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Abstract. The study of  the Fourier-images properties was made by numerical methods for the family of  flat 
triadic geometric prefractals with generator in the form of  symmetric four-stage broken line with an arbitrary 
angle at the apex between the central units and the initiator in the form of  a straight line (Koch curve) 
or in the form of  an equilateral triangle (the Koch snowflake). To obtain the Fourier images the pictures 
of  fractals were approximated by a grid function on a uniform grid with cells small enough for adequate 
mapping of  high generation prefractal details, and then were digitized in order to use fast Fourier transform 
for determination the values of  the squared modules of  the Fourier component, that is, the spectral intensity 
distribution of  diffraction maxima in the Fraunhofer region. An analysis showed that for the values of  the 
vertex or base angles equal to the integer fraction of  180 degrees, Fourier images are the same as for the 
perfect crystals with the symmetry axes of  the 2-nd, 3-th, 4-th and 6-th order, or as for parcuet mosaics or 
quasicrystals with the axes of  quasisymmetry of  any order. Really in the Fourier images of  the Koch curves 
with the initiator in the form of  a straight line was observed axis of  quasisymmetry from 3rd to 9 th and 11-th 
order. Similar to the above-described properties are also inherent to Fourier images of  the Koch snowflake 
with the initiator in the form of  an equilateral triangle. The configuration of  the observed Fourier images 
can be approximately regarded as a radial-annular, at that in the peripheral ("lattice") of  the images is 
dominated by the radial nature of  the frequency distribution of  diffraction reflections along the radius, and 
in the central ("fractal") – a ring with self-similarity. The lattice part has a kind of  clustering: all the rays 
have a strong central chain of  reflexes along the radii and parallel to it the weaker satellites on both sides. 
All Fourier images had the center of  symmetry, which is an integral attribute of  the diffraction patterns in 
the Fraunhofer zone for any objects, however, the rotational symmetry was not perfect: the positions of  the 
diffraction reflexes when rotating images at angles that correspond to the order of  the symmetry axis remain 
unchanged, but their intensity could vary. The cause of  the observed features is that prefractals, unlike 
crystals, are not a continuum of  point objects but two-dimensional set of  equal length line segments with 
different orientation in space. In this set for the considered configurations of  the generator it is possible to 
allocate several two-dimensional subsets with equally oriented segments, each of  which contains a number 
of  partial one-dimensional diffraction gratings formed by segments located along the same line. These 
parallel lattice in the general case contain a different number of  segments, and the degree of  filling and 
the distance between adjacent segments, determining the intensity and diffraction reflections distribution 
structure along the line, depend on the orientation of  the lattice and the generation number of  prefractal.
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1. INTRODUCTION
Fractal ideology, originally considered only as the 
basis of  exotic branches of  abstract mathematics, 
at the present stage is widely used not only to 
describe and analyse the various material objects 
and phenomena [1-4], but persistently intrudes 
into many areas of  human activity. Engineering 
and technology [5, 6], biology and medicine [7], 
economics [8, 9], art (music, painting, literature, 
linguistics, architecture) [10-14] – this list could 
easily be continued. However, from the point 
of  view of  the science of  fractals priority areas 
continue to be math and physics [15].

At the end of  XX century there was a 
marked interest in the study of  Fourier-images 
of  flat fractals (i.e., a diffraction pattern in 
the Fraunhofer zone) (see eg. [16-18]), which 
remaines unabated to this day.

In particular, this is due to the fact that 
by using Fourier images one can fairly easy 
determine Hausdorff  dimension of  the studied 
objects [16]. Authors of  papers [17-18] for 
the first time performed experiments on the 
scattering of  light by microphotographs of  the 
Koch snowflake in order to get the Fourier-
image of  it and compared obtained data with 
the theory using the analytical description of  a 
fractal. The features of  Fraunhofer diffraction 
for other fractal objects (Vicsek fractal, Cantor 
bar, Sierpinski carpet, etc. [19-24]) were also 
investigated.

The diffraction method of  Df determination 
is widespread, as it is applicable to any objects 
including real fractals which are not subject 
to any geometrical or analytical description. 
However, the utilitarian usefulness of  the Fourier 
transform images is not limited by this, because 
they can be used to obtain information about the 
structure and symmetry of  abstract fractals, and 
about phase transitions in real media.

