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Abstract. In Gibbs statistical mechanics, the state of thermodynamic equilibrium is identified
with the state of absolute rest, at which particles do not move at all. In a result, the entropy in

the Gibbs theory turns out to be a constant, independent of density and temperature, which
contradicts the laws of thermodynamics. In fact, the state of thermodynamic equilibrium

is a state of detailed equilibrium, at which particles continue to move along chaotic
trajectories, but move in such a way that the average values of coordinates and momenta
remain unchanged (stationary non-equilibrium state). Certain energy is associated with
this movement. Taking into account the energy of these fluctuations leads to the fact that
the entropy of the system, as it should, becomes a function of density and temperature.
But, ultimately, this leads to radical changes in our ideas about the micro - world.
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1. INTRODUCTION It also cannot be considered accurate, since it

. : describes real substances with a very large error.
In a previous message it was shown that the

. . As is known, in the case of gases, the potential
laws of thermodynamics are an unambiguous . .

energy of the system is always specified as
the sum of pair potentials, U, = X®_. From
a physical point of view, this approximation
is the most justified — it qualitatively correctly

reflects the fact that in rarefied systems, particle

consequence of the laws of quantum
mechanics (see [1]). Moreover, in conjunction
quantum mechanics — statistical mechanics —
thermodynamics, the initial theory (i.e., quantum
mechanics) describes all the phenomena in the

. collisions are paired. But even in this case, there
micro — world of atoms and molecules, not only

is no quantitative agreement between theory and
experiment. Summarizing the data of several
"... the magnitude of
the van der Waals interaction of macroscopic
bodies obtained in additive approximation of

qualitatively, but also quantitatively. The same can
be said about thermodynamics: it describes all the
properties of all equilibrium macroscopic bodies
absolutely precisely. Therefore, one would expect
that Gibbs statistical mechanics, combining

authors, Y. Barash writes
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paired forces, even in the simplest cases differs
from the correct result usually by 20-30%" (see
[2], p. 14). This estimate, in all probability, is
underestimated, since later data indicate an error
of about 40% even in the case of noble gases,
for which the potentials QD;./_ are calculated by
quantum mechanics with very high accuracy (see
[3]). With an increase in density, the error can
only increase, since with the transition to liquids,
pairwise collisions of particles are gradually
replaced by multiparticle collisions. And many-
particle collisions should be described by many-

article potentials @, , about the properties of
\P;fhich WS know even IZ/e...s/e; thanabout tI:)he }I))roperties
of pair potentials. And, just as importantly, it
is impossible to describe the transition from
pairwise interactions to multiparticle interactions
within the framework of the existing theory,
since in the Hamilton equations potentials are,
by definition, once and for all given functions
whose values are independent of either density
or temperature. Therefore, it seems to me that
the search for "true" potentials that accurately
describe the properties of real systems is unlikely
to lead to success. I believe that the solution to
the problem must be sought elsewhere.

From a mathematical point of view, the Gibbs
theory is logically coherent and impeccable (see
[1]). And only in one point does it become
insufficiently consistent: in it, the potential
energy of the system U, is assumed to be a
constant value, independent of time. But at the
same time, Gibbs simultaneously determines the
temperature of the system using the Maxwell
distribution, which describes fluctuations in
the velocities of particles, the amplitude of
which is a random function of time. Therefore,
in the Maxwell-Gibbs theory, kinetic energy
K (#) must fluctuate. Accordingly, the potential
energy of the system = LB, —Ky® should

fluctuate also, since in (l(\:jlosed(ﬁi)solated systems,
which are described by the Gibbs theory, the
total energy of the system E = const. These
fluctuations are not taken into account in Gibbs

theory. In this message, we will try to eliminate
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this shortcoming. Looking ahead, I will say
that taking into account fluctuations not only
introduces a quantitative correction into the
formulas of modern statistical mechanics, but
also leads to significant changes in our ideas
about what is happening in the micro world of
atoms and molecules (see the Conclusion).

2. THERMODYNAMIC PARAMETERS
OF FLUCTUATING SYSTEMS
Hamiltonian systems. As in the previous
message, we will consider a system occupying a
volume |7 and containing N particles. We will
also assume that its state is described by the
quantum Liouville equation
0P I(pr ~p
E+%(Hgo—goH)—0, )
in which £ is the operator that determines the
state of the system, and H is the Hamilton
operator. Our task: — to prove that even if the
fluctuation energy is taken into account, all the
formulas of thermodynamics follow from this
quantum equation (in the previous message this
problem was solved without taking fluctuations
into account).

