiver working area 
(PER ≤ 0.1) the gain reaches 1.5 dB.

The last thing has to be noted, the fact that 
LS equalizer is not the best solution in terms 
of  receiver noise immunity, so it is possible 
to use better channel estimation techniques 
to increase it.

5. CONCLUSION
In this paper, the synchronization and tracking 
algorithms for IEEE 802.11ah receiver have 
been studied. The measurement results 
which were obtained during simulation 
in MATLAB show that usage of  classical 
preamble-based synchronization systems 
with LS equalizer leads to a degradation of  
the BER vs SNR curve by ~2.4 dB relative 
to the idealized theoretical case. The main 
contribution to degradation is made with 
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equalizer and fine synchronization systems. 
Therefore, to increase receiver noise 
immunity, it is necessary to optimize these 
systems.

The best result in RFO compensation 
is achieved with TF-DFL method (PER = 
10% for SNR = 0.5 dB). At the same time, 
other more optimal solutions for RFO 
compensation are possible.
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1. INTRODUCTION
Recently, there has been a significant popularity 
increase of  technologies employed in the 
Internet. One of  those technologies is the 
Internet of  Things [1]. The main characteristic 

of  the technology that allows uniting a variety 
of  projects under a single name – the Internet 
of  Things – is a possibility for a large number 
of  devices, functioning without an operator, 
to communicate to carry out a single common 
task. The devices mentioned below must have 
only the essential capabilities. This makes them 
significantly cheaper than common workstation 
computers (personal computers, smartphones, 
etc.). Certain devices in the Internet of  Things 
network function on an independent power 
supply. This imposes limits on the employment 
of  such devices from the energy saving point of  
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view. Data transfer technologies and protocols 
that significantly reduce energy demand of  the 
terminal device are developed to increase its 
operational life from an independent power 
supply. Research in the field of  the Internet 
of  Things networks encloses the whole 
protocol stack of  the OSI model [2]. One of  
those protocols is the MQTT (message quality 
telemetry transport), which was developed 
by the OASIS alliance [1]. Currently, the most 
widespread version is the MQTT protocol 3.1.1.

Along with the tendency to simplify 
protocols for Internet of  Things devices, there 
is an increase in information security threats. 
Information circulating in the Internet of  
Things network remains plaintext. This may lead 
to negative consequences from the information 
owner’s side. The most striking case in point is 
the medical field. Papers [4, 5] present arguments 
on security enhancement namely in healthcare. 
One of  presented methods is to enhance device 
authentication.

Apart from threats common to the Internet 
of  Things networks, threats typical to all devices 
connected to the Internet have to be noted. 
Generally, those are attacks such as a man-
in-the-middle, phishing, viruses, trojans, etc. 
Another threat is the distributed DoS attack. Its 
main feature is that a large number of  network 
devices send requests to the victim device. Due 
to the exceedance of  the request-processing 
maximum per time interval, the victim does not 
handle the load and becomes unavailable to other 
devices. According to the Kaspersky Laboratory 
analytics, the malware based on the Mirai botnet 
has become the most widespread around the 
world by the end of  first quarter of  2019 [6]. 
As part of  the botnet behavior, the DoS attack 
becomes an immediate threat.

Thus, deploying the Internet of  Things 
network infrastructure in an organization or at 
home, one should consider classical threats of  
information security as well as specific ones 

of  the Internet of  Things networks and their 
combinations.

In this paper, the author discusses the 
problem of  the Internet of  Things network 
devices’ excessive use of  the MQTT protocol 
capabilities to employ the DoS attacks.

Nowadays, the following attack classification 
is given:

• Bandwidth exhaustion attack;
• Victim resource exhaustion attack;
• Infrastructure attack;
• Zero day attack [7].

Malefactors most frequently use two types of  
DoS attacks. The first is the bandwidth saturation 
with information until the legitimate source 
signal does not reach the recipient. The second 
type of  attack exploits the vulnerability of  other 
protocols to exhaust the server's resources: 
memory space, CPU usage time. Moreover, one 
can implement the network and transport layer 
protocols as well as the application ones, such 
as the HTTP, for the second type of  attack. A 
striking example is the TCP SYN attack, when 
the malefactor sends a request to establish a 
connection via the TCP protocol, but instead of  
specifying his own IP address, a nonexistent one 
is specified. The server stands by to establish 
a connection, but does not receive feedback 
overlong. However, the information concerning 
unestablished connection is saved on the server 
side, thus, leading to the victim bandwidth 
exhaustion.

Preventive measures to secure information 
systems from such attacks can be divided into 
two stages:

• Detection;
• Counter acting.

Detection is carried out through network 
traffic analysis. “Hop count” packet filtering 
method has gained the most popularity [8]. In 
this method, the number of  TCP packets and 
statistical parameters is assessed: SYN flag, TTL, 
the source and destination addresses, etc. Paper 
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[9] reviews the DoS attack detection method 
and the security against it, consisting of  MAC-
addresses filtering and cryptographic processing.

Methods based on artificial intelligence and 
machine learning are more rapidly suggested 
to detect attacks. Thus, the authors propose 
to employ swarm algorithms in paper [10]. 
The accuracy of  DoS attack detection by the 
suggested method is 0.75-0.80. 

TCP traffic is most often analyzed by 
estimating the server response time for normal 
traffic and for attacks to protect Internet 
resources. During an attack, the server response 
time significantly increases. This fact is the basis 
for traffic classification. For example, using the 
LS-SVM algorithm made it possible to achieve 
classification accuracy of  over 0.92 [11]. 

Many other papers reviewed the support-
vector machines (SVM) for the DoS attacks 
detection. For example, the authors of  [12] were 
able to gain 99% of  positive attack identification 
from the TCP traffic employing the SVM on the 
DARPA database. The authors of  [13, 14] were 
able to gain similar abnormal traffic detection 
accuracy employing the support-vector machines. 
The authors of  paper [15] review the variations 
of  this method. In this case, the accuracy of  
the presented methods is more than 0.92. The 
difference between the studies dedicated to 
employing  SVM to detect DoS attacks is in the 
distinctive solutions to form the feature vector. 
Paper [16] presents a study on the influence of  
various features on the classification accuracy. 
Thus, the choice of  the feature vector is the main 
factor affecting accuracy. The SVM algorithm or 
its variations showed positive results in detecting 
attacks under the TCP traffic analysis.