For example, the Fourier images analysis of  
nonuniform magnetization distributions allowed 
to detect the phenomenon of  biperiodic domain 
structures amorphization in quasi-uniaxial 
magnetic films with critical thickness [25], and 

the presence of  phase transitions of  "devil's 
staircase" type in magnetic films with modulated 
structure [26]. It is not necessary to ignore the 
aesthetic factor: often talk about the beauty of  
fractals [27], but the beauty of  their Fourier 
images is just as impressive [28].

2. OBTAINING A FOURIER-IMAGES 
OF THE KOCH CURVES AND 
SNOWFLAKES
To obtain Fourier images we used numerical 
algorithm, the essence of  which is as follows. 
Images of  studied fractals are approximated by a 
uniforn grid function with cells small enough for 
adequate reproduction of  the high generations 
pre-fractals details. For digitized pictures using 
fast Fourier transform we determined the values 
of  the Fourier component squared modules, 
i.e. the spectral distribution of  intensity I of  
diffracted radiation in the zone of  Fraunhofer. 
To display the intensity I of  the diffraction 
maxima on the 2D-plane, we use representation 
of  I values in a form of  circles with radii 
proportional to logarithm of  I, where coefficient 
of  proportionality is chosen for reasons of  
optimal illustrativity of  images. With the same 
purpose Gaussian blur of  displaying circles was 
additionally applied.

The described above procedure of  the 
Fourier images determining was for the first 
time described and applied by us [29] to study 
the fractal-like domain structures in opaque 
magnetic films (see [30-32]), wfs later set forth 
in public periodicals [25] and tested on the 
probe objects (mono- and biperijdical domain 
structures in transparent magnetic films), where 
these objects and diffraction patterns created 
by them could be observed visually in the 
transmission mode and photographed [25, 26]. 
Using digitized images were obtained Fourier 
images for many flat geometric and algebraic 
fractals: the Sierpinski carpet, H-fractals, Peano 
curves, bifractals, L-system fractals, Mandelbrot 
sets [28, 32, 33-35].
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In this article the study of  the Fourier-
images properties was made by numerical 
methods for the family of  flat triadic geometric 
prefractals of  generation  with generator in 
the form of  symmetrical relative to the middle 
four-stage broken line with an arbitrary angle 
0° < α < 180° at the apex between the central 
units (Fig. 1a) and the initiator in the form of  
a straight line (Koch curve) or in the form of  
an equilateral triangle (the Koch snowflake); 
(see Fig. 1b). As an example, in Fig. 1c a 
view of  second generation Koch prefractals 
is given. To preserve the self-similarity of  
prefractal by iterations all the segments of  
generator in a form of  broken line must have 
the same length / 3 gNL . When α → 0°, the 
broken line becomes delta-shaped, when α → 
180°, it merges with a initiator line; case  α = 
60° corresponds to the classical Koch curve.

An analysis showed that for α = 180°/kα or 
γ = 90° – α/2 = 180°/kγ, where kα and kγ – any 
integer numbers, Fourier images are the same as 
for the perfect crystals with the symmetry axes 
of  the 2-nd, 3-rd, 4-th and 6-th order, or as for 
parcuet mosaics [36] or quasicrystals [37] with 

the axes of  quasisymmetry of  any order. Really 
among the Fourier images of  the Koch curves 
with the initiator in the form of  a straight line 
were observed axis of  quasisymmetry from 3-rd 
to 9 th and 11-th order. High quality Fourier 
image with the axis of  quasisymmetry of  10-th 
order failed to obtain; the reason for this will 
be discussed next. For integer values of  kα only 
axes quasisymmetry of  odd order exist (3-rd to 
11-th inclusive), while for integer values of  kγ – 
any axis with the order in the range of  3 to 9. In 
Fig. 2 Fourier images of  6-th generations Koch 
prefractals for α = 36° – (a), α = 25.743° – (b), 
α = 20° – (c), α = 16.2637° – (d) are shown.