We will solve the quantum Liouville equation (1)
by expanding the desired probability £ in a series
in powers of the Planck constant /. In this case,
the zero term of the series becomes zero, since (
HH - HH)=0,and in the series =Y h'p,
, only the first non-vanishing term wWwith a
coefficient #” = 1 will be purely classical (see [4]).
The remaining members of the series determine
quantum corrections to the classical parameters
of the system, which can be neglected, since
they do not contribute to thermodynamics. The
analysis of the first term in this series is limited
here.

In the approximation 7 = 1, ## =1 atk =1
, the Liouville quantum equation reduces to the
classical Liouville equation (see [4])

0P :ﬁ“ OHyy 0@, OHy, 0@y, e
ot or; p, p; or,

i=1
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In (2), the Hamiltonian of the system H
(0 = (\)@(z‘)) + Uy () 1s a function of time
t, since in equilibrium systems the particles
continue to move. Accordingly, the probability
o (10, pi(1)), describing the state of the
system will also be a function % Substituting
P, () =exp(=H ,(¢)/0) in (2), we obtain, as
before, the canonical Gibbs distribution

P eXp(_H(N) (1)/0) )
(N)

in which, however, in the exponent is a function
of time. And since it follows from (2) and (3)
that OH  ()/0# = 0, then the total energy of the

system

Ey, =H , (r.(1), p,(1)) = const. 4)
This equality has the meaning of the law
of conservation of energy. Since energy is

G(N) ()=

conserved only in closed isolated systems,
equality (4) means that the Gibbs theory is valid
only in the case of microcanonical ensembles
forming closed isolated systems.

The the
instantaneous states of the system. However,

obtaining solution describes
they are not interested by us, because in our
macro-world we have deal with parameters,
average on large (macroscopic) time interval
T — o

P =lim [ 90, ()1 =
’ 5
=1im [ o, ((0), p(1))dT.

To take into account the dependence of the
system parameters on time in (5), we set

n(@)=1+061(0), p(1)=p;+p,(0), ©)

where r=r(t), p =p(0) is average values
of coordinates and momenta of particles
independent of 7 and 67(?), dp () is fluctuations
of these parameters, i.e. their deviations from
average values 7, p. In view of (6), the total

energy of the system becomes equal

E, =H,, (r+6r(t), p+6p()) =

— (7)
=H \,(r,p)+H (1) = const,
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where

SH, (1) =

=—ZF AP o7 +
+82H(N)(r3p)

o [6p,(2)] }

In view of (6), the total energy of the system
becomes equal to

G, CXp(—%[H(N)(I’,p)+5H(N)(p,9):|j, (8)

™) =
O

H (p) is standard Hamiltonian of
classical mechanics and O0H ,,(p,0) is constant,

where

which take an account the fluctuationy. Since
it is obtained by averaging over the coordinates
= % and momenta p, = mof all particles,
the resulting additive can only be a function p
,0;, it does not depend on instantaneous values
of coordinates and; it does not depend on
the instantaneous values of coordinates and
momenta. Therefore, after differentiating with
respect to 7.and p it disappears from the Liouville
equation (2), which has the meaning of the force
balance equation.

Kinetic energy. We now consider each of the
components of the Hamiltonian in more detail.
Assuming that p() = p. + 8p(f) we write the
kinetic energy in the form

Kooy (1) = ﬁZ[p,- vop.(OF =

1 N

2
1 N

where 2—2 pi=N

i=l1 .
of the system moving at a constant speed v =
const. In the laboratory coordinate system in

©)

1 N
+—Y Sp.(OT,
p; 2m2:, (0]

mv’ .
o =const s the total energy

which the system is at rest, this energy is equal to
zero, since v = 0 and therefore

Z5pi(t)]2 =

2
NOPOI _3 vy
2m 2

— 1
K(N)(t) =E

(10)
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As a result, the average value of the kinetic
energy of one particle (l.e. temperature) turns
out to be equal to the average value of the square

of the fluctuations of the momentum &p;(¢)
, but not the square of the average value of the
pulse itself p; = 0. Consequently, kinetic energy
contributes only to the fluctuation component
of the Hamiltonian 0H ,,(p,0). This is because
the thermodynamic equilibrium is not absolute
equilibrium, at which all particles are unmoving;
it is a detailed equilibrium at which particles
continue to move continuously, while the
macroscopic means of all parameters remain
unchanged.