Another approach to detect DoS attacks is to 
employ artificial neural networks (ANN). There 
is a great number of  artificial neural networks 
variations. The most widespread model, the 
multilayer perceptron (MLP), is reviewed in 
paper [11]. The comparison of  the SVM and the 
ANN has shown that the latter has lower accuracy 

and requires more time to make a decision [17]. 
Paper [18] presents the results of  the experiment 
on employing the ANN to detect anomalies in 
traffic via the TCP and ICMP protocols. The 
approach suggested by the authors achieved a 
0.98 accuracy of  detecting attacks. Moreover, 
the ensemble of  recurrent artificial networks is 
used [16].

The random forest (RF) algorithm class and 
the decision trees are used to detect attacks. This 
approach shows good results. For example, the 
detection accuracy in paper [20] is over 0.96. 
Similar studies [21-23] present high detection 
accuracy. Fuzzy logic approaches are also used 
to detect DoS attacks [24]. 

Methods of  abnormal traffic detection in the 
Internet of  Things networks are based on data 
analysis of  transport and network protocols, as 
described in [25, 26]. However, the Internet of  
Things networks use other layer protocols that 
are vulnerable to DoS attacks. Such as application 
layer protocols (CoAP, MQTT), and protocols 
of  lower layers (for example, LoRa). Attacks 
on the physical and data-link layers are most 
widespread in the wireless sensor networks. For 
example, an attack aimed at resource exhaustion 
is described in [27]. Another attack common to 
the Internet of  Things network is “blackhole”. 
In this case, a device communicates to other 
devices in the network that its node has the 
shortest route to deliver a packet. However, all 
packets delivered to this node will be dropped 
[28]. In addition, there are attacks that create 
jamming for information transmission via radio 
channels, thus, causing DoS [29].

2. METHODS AND MATERIALS
In relation to the application layer protocol 
MQTT, one can note its prepossession to DoS 
attacks. Generally, this is employed by increasing 
the load on the network elements to disrupt the 
communication between devices. The protocol 
functions on the “publish-subscribe” pattern. 
Thus, the network has a key element called 
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the gateway. It is responsible for redirecting 
messages from the sender to the recipient. As 
all messages pass the gateway it is the most 
vulnerable element to the attack. Research was 
carried out concerning the influence of  message 
parameters (flags, message amount, etc.) on 
gateway sustainability under high loads. Authors 
in most studies reviewed only messages of  
PUBLISH type with the following parameters:
• Quality of  service (QoS) [30, 31];
• Number of  subscribers [32];
• Message payload size [33, 34];
• Cryptographic processing of  messages [32].

On the contrary, the process of  device 
connection to the gateway is not taken into 
account. When simultaneously sending a large 
amount of  connection requests (CONNECT 
messages), the gateway may not be able to 
handle the load. As a result, legal devices will 
not be able to connect to the gateway to send 
or receive messages [35]. Thus, in the networks 
that operate on the MQTT protocol one must 
detect abnormal device behavior on all stages of  
protocol operation.

The purpose of  this work is to develop a 
method of  detecting a denial-of-service attack 
caused by abnormal behavior of  network 
devices by exploiting CONNECT messages of  
the MQTT Protocol using machine learning 
algorithms. To achieve this purpose, first, the 
task of  choosing the optimal feature vector 
is solved. The second task to be solved is to 
determine the most effective classification 
method. The following algorithms were 
considered as classifiers in this study: multilayer 
perceptron, random forest, and support vector 
machine with a radial basis function of  the 
kernel, programmatically implemented on the 
basis of  the WEKA project [36]. To generate 
training and testing data sets, an experimental 
assembly was created (Fig. 1), consisting of  a 
gateway, communication equipment, and several 
computers that simulate the behavior of  many 
Internet of  things devices using the Paho-mqtt 

framework [37]. The gateway was a Raspberry 
Pi 3 model B microcomputer with Moquette 
project software on JAVA language [38].

A feature vector must be formed, for the 
message to be correctly classified. As the 
malefactor merely needs the gateway address and 
the port number to send a connection request, 
thus, service information as device ID and 
username can be generated automatically and are 
not considered. Therefore, the main parameters 
describing CONNECT message via the MQTT 
protocol are:

• Sender address as the IP address. It is 
required to keep a block list of  addresses 
from which the attack originates. In this case, 
the IP address is used as a tag;

• Number of  connection requests per a time 
interval;

• Connection-time mean between connection 
requests per a time interval;

• Binary value determining the employment of  
cryptographic processing via TLS protocol, 
which significantly affects time of  connecting 
to the gateway: 0 – TLS protocol is not 
employed, 1 – TLS protocol is employed.
Therefore, the feature vector of  the 

connection message consists of  three main 
parameters per a single analyzed time interval 
(hereafter m).

The choice of  a time interval plays an 
important role in forming a feature vector. 
Moreover, it can be not a single time interval, but 
a complex. Thus, the feature vector dimension 
can be increased and be estimated by the formula:
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W = 1 + 3k,          (1)

where k – the number of  time intervals m.

A time interval m is a period between the 
moment when the gateway received a message 
and the moment of  the predetermined number 
of  milliseconds to this instance. An example 
of  forming a body of  three time intervals is 
depicted on Fig. 2.

Legal traffic was generated based on device 
behavior simulation of  a real network with 
consideration to installed secure and insecure 
connections via the TLS protocol. The 
simulation of  legal traffic depends on practical 
application conditions of  the network, thus, 
the training data set will vary depending on 
the estimated maximum network load. The 
abnormal traffic was simulated by generating a 
high message flow with requests to connect via 
an insecure channel as well as a secure one by 
the TLS protocol. Channel security selection is 
determined randomly for each connection.

A test data set consisting of  legal and abnormal 
traffic examples was collected to determine the 
best classifier. A network operation scenario in 
a standard mode consisting of  ten thousand 
connections was used to collect the data set. In 
addition, there was a scenario with a potential 
attack consisting of  five thousand sequentially 
sent CONNECT messages.

The question of  selecting time intervals 
m, based on which the feature vector will be 

formed remains. The following methodology for 
selecting optimal time intervals was suggested.

As a first step, expert analysis determines a 
finite set of  time intervals M with natural values 
(M ∈ N).

On the second step, three classifiers (MLP, 
RF, SVM) are trained for each value of  m ∈ M 
and those classifiers undergo proving on the test 
data set.