3. CONFIGURATION AND SYMMETRY 
OF THE FOURIER-IMAGES
The configuration of  the observed Fourier 
images can be approximately regarded as a 
radial-annular, and, as was first noted by the 
authors of  [17] for a classic example of  Koch 
snowflake, in the peripheral ("lattice") of  the 
images the radial nature of  the frequency 
distribution of  diffraction reflects is dominated, 
and in the central ("fractal") – a ring nature with 
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Fig. 1. Generator (a), initiators (b) and prefractals of  the 
2-nd generation for Koch curve and snowflake (c).

Fig. 2. Fourier images of  Koch curve prefractals with 
quasisymmetry axis of  5-th (a), 7-th (b), 9-th (c) and 11-th (d) order.
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self-similarity. It was found that the diameter of  
the central region after each iteration increasing 
in m times, where m = 2[1 + sin(α/2)] is the scale 
factor for the considered fractals.

The lattice part has a kind of  clustering: all the 
rays have a strong central chain of  reflexes along 
the radii and parallel to it the weaker satellites on 
both sides (see Fig. 2b-d). Similar features can be 
traced also in Fig. 3, where Fourier images for 
prefractal of  the Koch curves of  6-th (a), 5-th 
(b) and 4-th (c-d) generations for the values kγ = 
3, 4, 6 and 8 are shown.

All Fourier images had the center of  symmetry, 
which is an integral attribute of  the diffraction 
patterns in the Fraunhofer zone for all objects, 
including non-centrosymmetrical (see eg. [38]), 
however, the rotational symmetry was not 
perfect: when one rotates the image around the 
axis with order of  kα for angles that are multiples 
of  180°/kα, only the positions of  the diffraction 
reflexes coincide, but their intensity could vary. 
Part (Fig. 2b) or full (Fig. 2c-d) attenuation of  the 
reflex intensities along some rays (similar to the 
extinction of  the reciprocal lattice nodes in x-ray 
analysis [39]).

The cause of  the observed features is that the 
objects under consideration, unlike crystals, are 
not a continuum of  point objects (atoms), but a 
two-dimensional set of  line segments with the 
same length / 3 gNL , but with different orientation 
in space.

In this set for the integer values of  kα or kγ 
one can stlect consisting of  equally oriented 
line segments two-dimensional subsets, each 
of  which contains a some number of  partial 
one-dimensional diffraction gratings formed 
of  located along the same line segments. In 
the general case these parallel latticies contain a 
different number of  segments, and the degree 
of  filling and the distance between adjacent 
segments, which determine the intensity and 
structure of  the dis-tribution of  diffraction 
reflects along the line, depend on the orientation 
of  the lattice and the generation number of  
prefractal Ng.

The presence in each of  the two-dimensional 
subsets of  equally oriented segments together 
several spaced relative to each other parallel one-
dimensional lattices leads to a two-dimensional 
diffraction pattern with reflecs not only along 
the lattices, but on either side of  them (the satel-
lites in Fig. 2 and 4).

4. SCHEME OF THE LATTICE AND 
FRACTAL PARTS OF THE FOURIER-
IMAGES FORMATION
The scheme of  formation of  the lattice part 
explains shown in Fig. 4 the example for 
Fourier image of  4-th generation prefractal 
with α = 36° having pentagonal quasisymmetry. 
The numbers 1-5 in the image of  prefractal 

Fig. 3. Fourier images of  Koch curve prefractals with 
quasisymmetry axis of  3-rd (a), 4-th (b), 6-th (c) and 8-th (d) order.
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Fig. 4. The scheme of  formation of  the lattice part in Fourier 
image of  4-th generation Koch curve prefractal with α = 36° 

having pentagonal quasisymmetry.



211

RENSIT | 2016| VOL. 8 | No. 2

marked 5 orientations of  the segments; 
the inset on the right shows the possible 
directions of  partial diffraction gratings, and 
the inset on left in the pull – direction of  the 
rays (compare with Fig. 2). The number of  
partial lattices and the extent of  their filling 
depends on the prefractal generation number. 
So, it follows from Fig. 4, that the number 
of  partial sublattices in the subset with the 
direction of  the segments of  the 1-st type (see 
right inset) is 21, and three of  them contain 6, 
7 and 8 segments, two – 4 four – 3, four – 2, 
and eight – 1.

When α = 180°/kα or γ = 180°/kγ, where   
kα and kγ are any integers, the number of  
possible orientations of  the segments Ns in 
the prefractal is determined by the generation 
number of  the latter g. When one initiates 
there are only three allowable orientations 
defined by the generator (Fig. 1a), each 
subsequent iteration adds two more.