Potential energy. We put the distance between
the particles equal () = r, + &r,( and put them
in a series U\D(r + Sr(t)) along 6r.(9. Averaging
the expression thus obtalned we obtam

m (N)(”)+5U(N)(t):

() ==
(N)(”y) 2 5(]\: o, (l‘) = (11)
(N)(r)+5U(N)(p90)'
Here U, (r;)=U,(p,0) = Nu(p,0) is the

potential energy calculated under the assumption
thatallparticlesareatanaveragedistance r; =7, (¢)
from each other, and U, ,,(p,0) = Nou(p,0) is
the fluctuation energy. Set it equal

Q)ZQPM_

Su(p, (12)

Such a record does not impose any restrictions
on a particular form oU ,,(p,0), but it ensures
that the fluctuation energy vanishes at zero
density p=0 and at zero temperature ¢ = 0.

Internal energy. In view of (10) and (12), the
total (or, what is the same, internal) energy of a

closed isolated system E ) =K, +U,,, is equal
to
w /! N=u(p,0)+
13
30+0p 9¢(p.0) | (13)
2 op
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In this expression, the sum in square brackets
determines the energy of fluctuations. It
consists of fluctuations of kinetic energy 36/2
and fluctuations of potential energy

ou(p,
(p o

Free Energy. Gibbs defined the free energy
system as

EN)(pﬁ 0) = FZN)(t) =—0In Q(N)(t) =
(14)
3 3
- —Hln{V _Iexp( U, ()/0)d’r;..d rN}
Substituting into this expression
Uy @) =Uy(1;)+0U (1) and taking out

U (1) = Nu(p,0) = const the integral sign, we
obtain

EN)(pa 0) = U(N)(p’ 0)—

_eh{Vl l exp(- §U(N)(t)/9)d3r1...d3rN} =
or what is the same

f(p,0)=Fy IN=[f(r)+df =
=u(p,0)+05p(p,0),

where f(r;) =u(p,0) and 6 f =06p(p,0) is the
free energy of fluctuations of one particle.

(16)

Pressure. By definition the pressure is'

OF 9 (p,0)
P(p,0)=——N = 2 T 7] 17
(p,0) =P o (17)
Therefore
P(p,0)=P(r;)+0P(p,0), (18)
where
P(Igj)zﬁpzw, 5P=0p285ﬁ. (19)

Law of energy conservation. Taking into

account the above formulas, the energy
conservation law 05 = ¢ — fis written as
"Here we have taken into account that £7,, = Nf* and

V=N/p, dV=—Ndp/p*.
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Os = 0(S, /N):{m(%ewaqﬁﬂ—
—[u+95¢]=¢9@+5¢—5¢j,

or 0s=§0+05¢—05¢). Thus, in the fluctuation
theory,‘ the entropy of the system SN is
determined by the average values fluctuations
of the kinetic energy 5Ky =3N6/2, the

average values fluctuations of the potential

energy oU,,, = NOS¢ , and the average value

fluctuations of the free energy 0F,, = NOSp
; the average values of these parameters (i.c.
Ky, =0, Ey, F,,) are not included in this
formula. This fluctuation theory differs from
the Gibbs theory, in which QS(N) = E F(N)

the
entropy of a given body at an absolute zero of

According to the Nernst theorem,

temperature must be equal to zero. Obviously,
in this case, the fluctuations of energy 0@ and
free energy dp should also vanish. Therefore, in
order to simultaneously vanish and entropy, we

must put s =§s+§, where 3/2 is entropy of
ideal gas. After that, the energy balance equation
can be written as

05 = 0¢ — Og. (20)
The introduction of the constant 3/2 in the
definition of entropy does not violate the initial
postulates of the theory, since after substituting
(20) in the Liouville equation this constant

disappears.

3. SOME FEATURES OF THE GIBBS
THEORY

On this, in fact, could end the discussion of the
Gibbs theory, since the problem of justifying
thermodynamics has been solved. But at the
same time, some features of this theory went
unnoticed. It seems to me useful to mention
them.