In the third step, the classification quality is 
evaluated by calculating the F1-score, which is a 
weighted average of  precision and recall. This 
metric is widely used in evaluating the quality 
of  binary classification for machine learning 
methods, as is shown in [24, 39]. To calculate 
this value, the classification results of  the 
number of  correctly and incorrectly classified 
messages on the test dataset are used (Table 1, 
where TP – the number of  legitimate messages 
recognized correctly; TN – the number of  attack 
messages recognized correctly; FP – the number 
of  abnormal messages recognized incorrectly; 
FN-the number of  legal messages recognized 
incorrectly).

Then classification precision is calculated by 
the formula:

Precision=TP/(FP+TP)       (2)

and recall by the formula:

Recall=TP/(TP+FN)        (3)

Knowing those values, one can calculate the 
F1-score using the formula:

F=(2×Precision×Recall)/(Precision+Recall)  (4)

On the fourth step, a finite set S is formed with 
unique combinations of  nonrecurring elements 
m ∈ M of  the length l, such that 2  ≤ l ≤ |M|.
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Table 1
Confusion matrix

Legal 
messages

Abnormal 
messages

Correctly classified messages TP TN

Incorrectly classified messages FN FP
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On the fifth step, steps 2 and 3 are repeated 
with the determined time intervals of  the set S. 
The best time interval combination, under which 
the highest F1-score value is reached.

3. RESEARCH RESULTS
The following initial time interval set for M was 
established for the simulated network {20, 50, 
100, 150, 200, 250, 500, 1000, 1500, 2000, 3000} 
ms.

The training data set consists of  two arrays. 
The first one includes information about legal 
message flow of  the connection to the gateway. 
Whereas the second has information about a 
flow similar to the DoS attack. The following 
model was established to generate a legal data 
flow. A time interval I, during which at least a 
single connection message is sent guaranteed, 
is established. The dispatch time i is randomly 
determined (via equal probability distribution 
so that the data set contains examples with both 
small and close to maximum values of  the delay 
between messages) from the interval I (i  ∈ I). 
Therefore, the time difference between the 
dispatches of  two sequential messages is defined 
as follows:

ΔT = i + t,          (5)

where t – the time required to process the 
messages and receive a response from the 
gateway (via an insecure channel not over 50 ms 
in average, via a secure one – not over 700 ms 
for the considered experimental assembly), i – 
random time delay, not over the maximum value 
of I interval.

Two intervals were considered, I = [0, 1000] 
ms and I = [0, 500] ms, to determine the impact 
of  a training sample containing legitimate traffic 
on the quality of  classification,.

The author simulated a situation where a 
large CONNECT message flow was sent to 
the gateway over a short period to generate 
the second data array containing data about 
abnormal data flow. The training data set 

consists of  ten thousand messages for legal data 
flow and five thousand messages for simulating 
the DoS attack. The classification results by the 
testing data set under one time interval m ∈ M is 
presented on Fig. 3.

The results of  the conducted experiment 
show the classifier based on the multilayer 
perceptron to be the best one. An increase of  
the time interval, during which traffic statistics 
is collected, leads to the increase of  the F1-
score value. For example, the value reaches 
0.9989±0.0001 under the interval of  two 
seconds.

There is a complex dynamic to the random 
forest algorithm. The F1-score increases as 
the time interval increases from 20 ms to 1500 
ms. However, further increase of  the time 
interval to three seconds leads to the classifiers 
characteristics degradation. The F1-score value 
maximum is achieved at interval m = 1500 ms 
and is equal to over 0.9934±0.0027.

The support-vector machine was the worst 
algorithm to cope with classification. The 
F1-score value was lower than that of  other 
algorithms under every considered time interval. 
The F1-score value maximum is achieved at 
m = 500 ms and the classification accuracy 
equals 0.985±0.0021. The classification accuracy 
decreases, when increasing the time interval to 
three seconds.

The employment of  a set of  analyzed 
intervals m ∈  M did not bring a significant 
positive effect. Figure 4 presents F1-score 
values of  the considered algorithms under 
the following interval sets: {200, 250, 500}, 
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{250, 500}, {200,500}. Intervals {200}, 
{250}, {500} are shown for comparison 
purposes. Thus, the employment of  a set 
of  intervals does not increase classification 
quality, but often decreases it. For example, 
when employing the support-vector machine 
under the legal request frequency of  the I = 
[0, 1000] interval, one can observe evident 
negative dynamics of  the F1-score in cases of  
feature space increase. The F1-score values are 
lower or insignificantly higher than the values 
under classification by a single widest interval 
in most other cases.

Therefore, the use of  a set of  intervals to 
form a feature vector of  a larger dimension is 
inefficient.

4. DISCUSSION
In the scope of  the conducted study, the 
detection methods of  DoS attacks employed 
in the Internet networks as well as the 
Internet of  Things networks were analyzed. 
The suggested feature vector for CONNECT 
messages by the MQTT protocol consists 
of  three main parameters: the amount of  
messages per time interval, mean connection-
time between two sequential messages, the 
mean value of  the parameter responsible for 
the TLS protocol employment when creating 
a cryptographically secure channel per a time 
interval, and a tag-parameter – sender’s IP 
address.

The following algorithms were considered 
as classifiers: multilayer perceptron, random 
forest algorithm, support-vector machine. The 

experiment based on generated training and 
testing data sets showed that all algorithms cope 
with the traffic classification task with accuracy 
over 0.90. The multilayer perceptron model had 
the best classification quality. The F1-score values 
increased according to the time interval increase, 
during which traffic statistics was collected and 
the feature vector was formed. The random forest 
algorithm coped with the classification with 
worse values. The time interval increase up to 
1.5 seconds has a positive effect on the dynamics 
F1-score. However, further increase of  the time 
interval leads to the F1-score value decrease. 
The worst to cope with the classification was 
the support-vector machine. The dynamics of  
F1-score is similar to the one of  random forest 
algorithm. The F1-score maximum is gained at 
the 500 ms interval. The employment of  feature 
vectors of  larger dimension is inefficient as the 
classification characteristics may not only remain 
the same but also degrade.

