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Abstract. Identical inter-channel phase coherency of  electroencephalogram (EEG) signals is 
determined for healthy subjects during cognitive and motor tests. EEG signal phase is evaluated at 
the points of  it wavelet-spectrogram ridge. Areas of  interest of  the cortex at cognitive and motor 
tests for group of  healthy subjects are determined. Inter-channel EEG phase coherency for patients 
after a traumatic brain injury are represented.
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1. INTRODUCTION
Usually coherency or phase connectivity of  EEG 
signals use to the estimation of  inter-channel 
EEG connectivity [1-3]. The coherency Cohxy(f) 
is determined by the normalized complex cross 
correlation   of  signals x and y:

1/2

( )
( ) ,

( ( ) ( ))
xy

xy
xx yy

S f
C f

S f S f
=  (1)

Cohxy(f) = |Cxy(f)|.         (2)
In coherent analysis, due to the modulus of  
normalized complex cross correlation Cxy(f) = 1, the 
coherency Cohxy(f) is averaged in different of  time 
intervals and in a certain frequency interval that is 
determined using neurophysiological data. Normally, 
such intervals correspond to the delta (2–4 Hz), theta 
(4–8 Hz), and alpha (8–12 Hz) EEG rhythms. Such 
an averages and the presence of  the threshold level 
of  coherence that is used to select the phase-coupled 
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pairs of  signals are disadvantages of  the coherent 
analysis that lead to instability in the determination 
of  the inter-channel phase synchronization of  
EEG signals. These disadvantages are considered in 
detail in [4]. The validity of  the coherent analysis of  
essentially non-stationary EEG signals is questioned 
[2, 4].

Analytical signal   also can be used for the 
estimation of  phase connectivity x*(t) = x(t) + 
iH(x(t)), where H(x(t)) is the Hilbert transform. The 
phase synchronization of  two signals takes place 
when [5]:
|Φx,y(t)| ≤ const,          (3)
where Φx,y(t) = nΦx(t) – mΦy(t), Φ is the phase of  the 
signal, n, m are integers.

We proposed an approach to the estimation of  
the inter-channel phase connectivity of  the EEG [6] 
based on the phases calculation and comparison of  
the signals at the points of  the ridges of  their wavelet 
spectrograms having the property of  stationarity of  
the phase, which does not exist in both of  the above 
approaches. Under this the approach, phase-coupled 
pairs of  EEG signals are considered for the group 
of  healthy subjects and for the group of  patients 
with traumatic brain injury during two cognitive and 
motor tests.
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2. METHODS
The ridges of  the wavelet spectrograms are defined 
as the points of  the stationary phase [7] that is in 
them the derivative of  the phase with respect to time 
is equal to the frequency. In [8], devoted to computer 
modeling of  smooth music, it was shown that at the 
points of  time- and frequency-asymptotic ridges of  
wavelet spectrograms the phase is stationary in the 
sense that at these points dΦ/dt ≈ ω.

The EEG signal responds the asymptotic 
properties under the conditions:
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The approach to estimating the inter-channel 
phase connectivity of  the EEG at the points of  
the ridges of  their wavelet-spectrograms with the 
stationary phase is considered as an inverse task to 
the problem of  modeling ridges. In [6] it is shown 
that for the amplitude and phase of  the amplitude-
modulated signal ( )( ) ( ) i tx t A t e Φ=  is true:
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Based on this, first we find the ridge with the 
maximum value |W(t, fr)| at each reference point τi 
of  the Morlet wavelet:
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where Fb = Fc = 1.
Then, we calculate the phase difference of  two 

signals x(t) and y(t) at the points of  the ridges tk of  
their wavelet spectra and select const to estimate their 
phase synchronization.

In this case, the points of  wavelet spectrograms 
with nonstationary phase are not included in the 
estimation of  the phase of  signals. However, such 
points are used in the estimation of  coherence and 
phase with the aid of  the Hilbert transform and 
coherency approach [1-3]. When the ridge points 
do not satisfy the condition for asymptotic ridges 
(4), we obtain errors in the calculations of  the 
phase difference. However, we assume that such an 
error is significantly less than the errors related to 
the averaging of  the phase difference in a certain 
interval of  the ridge frequencies. After elimination 

the frequency range of  the processed ridge, we 
employ the above algorithm to select the next ridge 
with a lower power spectral density in a different 
frequency range.