The van der Waals equation. When deriving
his equation, van der Waals divided the second
virial coefficient B (f) into the repulsive (short-
range) and attractive (long-range) parts, putting

STATISTICAL MECHANICAL OF GIBBS 13
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B, = o — . Then he suggested that the repulsive
part o« << 1 and used the well-known expression

1
—~1+x which is true at x << 1. As a result,
he got his famous equation

P=p0+p’B, =p9[1+p(a—ﬂ)]=

= pO[1+pal-p LY g

1-pa
In contrast, in fluctuation theory

P=p0(1+pB;"),
where

B;ff = Bz _Bzﬂuaa o = Bz(ﬁ)’ IB = BZﬂMCt(p’ 9)|p:0 ’

and
= P% __ pp0,0),
1-pB,(6)
1 ﬂuct 0 0 <21)
—1_sz(0)_p 2 ( )

Thus, in the fluctuation theory, the short-range
component of the vdW-equation is described by
the second virial coefficient, and the long-range
component is determined by fluctuations, the
existence of which has long been proved, since
theylead to the well-known Mandelstam-Brillouin
scattering of light. Obviously, equation (21) is

truc for P>> P By(0),  p>>p’BI"(p,0),.,
and at By"“ >> B, (the last inequality explains
why the sum 1+ pB,(0) can be approximated by

the formula ——, and why P OBI"" is better
to leave unchanged).

Thermodynamic limit. In the thermodynamic
limit, all extensive parameters of a substance
become infinite, since they are proportional to
the number of particles N = . In order to get
any reasonable results in this limit, it is necessary
to transfer from global parameters characterizing
the state of the entire system at once to partial
quantities that determine the state of one single
particle. Therefore,
contrast to thermodynamics, always works with
partial quantities.

statistical mechanics, in

RENSIT | 2020 | Vol. 12 | No. 1
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Control parameters. We define the one-particle
distribution function using the relation

1 d’r,..d’r
G(l)(rl)z?}[G(N)(rl"“rN)% (22)
This function satisies the normalization

condition V_IIG(I)(r)d3r =1, which can be
written as 4

N
[ PG (Ndr =N, p,==. 23)
) 14
Obviously, in this formula the product

p(r)=p,G,,(r) has the meaning of the density
of matter. Together with the temperature 6, the
value of which is determined by the one-particle
distribution function G, (p) (i.e, the Maxwell
distribution), they form a system of two control
parameters, by setting which we determine all
the macroscopic properties of the body under
consideration.

The fact that 6 = const does not depend on
the coordinate of a given point 7 in the system
means that all macroscopic bodies considered in
the Gibbs theory must be in a state of thermal
equilibrium. The situation is more complicated
with density o(r). In a state of thermodynamic
equilibrium, the density of gases and liquids is
constant and isotropic throughout the volume
of the system. These conditions can be satisfied
only at G(l)@ = 1 and density p(r) = p, = const

In the case of crystals, the structure of
matter becomes periodic and anisotropic. To
take this fact into account and not to violate
the normalization condition, we need to put
p(r)=p, [1 + lP(r)], the periodic
function W(r) describes the microstructure of
the crystal. This structure should be determined
not by the equations of statistical mechanics, but

where

from some other, not statistical considerations
(for example, from the condition of minimum
potential energy of the whole system). But at the
same time, the function should always satisfy the
condition V"I‘P(r)d r=0 , since only in this case
the normalization condition V’le(l)(r)cfr:] is
fulfilled. g
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Ideal gas. From the formula that determines
the pressure, it would seems that as soon as
the equation of state of a rarefied gas assumes
a universal value P=p@, any interaction of
particles with each other should cease. And this,
in turn, suggests that the potential energy of the
system vanishes. But systems with Uy, (7;) =0
cannot exist. To verify this, we note that in
quantum mechanics the Hamiltonian of an ideal
gas of no interacting particles has the form

2
H =_% : mLAj’
J J
where A/, is Laplace operator. Using such a
Hamiltonian, it is impossible to obtain the
Liouville equation in the classical limit 7z = 0.
Therefore, a quantum ideal gas has no analogue
in classical physics. Moreover, in the case of non-
interacting particles, the connection between the
classical Liouville equation and the canonical
distribution also disappears, since the Liouville
equation takes the form