5. CONCLUSION
Therefore, among all considered approaches 
and algorithms of  detecting DoS attacks by the 
suggested feature vector (the feature vector in this 
case will have dimension 4) it is recommended 
to employ the multilayer perceptron. That model 
showed the best results in contrast of  other 
considered methods. However, the classification 
quality increases with the time interval during 
which traffic statistics is collected. However, 
it is worth noting that increasing this interval 
will lead to a large computational and time-
consuming cost of  training the model and 
making a decision. The quality of  classification 
based on the random forest algorithm or the 
support vector machine with the radial basis 
function of  the core is worse than that of  the 
multilayer perceptron, but the values of  the F1-
score are high enough to be used.

Further research will be dedicated to studying 
DoS attacks caused by the abuse of  other types 
of  MQTT protocol messages.
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1. INTRODUCTION
Maintaining attendance is very important in all 
learning institutes for checking the performance 
of  students. In most learning institutions, student 

attendances are manually taken by the use of  
attendance sheets issued by the department 
heads as part of  regulation. The students sign 
in these sheets which are then filled or manually 
logged in to a computer for future analysis. 
This method is tedious, time consuming and 
inaccurate as some students often sign for their 
absent colleagues. This method also makes it 
difficult to track the attendance of  individual 
students in a large classroom environment [1,2]. 
In this paper, we propose the design and use 
of  a face detection and recognition system to 
automatically detect students attending a lecture 
in a classroom and mark their attendance by 
recognizing their faces.

While other biometric methods of  
identification (such as iris scans or fingerprints) 
can be more accurate, students usually have to 
queue for long at the time they enter the classroom 
[2,3]. Face recognition is chosen owing to its 
non-intrusive nature and familiarity as people 
primarily recognize other people based on their 
facial features. This (facial) biometric system 
consists of  an enrollment process in which the 
unique features of  a persons’ face is stored in a 
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database and then the processes of  identification 
and verification. In these, the detected face in an 
image (obtained from the camera) is compared 
with the previously stored faces captured at the 
time of  enrollment [4,5,6].

In this paper, we are setting up to design a 
system comprising of  two modules. The first 
module (face detector) is a mobile component, 
which is basically a camera application that 
captures student faces and stores them in a file 
using computer vision face detection algorithms 
and face extraction techniques. The second 
module is a desktop application that does face 
recognition of  the captured images (faces) in the 
file, marks the students register and then stores 
the results in a database for future analysis.

2. METHODOLOGY AND DESIGN
2.1. system desiGn

In this design, several related components in 
terms of  functionality are grouped to form 
subsystems which then combine to make up 
the whole system. Breaking the system down to 
components and subsystems informs the logical 
design of  the class attendance system.
2.2. General overview

The flow diagram of  Fig. 1 depicts the systems 
operation. From Fig.1, it can be observed that 
most of  the components utilized are similar;(the 

image acquisition component for browsing for 
input images, the face detector and the faces 
database for storing the face label pairs) only 
that they are employed at the different stages of  
the face recognition process.
2.3. traininG set manaGer subsystem

The logical design of  the training set 
management subsystem is going to consist of  an 
image acquisition component, a face detection 
component and a training set management 
component. Together, these components interact 
with the faces database in order to manage the 
training set. These are going to be implemented 
in a windows application form.
2.4. face recoGnizer subsystem

The logical design of  the face recognizer 
consists of  the image acquisition component, 
face recognizer and face detection component 
all working with the faces database. In this, the 
image acquisition, and face detection component 
are the same as those in the training set manager 
sub system as the functionality is the same. The 
only difference is the face recognizer component 
and its user interface controls. This will load the 
training set again so that it trains the recognizer 
on the faces added and show the calculated Eigen 
faces and average face. It should then show the 
recognized face in a picture box.
2.5. full mobile module loGical desiGn

This android application module which is shown 
in Fig. 2 consists of  a camera component, android 
face detector component and a SQLite database 
component to store the detected images. The 
android face detector and camera components 
work to detect a face from the camera input 
image. The image is then captured and saved in 
the SQLite database. This is retrieved by the image 
acquisition component of  the desktop module.

Fig. 1. Sequence of  events in the class attendance system.

 

Fig. 2. Logical design of  the mobile module.
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2.6. system architecture

Fig. 3 below shows the logical design and 
implementation of  the three desktop subsystems
2.7 functions of the two subsystems

The functionalities of  the components are 
depicted in the block diagrams of  Fig. 4. The 
face recognizer system consists of  two major 
components i.e. the training set manager and the 
face recognizer. These two components share 
the faces database, the image acquisition and the 
face detector components; as they are common 
in their functionality.
We therefore partition the system in to two 
subsystems and have their detailed logical designs 
to be implemented.
2.8. full systems loGical desiGn

The logical design of  the whole system is shown 
in Fig. 5.
2.9. tools

These tools are used in the implementation of  
the designed system. They’ve been divided in 
to two categories; Mobile and Desktop tools. 

The mobile tools are the components that aid 
in the implementation of  the mobile module. 
This module is responsible for capturing the 
students’ images in a classroom environment 
and then storing them for further processing 
by the desktop module. The desktop tools 
are components; hardware or software that 
are utilized in the actual development of  the 
desktop module. The desktop module also 
connects to the class attendance register which is 
implemented as a database management system.

3. RESULTS AND ANALYSIS
3.1. user interface of the system

3.1.1. faces database editor

The faces database editor adds faces in the 
training set. The image is acquired from the 
highlighted box number 1 as shown in Fig. 6 
and displayed as is on step 2 on a picture box. 
The Regions of  Interest (ROI) i.e. faces in the 
image is then automatically detected by drawing 
a light green rectangular box. In step 3, we give 
the extracted grayscale face from the image 
a face label and then add them to the training 

Fig. 3. The logical design of  the desktop module subsystems.
Fig. 5. Logical design of  the whole system.

 Fig. 4. Block diagram showing functions of  the components. Fig. 6. The training set editor.
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set. In step 4, we can then modify the face label 
pairs in the event they are wrongly captured or 
even delete the faces if  they are not as per the 
standards. Finally step 5 prepares us for the 
recognition stage.

3.1.2. the face recoGnizer

The face recognizer compares the input face in 
the image captured with the faces captured during 
enrollment. If  it is a match, it then retrieves the 
name associated with the input face.