The international system of  the location of  
scalp electrodes «10–20%» is used to the EEG 
record (Fig. 1). The records of  19-channel EEG 
were analyzed, therefore the number of  pairs of  
channels is 171 for the group of  the healthy subjects 
(8 people) and for the group of  the patients with 
traumatic brain injury (5 people).

The sampling frequency of  the EEG was 250 
Hz in the processing of  EEG signals. The original 
signals were recorded with a high-pass filter with 
cut-off  frequency of  0.5 Hz, a low pass filter with 
a cut-off  frequency of  70 Hz. Then, a 50 Hz notch 
filter and a Butterworth filter were used. The signals 
were filtered by a fourth-order Butterworth bandpass 
filter with a bandwidth of  2 to 10 Hz. The duration 
of  every EEG record was 60 seconds. Also, the 
removing of  outliers in the EEG signals was with 
the Huber’s X84 method [9].

Fig. 2 shows an example of  the power spectral 
density of  Morlet wavelet spectrograms in a pair of  
EEG channels with selected points of  the maximum 
spectral power density (ridge). Fig. 3 shows the 
phases time dependencies of  two EEG signals x(t) 
and y(t) at the points of  the ridges of  their wavelet 
spectrograms.

Then, we plot the histograms of  values of  the 
phase difference of  two signals x(t) and y(t) as in [5]. 

 

Fig. 1. The international system of  the location of  scalp 
electrodes «10–20%».
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Fig. 4 represents the normalized histograms ,x yρ
= nx,y/N, where nx,y is number of  reference points 
of  ridges with the discretization of  the histogram 
|ΔΦx,y(tk)| < 0.05π, N is a total number of  EEG 
signal reference points during the test. The first pair 
of  channels Fp1-Fp2 (Fig. 4a) can be referred to a 
phase-coupled pair. Another pair Fp1-O2 (Fig. 4b) 
can be referred to a phase-unconnected pair. Fig. 
4a shows that ,x yρ  < 0.1 can be considered as a 
background. We consider the threshold ,

thr
x yρ  = 0.1 

and we will assume that the values of  the portions 
of  the ridge points above it will correspond to the 
phase-coupled pairs of  channels. Note that the 
phase difference of  two EEG channels (e.g., Fp1–
Fp2) can be used to characterize the phase-locking 
dynamics. Fig. 5 presents the plot of  the phase 
difference for two channels of  the EEG signal 
(Fp1–Fp2) vs. time.

Distributions graphs of  the maximum values 
of  portions max ,x yρ  over pairs of  EEG channels, 
based on the histograms obtained (Fig. 4), were 
arranged in the ascending order max ,x yρ  without 
tests, with the cognitive calculation–logical test, with 
the cognitive spatial-pattern test and with the motor 
test are represented in Fig. 6.

3. RESULTS
By the new approach of  estimation [10], the inter-
channel EEG the phase synchronization during two 
cognitive (calculation–logical and spatial-pattern) 
and motor tests for the group healthy subjects (8 
people) and for the group patients with traumatic 
brain injury are considered. During the cognitive 
calculation–logical test, doctor randomly called some 
items that belong to the category "clothes" or "food" 
to the subject. During the test, the subject counts in 
the mind the quantity of  items belonging to one of  
these categories. At the end of  the test, he declares 
the result of  quantity of  items. When performing the 
cognitive spatial-pattern test, the doctor randomly 
called the time. The subject must imagine in the mind 
the dial of  the clock and the position of  the clock 
hands on it in accordance with the time mentioned. 
If  both clock hands are in the same half  of  the dial, 
he says "yes," and if  they are in different halves, he 
keeps silent. When performing the motor test, the 
subject stands on a stabilographic platform. The 
position of  his center of  gravity is displayed on the 
screen. He must hold center of  gravity inside a circle 
of  a certain diameter. The duration of  every test was 
60 seconds. The EEG record was performed both 
during the tests and without them.

From the dependences of  Fig. 6 it can be 
distinguished phase-coupled pairs of  the EEG 

 

  

Fig. 4. Histograms of  portions ,x yρ  for the phase difference at 
ridge points of  the wavelet spectrograms for two EEG channels: a) 
phase-coupled pair of  EEG channels; b) uncoupled pair of  EEG 

channels.

Fig. 3. Dependences of  phases on time of  two EEG 
channels. Line 1 is the phase of  EEG signal of  FP1channel. 

2 – the phase of  EEG signal of  FP2 channel.