P, _ _i OH ) 99w,

ot o op; o,
In this case, the canonical distribution

Gy = eXp(—H(N) /49)/Q(N) no longer satisfies
this equation. As a result, the entire chain of
reasoning that led us from the equations of
quantum mechanics to thermodynamics is
destroyed. In fact, everything is exactly the
opposite: an “ideal gas” with pressure P = p@
can exist only as long as the interaction between the
particles and, therefore, U (@) #0 is preserved
in the system. As Bogolyubov showed, the
pressure in the system is always determined by
the potential component of energy, since only it
determines all the members of the virial series,
including the first term (see [5]). In rarefied
gases, this term becomes dominant, which
distinguishes the state of an ideal gas from all
other possible states. But this does not mean yet
that in an ideal gas all other members of the virial
series are identically equal to zero. Until then,
the distances between the particles remain finite.
Therefore, particles still continue to collide with
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each other (albeit very rarely), which is necessary
to establish thermodynamic equilibrium in the
system. And only when the distance between
particles becomes infinite, after which collisions
of particles become impossible. But at the same
time, the time to establish thermodynamic
equilibrium in the system increases to infinity.
Therefore, in systems with a density p<0,
the state of thermodynamic equilibrium never
occurs at all. Because of this Gibbs theory does
not describe such states; it only makes sense
until p >0, i.e. only when the potential energy
controlling the collisions of particles is still
nonzero.

4. CONCLUSION
Until now, they have always tried to solve
the problem of quantum substantiation
of thermodynamics by the “top — down”
method, i.e. first, find analogs of such
concepts  as

and entropy in the equations of quantum

macroscopic temperature
mechanics, postulate the formulas obtained,
then build the entire building of
statistical mechanics on the basis of these
postulates (see [6, 7, 8]). Nothing happened
— in this way they failed to build a logically

and

coherent and internally consistent theory.
And it’s understandable why: the equations
of quantum mechanics do not describe the
processes of friction, and, therefore, do not
contain such parameters as temperature and
entropy, on which the direction and intensity
of macroscopic processes depend.

Along with this, a bottom-up approach
can also be formulated, in which the well-
known equations of quantum mechanics are
taken as the basis for the transition to the
classical limit, and then the classical equations
thus obtained are solved. This article has
attempted to formulate just such an approach.
As shown above, in this case, the concepts of
temperature and entropy in the classical limit
arise spontaneously; no postulates for their
determination are required. And after that,
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all the formulas of statistical mechanics and
thermodynamics follow from the obtained
expressions almost instantly. At the same
time, all the transformations leading from
quantum mechanics to thermodynamics
become identical and surprisingly simple and
understandable. As aresult, Gibbs theory turns
out to be mathematically absolutely rigorous:
— no additional hypotheses or approximations
need to be made during the transformations.
But this is not enough.

The bottom-up approach allows us to
explain the mechanism of chaos in classical
systems Chaos and probability in classical
theory are a legacy of quantum uncertainty. In
quantum mechanics, we cannot simultaneously
precisely specify the coordinate and momentum
of a particle and, therefore, cannot accurately
determine the coordinates of particles in phase
space. . In classics, such a possibility formally
appears, and it is realized in classical mechanics
when considering the properties of stable
systems. But the systems of atoms and molecules
are unstable, and in describing them we must
take into account the uncertainty in setting the
initial conditions, which, in essence, is a legacy
of quantum uncertainty.

Another consequence of quantum mechanics
is the classical theory of probability — its laws
should follow from formulas that determine
quantum probability, i.e. ¥ -function

It is equally important that when solving
the Liouville quantum equation by expanding
it in powers of the Planck constant, it became
apparent that all the laws of thermodynamics
follow from the first (classical) term of the
series with #° = 1; all other members of the

seties =) Mg, containing in varying degrees

%, do not contribute to the formulas of statistical

mechanics and thermodynamics. This means

that no quantum or semi classical theory exists.

As a result

statistical mechanics and thermodynamics
become purely classical theories

RENSIT | 2020 | Vol. 12 | No. 1
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(but at the same time, of course, we must
remember that all the equations of this theory
are a consequence of the laws of quantum
mechanics).

Another important result of this approach is
the assertion that the inclusion of fluctuations
in the Gibbs theory is mandatory: if the
constant determining the fluctuation energy
is omitted in the Hamiltonian, the entropy of
the system vanishes, chaos disappears from the
system, and the laws of thermodynamics cease
to act with it.

We also note that the Liouville quantum
equation lies not only in the basis of
thermodynamics, but in general in the basis of
all classical physics. Indeed, it was shown in [9]
that all the equations of hydrodynamics and
thermal diffusion also follow from the first term
of the series in powers.

And the last one. The very concept of
equilibrium
fluctuations are taken into account. Fluctuations

thermodynamic changes, if
are always time dependent. Therefore, the
definition of thermodynamic equilibrium as such
a state in which all parameters of the substance
are constants is erroneous; in fact, the state of
thermodynamic equilibrium is a stationary state
of nonequilibrium systems (i.e. the state of detail
equilibrium).
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