Step 1 is to train the recognizer to be able 
to identify a face as either known or unknown. 
Step 2 selects the source of  the image with the 
face to be recognized. This could be from a live 
camera feed or a folder with captured images. 
The input image with the face is then displayed in 
the recognizer picture box 3 as shown in Fig. 7. 
The name of  the input face in the image is then 
displayed as shown in Step 4. The returned name 
of  the input face, date and time are then utilized 
in populating the records in the attendance 

register database. Clicking the button of  step 6 
displays the register as shown in Table 1. The 
highlighted step 5 displays the computed average 
and Eigen faces. The arrows are used to navigate 
through the Eigen faces. The “View Grid” 
button displays the Eigen faces/vectors that had 
been computed from the covariance matrix in a 
grid form.

Selecting camera feed as the source of  the 
input image pops up the window of  Fig. 8. 
The images in the video feed are automatically 
detected, tracked and recognized. Images can 
also be added to the database from the live 
camera feed.

From Fig. 8, the highlighted box 1 shows 
the current camera view/scene. The faces and 
eyes in the images are automatically detected as 
indicated by the rectangular boxes around them. 
The detected face is extracted and compared 
with those in the database. Upon a successful 
match, the name associated with the face is then 
displayed on the upper edge of  the rectangular 
box. The number of  faces in the scene as well as 
their corresponding names are also shown on the 
highlighted box number 2. The face adder box 3 
can also be used to add faces to the database.
3.2. face detection

For group photos, a minimum neighbors’ 
detection tuning parameter of  3 yields the best 
overall performance as indicated in Fig. 9 where 
the physical count is 53.

The face marked by a red hexagon is not 
detected in the minimum neighbors’ setting of  
4. This is because the face is not fully displayed. 
Four is the highest setting which strictly returns 

Fig. 7. The face recognizer.

Table 1
Attendance register.

Fig. 8. The live camera feed window.
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frontal images. The second lady on the first row 
is not detected in either of  the settings because 
her face is skewed to the right. The face detector 
only works with frontal images. 52 out of  53 
images are successfully detected.

Fig. 10 shows a group photo with a minimum 
neighbors setting of  1 and 2. Tuning the minimum 
neighbors setting to 1 returns the number of  
faces in the images as 8; different from the 
physical count of  5. This is because the detector 
returned the slightest resmblance to a face as an 
actual face and hence the three face detections 
marked in red circles as shown in Fig. 10. Using 
the same image from class and incrementing the 
setting to 2 returned the number of  detected 
faces as 5 which corresponded with the physical 
count. Increasing the setting further to 4 reduced 

the number of  detected faces to three.
A minimum detection scale of  25 had the 

best overall performance for very large group 
photos in terms of  speed. Increasing the scale 
to 200 as shown in Fig. 11 tremendously reduces 
the time taken to return the number of  faces 
in an image. The minimum detection scale 
also makes it possible to be able to detect and 
recognize faces over longer and shorter distances 
of  recognition by decreasing and increasing the 
scale respectively. Low detection scales waste 
central processing unit cycles if  the size of  the 
faces in the image is large.

The system had 100% face detection rate for 
different frontal faces; local as well as faces from 
standard faces databases like the Yale faces. The 
system is also able to detect bearded faces as well 
as faces with glasses.
3.3. face recoGnition

In order to improve the recognition efficiency 
of  the system, nine photos for each person from 
the standard Yale faces database are chosen for 
training, the remaining two photos are chosen for 
the testing set. Out of  the fifteen subjects from 
the Yale faces database, twelve faces are correctly 
recognized. This is proportional to 80% accuracy. 
The faces of  Fig. 12 are not properly recognized.

Fig. 9. Comparison between minimum neighbors setting of  
three and four.

Fig. 11. Minimum detection scale of  200.

                         a                                          b

c
Fig. 10. Minimum neighbors setting of  1, 2 and 3 respectively 

on an image from class.
Fig. 12. The Yale database faces that were not properly 

recognized.
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Out of  the fourteen faces of  Fig. 13, ten 
are successfully recognized corresponding to 
a recognition accuracy of  about 71.43%. The 
main cause of  false recognition is the strength 
of  the trained data and the illumination of  the 
image. Face recognition is a form of  machine 
learning and thus the larger and diverse the faces 
in the training set, the stronger the trained data 
used in recognizing faces.

Having several diverse faces of  the same 
person with different facial expressions possible 
at the time of  recognition creates strong training 
data and increases the accuracy of  recognition. 
The lighting conditions present at the time of  
capturing the image to be recognized also affects 
the recognition results as is the case in Fig. 12 (a) 
and (c). Two closely identical people could also 
be recognized as one person unless the training 
data is strong.

Out of  60 faces in the database, tests are done 
for several subsets exclusive of  the Yale dataset. 
The results obtained are tabulated as in Table 2. 
The percentage recognition rate is computed as 
the average of  the percentages for the different 
subsets. Faces with or without glasses had 
no effect on the recognition rates. The mean 
percentage recognition rate is obtained to be 
80.22%.

Center light faces had the best overall 
recognition rate at 90%. The primary issues 
facing most of  the face detection and recognition 
systems that are in use today are rotation, pose, 
distance of  recognition and illumination. These 
reduce the efficiency of  the system unless 
performed under some necessary constraints. 
These constraints would involve positioning 
the subjects at specific positions, which in a real 
world classroom environment would be very 
hard and not to mention time consuming where 
the number of  subjects involved is large.

With the help of  a divergent combination 
of  techniques and algorithms, this system 
helps us to achieve desired results with better 
accuracy. The provision of  variable minimum 
detection scale eliminates the issue of  distance 
for detection and recognition for both up 
close and group images. This has improved 
the face detection accuracy for upright frontal 
faces to 100% and consequently improved 
the face recognition accuracy from the typical 
efficiencies of  70%. Similarly, the minimum 
neighbors’ setting has tremendously improved 
face detection accuracy.

Extracting and converting the rectangular 
part of  the detected face instead of  the whole 
image eliminates the effects of  background 
noise on face detection improving the accuracy 
of  the system. The camera in the system is 
used such that it only captures the frontal 
images so the problem of  pose is not an issue. 
Histogram equalization is applied to the input 
images, this ensures that the output images are 
of  uniform distribution of  intensities through 
the reassignment of  the intensity pixels. The 

Fig. 13. Images from class.