In the case of  even values of  kα or kγ on 
the step of  the iteration, after which there are 
no segments with new orientations (i.e., when 
Ns = kα or kγ is added only one line segment, 
oriented perpendicular to the initiator. In 
subsequent iterations, the new directions of  the 
segments are already not formed.

It was found that for even values of  kα there 
are 2kα orientations of  the line segments, and, 
accordingly, 2kα rays in the lattice region of  the 
Fourier image. For example, if  α = 22.5° instead 
of  8 rays 16 is formed. We were not able to 
watch some of  the rays due to a small popula-
tion of  the relevant partial sublattices even in 
prefractals of  hightst accessible (for technical 
rea-sons) generations. For the same reasons, 
attempts failed to get quality Fourier image with 
decag-onal quasisymmetry.

Similar to the above-described properties 
are also inherent to Fourier images of  the Koch 
snowflakes (with the initiator in the form of  an 
equilateral triangle) shown in Fig. 5 for some 
prefractals of  6-th generation with α = 120° – 
(a), α = 22.5° – (b), α =  30° – (c), and α = 12° 

– (d). Note that obtained in this case Fourier 
images are not a simple superposition of  images 
from three sides of  triangle initiator, as in the 
case of  diffraction waves are summed taking 
into account phase difference between them.

As can be seen from Fig. 5, using triangle 
as initiator greatly enhances the filling of  the 
partial sublattices and actually eliminates the 
difference in the intensity of  diffraction spots 
in symmetry equivalent positions in all the 
rays of  the lattice part of  the Fourier image. 
In addition, in the Fourier images of  the 
Koch snowflake one can more clearly trace 
the difference in structure of  the central and 
peripheral parts. It is seen for example, that 
quasisymmetry of  high orders manifests itself  
in the central part in a form of  isolated spots, 
located on concentric circles.

Possessing self-similarity fractal part, the 
size of  which enlarges with increasing angle 
(under rest equal conditions), is formed by the 
sum of  the central diffraction maxima of  all 
fractal ele-ments. At L → ∞ and Ng → ∞ the 
lattice contribution to the Fourier transform 
of  the image disappears, as, in the first, the 
distance between the forming the lattices line 
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Fig. 5. Fourier images of  Koch snowflakes prefractals with 
quasisymmetry axis of  6-th (a), 9-th (b), 12-th (c) and 15-th (d) order.
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segments tends to zero, and, in the second, 
the line segments transforms in the points, 
the diffraction pattern from which has radial 
symmetry.

6. SUMMARY
The above results convincingly show that 
the generalized triadic Koch prefractals of  
sufficiently high generations under certain 
conditions can have Fourier images with 
the axes of  quasi-symmetry any order like 
parcuet mosaics [36] or quasicrystals [37]. 
Currently, there are data on realization of  
the mosaics with the quasisymmetry axis 
of  the 5-th, 8-th, 10-th and 12-th order; in 
addition to these quasicrystals can have an 
axis of  quasisymmetry of  7-th order [40, 
41]. Amazing is the fact that unlike mosaics 
and quasicrystals Koch curves are generally 
deprived rotary axes of  symmetry, and 
the Koch snowflakes have the only axis of  
symmetry of  the 3rd order.

However, it has been noticed long ago, 
that there exist some sibling connections 
among the fractals and parquet mosaics and 
also (discovered later) quasi-crystals; and in 
establishment of  these connections, apparently, 
the decisive role played by self-similarity [40, 
42]. And as the axioms are now perceived 
assertion that mosaics are two-dimensional 
analogs of  quasicrystals, and to the last with any 
quasisymmetry can be put into correspondence 
associated fractal structures [43, 44]. Methods 
of  fractal geometry are now used to describe 
models of  quasi-crystalline structures, and 
tree-graph procedure – to originate them [44, 
45].

From the point of  view of  abstract algebra 
aperiodic structures (quasi-crystals and mosaic), 
in contrast to describing by groups ideal crystals, 
are described by algebraic systems of  "field" 
type, which may have a rotational symmetry 
and fractal ordering [46]. To describe geometric 
fractals, one can use the algorithms of  so-called 
L-systems [47].
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