Fig. 2. Morlet wavelet spectrograms of  the signal for a pair of  the EEG channels with the selected ridge: a) first channel; b) second 
channel.

                     a                                            b
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channels that appear only during the test, by 
comparing the phase-coupled pairs of  the EEG 
record without the test and at the time of  the EEG 
records during one of  the tests. Phase-coupled 
pairs that are absent in EEG records without tests 
and that appear only during tests are shown in 
Fig. 7 for the group of  the healthy subjects and 
in Fig. 8 for the group of  patients with traumatic 
brain injury.

Based on the obtained pairs of  EEG channels 
(Fig. 6), it is possible to find phase-coupled pairs 
of  the EEG channels that appear in a group of  8 
healthy subjects during the cognitive calculation-
logical test, the cognitive spatial-pattern test and 
motor test (Fig. 7).

Fig. 7 shows that the greater number of  the phase-
coupled pairs of  the EEG channels that appear in the 
group of  the healthy subjects during the cognitive 
calculation-logical test is in the left hemisphere. And, 
the greater number of  the phase-coupled pairs of  
the EEG channels that appear in the group of  the 
healthy subjects during the cognitive spatial-pattern 
test is in the right hemisphere. In accordance with 
published works, the prefrontal regions of  the left 

and right hemispheres are predominantly activated 
in the calculation–logical and spatial-pattern tests, 
respectively for healthy subjects [11]. Our method 
confirms this.

Also, a larger number of  phase-coupled pairs 
reflects the different efforts required to perform 
each of  the tests, which, according to the complexity 
of  performing from easy to difficult, can be arranged 
in the following sequence: motor test – calculation–
logical cognitive test – spatial-pattern cognitive test.

Fig. 8 shows phase-coupled pairs of  channels for 
the group of  patients with traumatic brain injury (5 
people). Phase-coupled pairs of  EEG channels for 
each patient are represented by special color.

Fig. 8 represents that phase-coupled pairs that 
appear in the group of  patients with traumatic brain 
injury practically are absent. Coincident phase-
coupled pairs are represented in only two patients 
during the cognitive calculation-logical test: Fp1 – Fp2 

  

   

                          a                                                              b                                                              c
Fig. 7. Phase-coupled pairs that appear in the group of  8 healthy subjects during calculation–logical cognitive test, spatial-pattern cognitive 

test and motor test. а) motor test; b) calculation–logical cognitive test; c) spatial-pattern cognitive test. 

Fig. 5. The phase difference of  two EEG signals (Fp1–Fp2) vs. 
a time.

Fig. 6. Distributions graphs of  the maximum values of  portions 
max ,x yρ  over pairs of  EEG channels arranged in the ascending 
order max ,x yρ . Numbers of  pairs EEG channels are plotted on 
the abscissa. Purple line is the EEG record without test; red line is 
the EEG record with the calculation-logical cognitive test; blue line is 
the EEG record with the spatial-pattern cognitive test; green line is 

the EEG record with the motor test. 
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and coincident phase-coupled pairs are represented 
in three patients during the cognitive spatial-pattern 
test: Fp1-Fp2, Fp1-F8, Fp2-F7, F3- F8 и Fp1-F4. 
These are EEG channels of  the frontal region of  the 
brain. The activation of  the left hemisphere during 
the performance of  the cognitive calculation-logical 
test is absent by patients with traumatic brain injury. 
Also, the activation of  the right hemisphere during 
the performance of  the cognitive spatial-pattern test 
is absent by patients with traumatic brain injury.

4. CONCLUSIONS
By the new approach of  the estimation the inter-
channel phase synchronization of  the EEG signals 
in different channels, based on the calculation and 
comparison of  the phases of  the signals at the 
points of  the wavelet spectrograms ridges, phase-
coupled pairs of  EEG channels that appear for the 
group of  8 healthy subjects during two cognitive 
and motor tests are considered. Areas of  interest 
of  the cortex at two cognitive (calculation-logical 
and spatial-pattern) and motor tests for healthy 
subjects are determined. The prefrontal regions 
of  the left hemisphere are predominantly activated 
in the calculation–logical cognitive test for healthy 
subjects, but these regions aren’t activated for 
patients with traumatic brain injury. The prefrontal 
regions of  the right hemisphere are predominantly 
activated in the spatial-pattern cognitive test for 
healthy subjects, but these regions aren’t activated 
for patients with traumatic brain injury. The 
definition of  phase-coupled pairs of  EEG signals 
can be useful for the monitoring the treatment of  
people with traumatic brain injury. The recovery of  
phase-coupled EEG pairs can be used as indicator 
of  proper treatment.
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