Table 2
Recognition results for various datasets

Dataset No of Face Successfully 
detected 

Faces

Successfully 
Recognized 

Faces

%Correct 
recognition

Center light 10 10 9 90
Left light 15 15 11 73.3
Right light 15 15 12 80
Veiled Faces 10 10 7 70
Bearded Faces 10 10 8 80
Unveiled A 20 20 17 85
Unveiled B 30 30 25 83.3 Fig. 14. The first 32 Eigen faces.
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input images of  varying illumination are thus all 
enhanced in detail, this contributes into better 
face recognition results.

Fig. 14 shows the first 32 Eigen faces 
generated from a collection of  50 faces each 
of  five people. The first few Eigen faces show 
dominant features of  faces and the last Eigen 
faces from 196 to 247 are mainly image noise 
as shown in Fig. 15 and are therefore discarded. 
The average face of  Fig. 16 obtained shows 
the smooth face structure of  a generic human 
being.

From Figs. 14 and 15, it’s seen that the 
first Eigen face shows the most dominant 
facial features of  the training set images. The 
succeeding Eigen faces (principal components) 
in turn show the next highly probable facial 
features and more noise. Out of  the 247 training 
images, 195 principal components together with 
the average face are enough to fully reconstruct 
the complete training set. We were therefore able 
to convert a set of  correlated face variables (M) 
in to a set of  values of  K uncorrelated variables 
called principle components (eigenvectors). The 
number of  Eigen faces is noted to be less than 

the original face images i.e. K < M.
From the Eigen faces obtained in the face 

recognition stage, it is interesting to discover 
that the principal components analysis can be 
used for image compression as evidenced by 
the dominant number of  Eigen faces that can 
comfortably represent all images in the training 
set. Out of  247 images in the training set, only 
195 faces together with the average faces are 
required to fully reconstruct the 247 faces in the 
set.

4. CONCLUSION
It can be concluded that a reliable, secure, fast 
and an efficient class attendance management 
system has been developed replacing a manual 
and unreliable system. This face detection and 
recognition system save time, reduce the amount 
of  work done by the administration and replace 
the stationery material currently in use with 
already existent electronic equipment.

There is no need for specialized hardware for 
installing the system as it only uses a computer 
and a camera. The camera plays a crucial role 
in the working of  the system hence the image 
quality and performance of  the camera in real 
time scenario must be tested especially if  the 
system is operated from a live camera feed.

The system can also be used in permission 
based systems and secure access authentication 
(restricted facilities) for access management, 
home video surveillance systems for personal 
security or law enforcement.

The major threat to the system is Spoofing. 
For future enhancements, anti- spoofing 
techniques like eye blink detection could be 
utilized to differentiate live from static images 
in the case where face detection is made from 
captured images from the classroom. From the 
overall efficiency of  the system i.e. 83.1% human 
intervention could be called upon to make the 
system foolproof. A module could thus be 
included which lists all the unidentified faces and 
the lecturer is able to manually correct them.

Fig. 15. The last Eigen faces in the training set.

Fig. 16. The average face.
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1. INTODUCTION
Pathological processes inside the human body 
are usually accompanied by distortion of  the 
natural heat field inside the body and on its 
surface. Knowledge of  the heat field distribution 
in the human body and the reaction of  the heat 
field to various physiological tests allows reliably 
to diagnose various diseases. The external 
temperature of  the human body is measured by 
conventional medical thermometers or infrared 
pyrometers and thermal imagers. It is impossible 
to measure the temperature inside the body by 
such methods, and the introduction of  a thermal 
sensor under the skin leads to a violation of  the 
natural heat field.

Therefore, it is urgent to improve non-invasive 
methods of  measuring internal temperatures in 
the human body for the purpose of  early diagnosis 
and monitoring of  malignant neoplasms and 
other pathologies by radiothermography, which 
is actively developed by specialists and scientists 
all over the world [1].

Some scientists have hypothesized that a 
long inflammatory process can eventually lead 
to a malignant neoplasm. Traditional diagnostic 
methods (magnetic resonance imaging (MRI), 
computed tomography (CT), etc.) give the doctor 
information about structural changes in tissues: 
the size of  the tumor, its localization, the presence 
of  microcalcinates, density, and allow to identify, 
mainly, already formed tumors at "clinically 
late" stages of  development. Temperature is 
the first marker of  pathological changes in the 
human body. For example, the temperature of  
a malignant tumor due to increased metabolism 
is 2-3 degrees higher than the temperature of  
intact tissues. Moreover, thermal changes occur 
not only when there is a high probability of  
malignancy. You can get information about the 
temperature of  internal tissues using MRI, but 

this approach requires access to sophisticated 
medical equipment. MRI equipment has a high 
cost and is not suitable for measurements that 
need to be repeated frequently over a long 
period of  time. It opens up huge opportunities 
for applying the radiometry method in practical 
medicine [7-9].

However, the development of  this method is 
hindered by the presence of  a number of  scientific 
and technical barriers that need to be overcome. 
Combining in one radiometric complex the 
principles of  multichannel, multi-frequency 
and microminiature will lead to a significant 
reduction in the size of  the radiometric receiver 
and the need to develop fundamentally new 
design and technological solutions, namely, its 
implementation in the form of  a single module, 
which implies the use of  a monolithic integrated 
design. The results of  work in this direction are 
shown in the works [10-16].

Another main problem that the research has 
described in this article  is that the construction 
of  3D images of  radio-brightness temperatures 
based on electromagnetic radiation registered 
by a digital module for processing radiometric 
signals built on new principles requires the 
development of  a fundamentally new set of  
algorithms and programs that are adequated to 
the biological object under study.

The radiothermography method is based on 
receiving and measuring the characteristics of  the 
human body's own radiothermal radiation using a 
specialized high – sensitivity receiver in the range 
of  centimeter or decimeter waves-a microwave 
radiometer with special antenna applicators [2] 
installed on the surface of  the human body. At 
the same, for ensuring an acceptable accuracy 
of  temperature measurements (the order of  0.1 
degrees), it is necessary to take into account the 
degree of  coordination of  the antenna applicators 
with the human body at the installation places, 
which is achieved due to a special reception 
mode-scatterometric reception.

It is especially effective to use 
radiothermography for malignancies (cancers) 
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detection in the early stages of  the development 
of  pathology, even when they are not yet detected 
by X-ray method. The radiothermography 
method is also applicable for glucose testing, 
when the patient is given to drink 30 grams of  an 
aqueous glucose solution on an empty stomach.  
Glucose, as a high-calorie substance, is absorbed 
and carried by the bloodstream throughout the 
body, feeding cells [3]. At the same time, the body 
temperature increases uniformly for a short time 
by one to two tenths of  a degree. If  there is a 
malignancy somewhere, then the temperature 
increases significantly more at the place of  its 
localization, by one or two degrees. Detecting 
of  a local temperature anomaly shows where the 
cancer is located.

Multichannel radiothermography enable 
to receive, process and visualize data from 
multiple antennas-applicators at the same time. 
This displays a two-dimensional image of  the 
temperature distribution, which changes over 
time during the analysis [4]. However, this 
method does not allow to determine the depth 
of  the tumor location under the skin.

The purpose of  this article is to show the 
possibility of  determining not only the location 
of  the cancer, but also the depth of  cancer 
location using volumetric radiothermography.

2. METHODOLOGICAL BASIS OF 3D 
RADIOTHERMOGRAPHY
The method of  volumetric radiothermography 
is based on the use of  natural electromagnetic 
radiation from various objects (including 
tissues of  living creatures), whose temperature 
is different from absolute zero [16-17]. Any 
element of  the human body is a source of  thermal 
electromagnetic radiation in a wide range of  
frequencies. Radiation that occurs in the depth 
of  the human body, spreading to the surface, is 
partially damped by absorption in human tissues. 
The amount of  wave attenuation depends on the 
type of  tissue (muscle, fat, bone, cranial, brain) 
and the wavelength. Numerically, attenuation is 
characterized by the size of  the skin layer or the 

depth at which the power of  the electromagnetic 
wave decreases by a factor of  e (2.7282). The 
size of  the skin layer depends on the wavelength 
of  radiation. So, for a 43 cm wave, the value of  
the skin layer for breast tissue is about 7 cm, 
and for a 21 cm wave-about 3.5 cm. Thus, by 
measuring the power of  the body's own thermal 
radiation at one point, but in different frequency 
ranges, it is possible to differentiate the location 
of  the source of  increased thermal radiation by 
depth. This is the methodological basis of  three 
dimensional radiothermography.

For refining the algorithms of  processing 
signals received by a multi-channel multi-
frequency radiothermograph and calculating 
the temperature distribution within the human 
body by depth, it is necessary mathematical 
modeling of  heat transfer processes and thermal 
fields to calculate the values of  radio-brightness 
temperatures received by the radiothermograph 
in each frequency range [5]. In practice, it is 
necessary to solve the inverse problem, namely, 
to calculate the distribution of  thermodynamic 
temperature by depth for each applicator 
antenna from the measured values of  radio-
brightness temperatures at different frequency 
ranges and from the measured values of  surface 
temperatures. The obtained values must be 
interpreted over the entire surface of  the body 
and over the depth to restore the 3D structure 
of  the thermal field. Analysis of  the 3D dynamic 
picture of  the structure of  the heat field allows 
us to determine three coordinates of  the local 
source of  abnormal heating, if  it is present, 
which will allow us to more accurately localize 
the position of  the malignant tumor.

Using of  several antennas and multi-channel 
radiometric receivers operating in the microwave 
range allows to make dynamic studies of  deep 
human body temperatures with computer 
processing and presentation of  results in the 
form of  temperature maps and dynamic graphs. 
Providing the required resolution and sensitivity 
in real time is an extremely difficult task.  It will 
be possible to use an affordable and inexpensive 
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device for early diagnosis of  a large number of  
pathologies for personal medicine. It should 
be particularly noted that in addition to early 
diagnosis of  various pathologies, it can be used 
for non-invasive monitoring of  the disease 
treatment process [19-20].

A conventional radiothermograph [6] 
measures the average temperature from the 
radiation pattern of  the applicator antenna inside 
the human body. The novelty of  this approach 
consists in an attempt to more accurately locate 
a point heat source in the main beam area of  
the antenna-applicator directional diagram and 
calculate its temperature.

3. MODELING OF HEAT FIELDS AND 
HEAT TRANSFER PROCESSES IN THE 
HUMAN BODY
A complete model of  the human body that takes 
into account all processes (heat release, heat 
transfer, radiation of  the thermal electromagnetic 
field, its propagation and reception) is extremely 
cumbersome and complex. We consider several 
models built on the principle of  "from simple to 
complex" to solve this problem.

A section of  the human body is considered 
as a homogeneous medium of  electromagnetic 
waves propagation with a constant absorption 
coefficient and without thermal conductivity. 
The applicator antenna, that is perfectly aligned 
with the body at the installation place, has a pencil 
form of  directivity inside the human body, and 
does not have side lobes or back scattering. The 
cancer is a point source of  heat with an increased 
temperature compared to the body temperature. 
We can consider the area with the tumor an 
absolutely black body, then its radio-brightness 
temperature is equal to the thermodynamic 
one without limiting generality. In practice, the 
tumor is a "grey" body, since it has not yet been 
detected differences in the dielectric properties 
of  normal tissues and tissues affected by the 
tumor. Considering the tumor as a "grey" body 
does not limit the generality of  the model, but 
only leads to a decrease in brightness contrast. 

The location of  the model elements is shown in 
Fig. 1. The model is considered in a coordinate 
system with the beginning at the point of  
installation of  the antenna-applicator, the X and 
Y axes in the plane of  the skin surface, the Z 
axis is directed from the surface to the depth of  
the human body. All further calculations will be 
considered in one-dimensional space along the 
Z-axis.

General, the brightness temperature is 
defined as follows (1):

0

( ) ( ) ,bT w z T z dz
∞

= ∫  (1)

where T(x) - thermodynamic temperature, w(x) 
- the weight function determined by absorption,  
and

0

( ) 1.w z dz
∞

=∫

As the absorption changes by the exponential 
law:

( ) ,kzw z ke−=

where k - absorption coefficient for a given 
wavelength. Value, reverse k is a value for the 
skin layer zs, the thickness of  the layer at which 
the radiation decreases in e times.

1 .sz
k

=

Let the tumor have a temperature Tc located at 
a depth of  zs, and T0 - body temperature. Given 
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that the tumor is assumed to be a completely 
black body, the temperature distribution in the 
body can be written as a function:

0 ,   ,
( )

,   .
c

c c

T if z z
T z

T if z z
<

=  ≥
 (2)

Then, substituting this expression in equation 
(1), we get the brightness temperature measured 
by a microwave radiometer connected to the 
antenna-applicator:

0 (1 ),b cT T Tρ ρ= + −  (3)

where

1 1 .
c

c s

z
kz ze eρ

−
−= − = −  (4)

Substituting formula (4) in formula (3) we 
get:

0 0( ) ( ) .
c

s

z
z

b c cT z T T e T
−

= − +  (5)

Formula (5) is valid for all frequency channels 
in the decimeter range, but the value of  the zs 
skin layer depends on the frequency range. The 
graph of  the antenna temperature dependence 
calculated by the formula (5) is shown in Fig. 2 
by solid line.

Formula (5) allows us to estimate the 
maximum depth at which a source with 
temperature Tc can be detected by a radiometer 
with sensitivity δT:

0
max ln .C

s
T Tz z

Tδ
− = ⋅  

 
 (6)

Analysis of  formula (6) shows that the 
maximum detection depth of  a heat source 
directly depends on the value of  the skin layer 
(attenuation in the medium, than attenuation 
is less that the detection depth is greater), 
depends on the value of  the thermal contrast 
(the difference between the source temperature 
and body temperature) and the sensitivity of  the 
radiometer (than the sensitivity is higher, that the 
detection depth is greater). 

In formula (5), the known values are Tb(zs) 
(measured by a radiometer), the body temperature 
T0 (measured by a thermal sensor on the surface 
of  the body), the value of  the skin layer for a given 
frequency range zs, can be determined by special 
calibration. Unknown are the temperature of  
the source Tc and the depth of  its occurrence zc. 
One equation with two unknowns does not have 
an unambiguous solution, therefore, a single-
frequency (single-band) radiothermograph is not 
able to simultaneously measure the temperature 
and depth of  the tumor.

Measurements must be made simultaneously 
in at least two different frequency ranges with 
frequencies λ1 and λ2 to uniquely determine the 
temperature of  the tumor and the depth of  its 
occurrence. Then applying the formula (5) to 
each frequency range, we get a system of  two 
equations with two unknowns:

1

1

2

2

0 0

0 0

( ) ( )
.

( ) ( )

c

s

c

s

z
z

b c c

z
z

b c c

T z T T e T

T z T T e T

λ

λ

λ

λ


 = − +



= − +

 (7)

It should be noted that the solution of  the 
system of  equations (7) makes sense to determine 
only under the condition that the source Tс will 
find both frequency channels, more accurately, 
you find the shortwave channel, as if  the source 
is found a shortwave channel, it will be found 
by a longwave channel. If  this condition is, the 
system of  equations (7) has an unambiguous 
analytical solution:
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1 2 2

2 1

1 2

0

0

0
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s s
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c

s s b

b b
c z z

z z T T
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z z T T

T T
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λ λ

λ λ λ
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λ λ

α α

 −
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where

1 2
1

2

1

0

0

.
s sz z

b

b

T T
T T

λ λ
λ

λ

α
− −

=   − 
 

Analysis of  formulas (8) shows that 
expressions make sense if  

1 2
,s sz zλ λ≠ , which 

always holds under the condition that λ1 ≠ λ2.  
And the conditions 

1 0bT Tλ ≠  and 
2 0 ,bT Tλ ≠  must 

also be, which means that the Tc source can be 
detected in both frequency channels, as noted 
above.

A more accurate model should take 
into account the distribution of  heat and, 
consequently, the temperature inside the body. 
The classical method consists in solving the 
heat equation, but given the complexity and 
heterogeneity of  the object, the presence of  heat 
transfer by blood, etc. this can only be done by 
numerical methods.

Therefore, a one-dimensional stationary 
equation of  thermal conductivity in a 
homogeneous medium is considered as the next 
step. In this case, the solution is represented by a 
linear equation in the area from 0 to zc (from the 
surface to the tumor). Taking into account the 
previous assumptions, the temperature function 
can be represented as:

, ,
( )

, .
c

c c

az b z z
T z

T z z
+ <

=  ≥
 (9)

The values of  parameters a and b are 
determined by the boundary conditions for the 
section (0,z), namely 

0
0

0

0
.

c

c
c c

T TaT a b b
z

T az b
b T

− == + = ⇒ = +  =

 (10)

In general case, the boundary condition for 
z = 0 is set by conditions of  the 3rd kind, i.e. 
by the heat flow between the surface and the 

external environment, but taking into account 
the fact that the temperature on the surface is 
set, i.e. always measurable, a simpler option is 
chosen.

Substituting the temperature function in the 
expression for the brightness temperature and 
taking into account the boundary conditions, we 
get:

0 (1 ),b cT T Tρ ρ′ ′= + −  (11)
where

1 (1 ).
c

s

z
zs

c

z e
z

ρ
−

′ = − −

It can be seen that equation (11) is identical to 
equation (3) for a simpler model. The difference is 
that the system of  equations for two frequencies 
does not have an analytical solution in this case.

Calculations of  the brightness temperature Tb 
for two models are given in Fig. 2. So the body 
temperature T0 is 36.6 degrees, and the tumor 
temperature Tc -38.6 degrees. It can be seen that 
in the case of  model 2, the effect of  the tumor on 
the measured value of  the brightness temperature 
is expected to be greater than in model 1, since 
it takes into account the distribution of  heat in 
the body.

4. CONCLUSION
New results were obtained as a result of  the 
research and modeling within the framework of  
the built models:
• it was shown that using a single-frequency 

radiothermograph it is impossible to 
simultaneously determine the temperature 
of  a local thermal anomaly and the depth of  
its occurrence. There was a justification for 
the need to make measurements in at least 
two different frequency ranges and use data 
from surface thermal sensors to determine 
the temperature of  a local thermal anomaly 
and the depth of  its occurrence;

• there were proposed 2 models of  brightness 
temperature formation on the body surface;

• the maximum depth of  thermal anomaly 
detection in the human body was determined 
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depending on the value of  the skin layer for 
a given wavelength, thermal contrast, and the 
sensitivity of  the radiometer;

• it was obtained a system of  equations 
describing the dependences of  the measured 
and desired physical quantities;

• it was shown that the solution of  the system 
of  equations is possible only if  the thermal 
anomaly occurs at a depth not exceeding the 
maximum detection depth of  the thermal 
anomaly for a shorter frequency channel of  
the radiothermograph;

• analytical solutions for the temperature of  a 
thermal anomaly and its depth were obtained 
for one of  the models.
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